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A Large Sample Theory

Let

Wz,x,y(O) = I(Z = z, X = x,A = 1, R = 1, Y = y)

ωz,x,y = P [Z = z,X = x,A = 1, R = 1, Y = y]

Vz,x,a(O) = I(Z = z,X = x,A = a)

νz,x,a(O) = P [Z = z,X = x,A = a]

and

W (O) = (W0,0,0(O),W0,0,1(O),W1,0,0(O),W1,0,1(O), W0,1,0(O),W0,1,1(O),W1,1,0(O),W1,1,1(O),

W0,2,0(O),W0,2,1(O),W1,2,0(O),W1,2,1(O))′

V (O) = (V0,0,0(O), V0,0,1(O), V1,0,0(O), V1,0,1(O), V0,1,0(O), V0,1,1(O), V1,1,0(O), V1,1,1(O),
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V0,2,0(O), V0,2,1(O), V1,2,0(O), V1,2,1(O))′

U(0) = (W (0)′, V (0)′)′

ω = (ω0,0,0, ω0,0,1, ω1,0,0, ω1,0,1, ω0,1,0, ω0,1,1, ω1,1,0, ω1,1,1, ω0,2,0, ω0,2,1, ω1,2,0, ω1,2,1)
′

ν = (ν0,0,0, ν0,0,1, ν1,0,0, ν1,0,1, ν0,1,0, ν0,1,1, ν1,1,0, ν1,1,1, ν0,2,0, ν0,2,1, ν1,2,0, ν1,2,1)
′

µ = (ω′, ν ′)′

By the multivariate central limit theorem, we know that

1√
n

n∑
i=1

{U(Oi)− µ} =
√

n(µ̃− µ) D→ N24(0,Σ)

where Σ = E[(U(O)− µ)(U(O)− µ)′] and µ̃ has components

ω̃z,x,y = P̃ [Z = z,X = x, A = 1, R = 1, Y = y]

ν̃z,x,a = P̃ [Z = z,X = x, A = a]

The asymptotic variance can be estimated Σ̂ = Ẽ[(U(Oi) − µ̃)(U(Oi) − µ̃)′], where Ẽ[·] is the
empirical expectation operator.

For fixed βz,x’s, we see that

V ES,x = 1− exp(fx(µ))

ˆV ES,x = 1− exp(fx(µ̃))

V ES = 1− exp(g(µ))

ˆV ES = 1− exp(g(µ̃))

where

fx(µ) = log(ω1,x,1) + log(ν1,x,1)− log(ν1,x,1 + ν1,x,0)− log(β1,xω1,x,0 + ω1,x,1)−

log(ω0,x,1)− log(ν0,x,1) + log(ν0,x,1 + ν0,x,0) + log(β0,xω0,x,0 + ω0,x,1)

g(µ) = log

(
2∑

x=0

{
ω1,x,1

ν1,x,1

ν1,x,1+ν1,x,0

β1,xω1,x,0 + ω1,x,1

(
1∑

z=0

1∑
a=0

νz,x,a

)})
−

log

(
2∑

x=0

{
ω0,x,1

ν0,x,1

ν0,x,1+ν0,x,0

β0,xω0,x,0 + ω0,x,1

(
1∑

z=0

1∑
a=0

νz,x,a

)})

By the multivariate delta method, we can now derive the asymptotic distribution of fx(µ̃) and
g(µ̃), which we then use to construct confidence intervals for V ES,x and V ES using the 1−exp(·)
function. In particular, we know that fx(µ̃) − fx(µ) ≈ N(0, σ̂2

fx
) and g(µ̃) − g(µ) ≈ N(0, σ̂2

g),
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where

σ̂2
fx

=
1
n
5 fx(µ̃)′Σ̂5 fx(µ̃)

σ̂2
g =

1
n
5 g(µ̃)′Σ̂5 g(µ̃)

and 5fx(µ) and 5g(µ) are the partial derivative matrices (with respect to µ) of the functions
fx(·) and g(·), respectively.

So, 95% confidence intervals for V ES,x and VS are given by

[1− exp (fx(µ̃) + 1.96σ̂fx) , 1− exp (fx(µ̃)− 1.96σ̂fx)]

[1− exp (g(µ̃) + 1.96σ̂g) , 1− exp (g(µ̃)− 1.96σ̂g)] ,

respectively.

B Sampling from the posterior distribution

We consider the complete data as F = {Fi = (Zi, Xi, Ai, Ri, Yi : Ai = 1) : i = 1, . . . , n}.
In the full data, there is no missing data on true influenza for those who have MAARI. Let
F −O denote the missing data. In the sampling from the posterior distribution, we use data
augmentation (Tanner and Wong, 1987). Specifically, we will augment the posterior by F − O
and a vector of positive latent variables u with independent components uz,x (Damien et al.
1999). We will seek to compute the posterior,

π(u,β,η,p,φ,F −O|O) = π(u,β,η,p,φ|F)π(F −O|O),

where

π(u, β, η, p, φ|F) ∝ L(u, β, η; F)L(p; F)L(φ; F)π(β)π(η|β)π(p)π(φ)

u∗z,x(βz,x, ηz,x; F) =

{
{βz,xηz,z}

∑
i∈Sz,x

AiRiYi{1− βz,xηz,x}
∑

i∈Sz,x
Ai(1−Ri)Yi

I(0 ≤ βz,xηz,x ≤ 1)

}
L(u, β, η; F) =

1∏
z=0

2∏
x=0

{
I(uz,x ≤ u∗z,x(βz,x, ηz,x; F)){ηz,x}

∑
i∈Sz,x

AiRi(1−Yi){1− ηz,x}
∑

i∈Sz,x
Ai(1−Ri)(1−Yi)

