MATHEMATICAL MODEL

We review the model constructed in [2] with no cargo transport and no back fusion. We have
three compartments 1,2 and 3. We have 6 GTPases A, B,C, D, E, F. We have six relevant SNAREs
XY, Z, U V,W. We assume that the amount of X SNAREsS is equal to the amount of U SNAREs.
So does the Y and V SNARESs, Z and W SNARESs.

1. THE VARIABLES

(1) Let N3* be the number of vesicles originated in compartment 2 with GTPase A. There are
6 such variables, namely N2 NF N3 NP N§ NF.

(2) Let S; be the size of compartment . There are 3 such variables.

(3) Let X; be the amount of SNARE X in compartment 7. There are 9 such variables, namely
X, Y, Z; (1 =1,2,3).

(4) N2 be the amount of SNARE X in the vesicles originated in compartment 2 with GTPase
A. There are 18 such variables, namely

NG NE NE NE NE NE N&, Ny, NA, NS, N, NE NG, NG, NG, NE, NS, NE,
The following are dependent variables derived from above. Let
(1) z; = X;/S; be the concentration of X in compartment i. y;, z; are defined similarly.
(2) 24 = N4 /N5 be the average concentration of X in vesicles originated in compartment 2
with GTPase A. There are 18 such variables.

Let k2 be the dissociation constant of SNARE X with GTPase B. There are 18 dissociation
constants. Define the saturation functions:

B — x/ky
U1+ 2wy JkB 4 2y1 /KD + 220 /KD

There are 18 saturation functions.

We have 6 budding constants w?, w?, w®, w?,w? w?. Let k be the fusion rate constant. There

are 6 fusion frequencies f2, f$', fi*, ff', 2, fF and

12 =2k(xPms + ylys + 20 22).

2. NONLINEAR DIFFERENTIAL EQUATIONS

We can now write down the system of differential equations according to [2]:

ds
7; = —w”S —wPS + f[{'S1Ns' + f{ SNy
B
aNy _ wPS, — fPS,NE.
dt
dX,

Tl —wBSlsfl - wESlsfl + fflsle2 + leSlNafg.

dNE

= wPSist — [ SN

1
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There are total of 36 equations. Notice that these equations are linearly dependent, namely

(1) S;+ Sy + 83+ NP+ NF + N + NP + NE + NF = constant;

(2) X1+ Xo+ X3+ NB + NE + N4 + NE + NG + NE = constant.

There are 4 relations.

3. THE EQUILIBRIUM: SIZES

Following [1], we compute the equilibrium. We set

(3) —wP S — w8y + [ SINS + fTSING = 0;

(4) w81 — fy SaN{ = 0;

(5) —wP 815l —wPSish + fASING + fTSINE = 0;

(6) wPSisg) — f3/S2Ng; = 0.

Substituting Equation ( 4) into Equation ( 6), we obtain s = NEB /NP = 28. So all the concen-

trations like xf; can be expressed as functions of z;, y; and z;. So all fusion frequencies like f2 can
also be expressed as functions of z;, y; and z;. From Equation ( 4), we have

wB51
NP = ——
LfEs,
Now take x;, y;, z; and S; as unknowns. Equations (3 5) become
(7) (wB + wE)51 = U}ASQ + ’LUF53,
(8) (wBsfl +wPsE)S, = sﬂSgw +w? S35y,
Set wP = w€ = wP = w¥f = w" =1 and w?* = 0.01. We have

251 = 0. 0152 + 53, 253 =51 + So, 1.015, = S1 + Ss.

Set S; = 1. We have Sy = S3 = %.

1.02 02’
4. EQUILIBRIUM: CONCENTRATION OF SNARES IN VESICLES

Set kB = kF = kI = k¢ = k;j = k‘?’? = 100 and the rest to be 1. Observe that

SB _ SE _ 001$1 .
oL el T 10,022 + 2y1 + 221
A _ 4D _ T2 : F _ &C, = 3
e e T 0y 1 0.02y2 + 2227 %3 73T T4 2w5 + 295 +0.0225°

Equation (8) becomes
5B (wP + wP)S) = §4,S0w? + 55, Ssw” .
We also have

A A D B B F B E, A D
s (w + wP) Sy = sB,.51wP + 5595w sG (wf + w%)Ss = 5B, S1wP + s, Sw
S; and w* are all known. We have
.03 2.01 B
2R e | (W X
1 —= 2.0 S = 0
102 1,03 w2 | =
R S A 0
.02 1.02 3
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B _ A _ C
SO 851 = 8Ly = Sg5. Put

