
MATHEMATICAL MODEL

We review the model constructed in [2] with no cargo transport and no back fusion. We have
three compartments 1,2 and 3. We have 6 GTPases A,B,C,D,E, F . We have six relevant SNAREs
X,Y, Z, U, V,W . We assume that the amount of X SNAREs is equal to the amount of U SNAREs.
So does the Y and V SNAREs, Z and W SNAREs.

1. The Variables

(1) Let NA
2 be the number of vesicles originated in compartment 2 with GTPase A. There are

6 such variables, namely NB
1 , N

E
1 , N

A
2 , N

D
2 , N

C
3 , N

F
3 .

(2) Let Si be the size of compartment i. There are 3 such variables.
(3) Let Xi be the amount of SNARE X in compartment i. There are 9 such variables, namely

Xi, Yi, Zi (i = 1, 2, 3).
(4) NA

x2 be the amount of SNARE X in the vesicles originated in compartment 2 with GTPase
A. There are 18 such variables, namely

NB
x1, N

B
y1, N

B
z1, N

E
x1, N

E
y1, N

E
z1, N

A
x2, N

A
y2, N

A
z2, N

D
x2, N

D
y2, N

D
z2, N

C
x3, N

C
y3, N

C
z3, N

F
x3, N

F
y3, N

F
z3.

The following are dependent variables derived from above. Let
(1) xi = Xi/Si be the concentration of X in compartment i. yi, zi are defined similarly.
(2) xA

2 = NA
x2/N

A
2 be the average concentration of X in vesicles originated in compartment 2

with GTPase A. There are 18 such variables.
Let kB

x be the dissociation constant of SNARE X with GTPase B. There are 18 dissociation
constants. Define the saturation functions:

sB
x1 =

x1/k
B
x

1 + 2x1/kB
x + 2y1/kB

y + 2z1/kB
z

.

There are 18 saturation functions.

We have 6 budding constants wA, wB , wC , wD, wE , wF . Let κ be the fusion rate constant. There
are 6 fusion frequencies fB

2 , f
C
2 , fA

1 , f
F
1 , fD

3 , f
E
3 and

fB
2 = 2κ(xB

1 x2 + yB
1 y2 + zB

1 z2).

2. Nonlinear Differential Equations

We can now write down the system of differential equations according to [2]:

dS1

dt
= −wBS1 − wES1 + fA

1 S1N
A
2 + fF

1 S1N
F
3 .

dNB
1

dt
= wBS1 − fB

2 S2N
B
1 .

dX1

dt
= −wBS1s

B
x1 − wES1s

E
x1 + fA

1 S1N
A
x2 + fF

1 S1N
F
x3.

dNB
x1

dt
= wBS1s

B
x1 − fB

2 S2N
B
x1.
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There are total of 36 equations. Notice that these equations are linearly dependent, namely

(1) S1 + S2 + S3 +NB
1 +NE

1 +NA
2 +ND

2 +NC
3 +NF

3 = constant;

(2) X1 +X2 +X3 +NB
x1 +NE

x1 +NA
x2 +ND

x2 +NC
x3 +NF

x3 = constant.

There are 4 relations.

3. The Equilibrium: Sizes

Following [1], we compute the equilibrium. We set

(3) −wBS1 − wES1 + fA
1 S1N

A
2 + fF

1 S1N
F
3 = 0;

(4) wBS1 − fB
2 S2N

B
1 = 0;

(5) −wBS1s
B
x1 − wES1s

E
x1 + fA

1 S1N
A
x2 + fF

1 S1N
F
x3 = 0;

(6) wBS1s
B
x1 − fB

2 S2N
B
x1 = 0.

Substituting Equation ( 4) into Equation ( 6), we obtain sB
x1 = NB

x1/N
B
1 = xB

1 . So all the concen-
trations like xB

1 can be expressed as functions of xi, yi and zi. So all fusion frequencies like fB
2 can

also be expressed as functions of xi, yi and zi. From Equation ( 4), we have

NB
1 =

wBS1

fB
2 S2

.

Now take xi, yi, zi and Si as unknowns. Equations (3 5) become

(7) (wB + wE)S1 = wAS2 + wFS3,

(8) (wBsB
x1 + wEsE

x1)S1 = sA
x2S2w

A + wFS3s
F
x3.

Set wB = wC = wD = wE = wF = 1 and wA = 0.01. We have

2S1 = 0.01S2 + S3, 2S3 = S1 + S2, 1.01S2 = S1 + S3.

Set S1 = 1. We have S2 = 3
1.02 , S3 = 2.01

1.02 .

4. Equilibrium: Concentration of SNAREs in Vesicles

Set kB
x = kE

x = kF
z = kC

z = kA
y = kD

y = 100 and the rest to be 1. Observe that

sB
x1 = SE

x1 =
0.01x1

1 + 0.02x1 + 2y1 + 2z1
;

sA
x2 = sD

x2 =
x2

1 + 2x2 + 0.02y2 + 2z2
; sF

x3 = sC
x3 =

x3

1 + 2x3 + 2y3 + 0.02z3
.