I (0 ≤ ηz,x ≤ min {1/βz,x, 1})} (1)

L(p; F) =

1∏
z=0

2∏
x=0

{
{pz,x}

∑
i∈Sz,x

AiYi{1− pz,x}
∑

i∈Sz,x
Ai(1−Yi)

I(0 ≤ pz,x ≤ 1)

}

L(φ; F) =

1∏
z=0

{{
2∏

x=0

{φz,x,1}
∑

i∈Sz,x
Ai{φz,x,0}

∑
i∈Sz,x

(1−Ai)
I(0 ≤ φz,x,1, φz,x,0 ≤ 1)

}

I

(
2∑

x=0

1∑
a=0

φz,x,a = 1

)}
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and Sz,x = {i : Zi = z,Xi = x}. We will obtain the posterior π(β,η,p,φ|O) by integrating
out F −O and u (via Monte Carlo integration within the sampling algorithm).

To sample from π(u,β,η,p,φ,F −O|O), we sequentially sample from all of the full condi-
tionals as follows:

1. π(p|u,β,η,φ,F) = π(p|F)

The distribution of p given F can be shown to have indepdendent components where

pz,x|F ∼ Beta

 ∑
i∈Sz,x

AiYi + 1,
∑

i∈Sz,x

Ai(1− Yi) + 1


2. π(F −O|u,β,η,p,φ,O)

For the set of individuals in stratum Sz,x with Ri = 0 and Ai = 1, we draw S†
z,x = {Yi :

Ri = 0, Ai = 1, Zi = z,Xi = x} from a binomial distribution with success probability

pz,x

pz,x + (1− pz,x)(1− ηz,x)

truncated from above by the condition uz,x < u∗
z,x(βz,x, ηz,x; (O, S†

z,x)).

3. π(u|β,η,p,φ,F) =
∏1

z=0

∏2
x=0 π(uz,x|β,η,F)

For each z, x stratum, π(uz,x|β,η,F) is uniform on the interval (0, u∗
z,x(βz,x, ηz,x,F)).

4. π(η,β|u,p,φ,F) ≡ π(η,β|u,F)

We will use slice sampling (Neal, 2003) to sample from the full conditional distribution
of (β,η). Given the form of (1), we will sample from a truncated form of π(β) and a
truncated Beta(

∑
i∈Sz,x

AiRi(1 − Yi) + 1,
∑

i∈Sz,x
Ai(1 − Ri)(1 − Yi) + 1) for ηz,x. The

truncation bounds cannot be entirely expressed in closed form. We now describe how to
obtain them sequentially.

We want to sample the (βz,x, ηz,x) in pairs, but π(β) 6=
∏1

z=0

∏2
x=0 π(βz,x). To deal with

this, we factor π(β) as
∏1

z=0

∏2
x=0 π?(βz,x) where

π?(βz,x) = π(βz,x|{βz?,x? : z? = z, x? < x and z? < z})

and π?(β0,0) = π(β0,0). Then, in that order, we sample the pairs (βz,x, ηz,x). To sample
βz,x, we note that π?(βz,x) is truncated by the condition I(uz,x < u∗

z,x(γz,x;F)), where
u∗

z,x(γz,x;F) = u∗(βz,x, ηz,x;F) with γz,x = βz,xηz,x. Let

γ̂z,x =

∑
i∈Sz,x

AiRiYi∑
i∈Sz,x

AiYi
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denote the maximum likelihood estimate of u∗(γz,x;F). Note that uz,x ≤ u∗(γ̂z,x;F).

Since we sample βz,x before ηz,x, we need to make sure we sample βz,x such that there are
values of ηz,x which will satisfy this condition. If 0 < γ̂z,x ≤ 1, then βz,x can lie in the
interval (β∗

z,x,∞), where β∗
z,x is equal to the unique γL

z,x satisfying u∗(γL
z,x;F) = uz,x and

γL
z,x ≤ γ̂z,x. Since u∗(γz,x;F) is monotone in γz,x for 0 < γz,x ≤ γ̂z,x, β∗

z,x can be found
by performing a bi-section search for the equality condition on the interval (0, γ̂z,x]. If
γ̂z,x = 0, then βz,x can lie in (0,∞).

For ηz,x given βz,x, we sample from a truncated Beta distribution with parameters as
specified above. For 0 ≤ γ̂z,x < 1, define γU

z,x to be the unique quantity satisfying u∗(γU
z,x :

F) = uz,x and γU
z,x > γ̂z,x. If 0 < γ̂z,x < 1, ηz,x must lie in the interval

[
γL

z,x

βz,x
,min( γU

z,x

βz,x
, 1)
]
.

If γ̂z,x = 0, ηz,x must lie in the interval
[
0,min( γU

z,x

βz,x
, 1)
]
. If γ̂z,x = 1, ηz,x must lie in the

interval
[
min( γL

z,x

βz,x
, 1), 1

]
.

5. π(φφφφφφφφφ|u,β,β,p,F) =
∏1

z=0 π(φφφφφφφφφz|F)

Given F , sample φφφφφφφφφz from a Dirichlet distribution with parameters ((1+nz1, 1+nz2, . . . , 1+
nzK)).

6. Compute V ES,x and V ES using Equations (11) and (12) from the main manuscript, re-
spectively.

Repeat steps 1-6 K times, discarding an appropriate number of samples from the burn-in
period. Obtain the posterior mean, median, mode, and 1 − α HPD credible set or 1 − α equal
tail credible set of V ES,x and V ES from the Monte Carlo samples.

To perform Bayesian analysis with fix β, we sample ηz,x as described in Step 4. given the
fixed value of β.