9 _BE_ AD__ CF _ BE_ _AD _ C,F

(9) Sz =81 T Sp2 TSz TT1 T Iy =Tz

Similar equations hold for SNAREs Y and Z. Put

(10) _.BE_ AD_ CF _ BE_ _AD _ C,F,
Sy = Syl - sy2 - SyS =Y =Ys =Y 3

(11) _ BE_ AD__ CF _ BE_ _AD _ _CF
Sz =81 TSz TS TAH S T %2 T2z -

5. THE EQUILIBRIUM: CONCENTRATION OF SNARES IN COMPARTMENTS
Now we will have to find z;, y;, z;. Equation (9) becomes

0.01
T 140,020,420 4221 22 = 14209 40.02y0+220; 2 = 14223+ 2y34+0.0223.
S

S{L’ x S{L’

(12)

Similarly, we have

0.01
(13) & = 140.022,+2y1+221, P2 14220 10.02y2+220; L = 14225 +2y34+0.0225.
Sy Sy Sy
21 29 0.01z3
(14) — = 140.0221+2y; +221; — = 14225+0.02y5+225; = 14+2x3+2y3+0.02253.
S, S, Sz

Now from the first equations in (12 13 14), we have

1008I Sy Sz
= ’ Y1 = ) Z1
1—2s;, — 25, —2s, 1—-2s; — 25, —2s,

T

T 1-2s, — 25, — 28

Similarly, from the second and the third equations in ( 12 13 14), we have

5 100s, 52
Ty = , = , 29 = .
2T 195, —2s,— 25,7 T 1-2s, —2s, - 25, 27 1 2s, — 25, — 25,
S 5. 100s.
T3 = = Z3 = .
ST 125, —2s,— 25,7 T 1-2s,—2s,—2s.7 0 1—2s,—2s, — 25,

6. THE EQUILIBRIUM: FUSION FREQUENCIES
Now we have the fusion rates

2k(s2 +100s + s2)

c
f3 = 2k(sp@2 + Syyo + 8.22) = =25, 25,25, I
2r(s2 + s2 + 100s2)
E :
3 = 2K(S;T3 4 syY3 + 5.23) = T ;sl —y23y — 2; = f3D;
2r(100s2 + s2 + 2
ff = 268,71 + SyY1 + 5,21 = ( = K :) = f1F~

1—2s;, — 25, —2s,

The fusion rate f£, f£, fY dictate the transport of cargo from compartment 1 to compartment 2.
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7. THE EQUILIBRIUM: DETERMINING CONCENTRATION OF SNARES FROM INITIAL CONDITION
Lastly, s, sy and s, can be determined by Equation (2). Notice that the total amount of X
SNARES equals
2151 + 295 + 2353 + s, (NP + NE + N3* + NP + NS + NF)
5(1008] 4 Sy + S- wBS,  wfS;  whSy; wPSy w¢S; wfs
:( 1 2 3)+Sm(Bl+E1+A2+D2+Cd+F3
1-— 2835 — 28y — 282 f2 52 f3 53 fl 51 f3 53 f2 SQ fl Sl
_ 52(10081 + 52+ 53) | 8,(1 — 25, — 25, —252)(51 —|—Sg)
- 1—2s, — 25, — 25, 2k(s2 +100s2 + 52) Sy
(15) $:(1 — 28, — 28, — 25.) (0.0152 + 53) $p(1 — 28, — 28, — 25.)
2k(100s2 + s2 + s2) S1 2r(s2 + 52 4 100s2)
_ 5,(100S1 + Sa + S3) 5z(1 — 255 — 25, — 25)

)

S1+ 52
S3

( )

= 1.01
1—2s, —2sy — 2s, * 2r(s2 +100s2 + s2)
Sz(1 — 28, — 28, — 25;) 5p(1 — 285 — 28, — 25,)
2k(100s2 + 52 + s2) 2r(s2 + 52 + 100s2)

Similar equations can be written down for SNAREs Y and SNAREs Z. Now 57, .55, 53 are known.
The total amount of X, Y and Z determine s, sy, S,. 5z, Sy and s, can be computed numerically.
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