Equation (8) becomes
sB

x1(wB + wE)S1 = SA
x2S2w

A + sC
x3S3w

F .

We also have

sA
x2(wA + wD)S2 = sB

x1S1w
B + sC

x3S3w
C ; sC

x3(wF + wC)S3 = sB
x1S1w

E + sA
x2S2w

D.

Si and w∗ are all known. We have 2 − 0.03
1.02 − 2.01

1.02
1 − 3.03

1.02
2.01
1.02

1 3
1.02 − 4.02

1.02

  sB
x1

sA
x2

sC
x3

 =

 0
0
0

 .
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so sB
x1 = sA

x2 = sC
x3. Put

(9) sx = sB,E
x1 = sA,D

x2 = sC,F
x3 = xB,E

1 = xA,D
2 = xC,F

3 .

Similar equations hold for SNAREs Y and Z. Put

(10) sy = sB,E
y1 = sA,D

y2 = sC,F
y3 = yB,E

1 = yA,D
2 = yC,F

3 ;

(11) sz = sB,E
z1 = sA,D

z2 = sC,F
z3 = zB,E

1 = zA,D
2 = zC,F

3 .

5. The Equilibrium: Concentration of SNAREs in Compartments

Now we will have to find xi, yi, zi. Equation (9) becomes

(12)
0.01x1

sx
= 1+0.02x1+2y1+2z1

x2

sx
= 1+2x2+0.02y2+2z2;

x3

sx
= 1+2x3+2y3+0.02z3.

Similarly, we have

(13)
y1
sy

= 1+0.02x1+2y1+2z1,
0.01y2
sy

= 1+2x2+0.02y2+2z2;
y3
sy

= 1+2x3+2y3+0.02z3.

(14)
z1
sz

= 1+0.02x1+2y1+2z1;
z2
sz

= 1+2x2+0.02y2+2z2;
0.01z3
sz

= 1+2x3+2y3+0.02z3.

Now from the first equations in (12 13 14), we have

x1 =
100sx

1− 2sx − 2sy − 2sz
, y1 =

sy

1− 2sx − 2sy − 2sz
, z1 =

sz

1− 2sx − 2sy − 2s2
.

Similarly, from the second and the third equations in ( 12 13 14), we have

x2 =
sx

1− 2sx − 2sy − 2sz
, y2 =

100sy

1− 2sx − 2sy − 2sz
, z2 =

sz

1− 2sx − 2sy − 2sz
.

x3 =
sx

1− 2sx − 2sy − 2sz
, y3 =

sz

1− 2sx − 2sy − 2sz
, z3 =

100sz

1− 2sx − 2sy − 2sz
.

6. The Equilibrium: Fusion Frequencies

Now we have the fusion rates

fB
2 = 2κ(sxx2 + syy2 + szz2) =

2κ(s2x + 100s2y + s2z)
1− 2sx − 2sy − 2sz

= fC
2 ;

fE
3 = 2κ(sxx3 + syy3 + szz3) =

2κ(s2x + s2y + 100s2z)
1− 2sx − 2sy − 2sz

= f3D;

fA
1 = 2κsxx1 + syy1 + szz1 =

2κ(100s2x + s2y + s2z)
1− 2sx − 2sy − 2sz

= fF
1 .

The fusion rate fB
2 , f

E
3 , f

C
2 dictate the transport of cargo from compartment 1 to compartment 2.
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7. The Equilibrium: Determining Concentration of SNAREs from Initial Condition

Lastly, sx, sy and sz can be determined by Equation (2). Notice that the total amount of X
SNAREs equals

x1S1 + x2S2 + x3S3 + sx(NB
1 +NE

1 +NA
2 +ND

2 +NC
3 +NF

3 )

=
sx(100S1 + S2 + S3)
1− 2sx − 2sy − 2sz

+ sx(
wBS1

fB
2 S2

+
wES1

fE
3 S3

+
wAS2

fA
1 S1

+
wDS2

fD
3 S3

+
wCS3

fC
2 S2

+
wFS3

fF
1 S1

)

=
sx(100S1 + S2 + S3)
1− 2sx − 2sy − 2sz

+
sx(1− 2sx − 2sy − 2sz)

2κ(s2x + 100s2y + s2z)
(
S1 + S3

S2
)

+
sx(1− 2sx − 2sy − 2sz)

2κ(100s2x + s2y + s2z)
(
0.01S2 + S3

S1
) +

sx(1− 2sx − 2sy − 2sz)
2κ(s2x + s2y + 100s2z)

(
S1 + S2

S3
)

=
sx(100S1 + S2 + S3)
1− 2sx − 2sy − 2sz

+ 1.01
sx(1− 2sx − 2sy − 2sz)

2κ(s2x + 100s2y + s2z)

+ 2
sx(1− 2sx − 2sy − 2sz)

2κ(100s2x + s2y + s2z)
+ 2

sx(1− 2sx − 2sy − 2sz)
2κ(s2x + s2y + 100s2z)

(15)

Similar equations can be written down for SNAREs Y and SNAREs Z. Now S1, S2, S3 are known.
The total amount of X, Y and Z determine sx, sy, sz. sx, sy and sz can be computed numerically.
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