Proceedings of the National Academy of Sciences
Vol. 65, No. 2, pp. 409416, February 1970

Analysis of a Model for Active Transport*
Terrell L. Hill

DIVISION OF NATURAL SCIENCES, UNIVERSITY OF CALIFORNIA, SANTA CRUZ
Communicated November 10, 1969

Abstract. A particular model of active transport is analyzed, at steady state,
by means of a diagram method for the kinetics, and supplemented by use of a
free energy diagram. It is assumed that there is e¢yclic adsorption of adenosine
triphosphate (ATP), chemical reaction to adenosine diphosphate (ADP), and
desorption of ADP, on a two-state protein (the “carrier’’). ATP is the “effec-
tor” for the change in state of the protein.

One of the most fundamental molecular processes in biology is translocation.!
Examples occur in active transport, muscle contraction, protein synthesis, ete.
It is essential that the molecular transporting step in the translocation mecha-
nism be capable of steady repetition. That is, the mechanism must be cyeclic.
Furthermore, a free-energy source is needed to ‘“drive’” the steady-state cyclic
mechanism, and the free energy source itself must be able to participate in a
repetitive or cyclic manner.

For example, suppose that the transport is actually accomplished by a confor-
mational change in a protein (the “carrier’’), and that the conformational change
is induced by binding ATP on the protein. Then it is clearly essential that the
protein molecule be able quickly to rid itself of the ATP so that the process may
be repeated. That is, binding of the “effector’”” molecule, ATP, is a necessary
step but is not sufficient for a workable system. Disposal of the ATP can be ac-
complished, however, if the protein is also an enzyme for a chemical reaction
(ATP — ADP + P) the products of which are relatively weakly bound to the
protein.

Furthermore, if the concentrations of ATP, ADP, and P in the surrounding
medium (where the reaction is negligibly slow) are maintained at suitable values
far out of equilibrium with each other, the effector of the conformational change
(ATP) can also serve as the free energy source for the steady-state cydling. The
net effect of the whole process, then, is molecular translocation at the expense of
conversion of ATP in the medium into ADP and P. ‘

Everything considered, this cyclic repetition of adsorption, chemical reaction,
and desorption would seem to be an admirably simple method for promoting
translocation, using an enzyme molecule as a vehicle or carrier. Of course, it
remains to be seen whether this scheme is actually used or not.

Our object in the present paper is to analyze a simplified model of active trans-
port as an example. One generally assigns certain properties to a model. It is
important then to examine the implications of the assumed properties in suf-
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ficient detail to avoid inconsistencies and possibly to discover implicit charac-
teristics which may or may not be in agreement with experiment. We shall illus-
trate considerations of this sort below.

The Model. Let us start with the rather complicated scheme! in Figure 1,
and then simplify to a stripped-down version which, however, retains the essen-
tial features.

We assume that the membrane contains an ensemble of independent and
equivalent protein molecules, each of which can be in conformational state I or
II. The membrane separates bath A from bath B. When in state I(II), ad-
sorption or desorption of the molecule to be transported (designated by O) and
of T (abbreviation for ATP) or D (i.e , ADP) may occur from or into bath A (B).
There is one site for O per protein molecule, and one site for either T or D.

Actually, the kind of steady-state analysis used below (based on the diagram
method) is still applicable when the protein molecules interact with each other
(i.e., are not independent)—provided the Bragg-Williams approximation? is
used. Cooperative behavior, resulting from interactions, may possibly be in-
volved in ‘“‘triggered” membrane phenomena (e.g., in nerve). But this topic
will be reserved for another paper.

For simplicity, we assume that T' (also D) has the same concentration in baths
A and B. But in general O has different concentrations in the two baths. We
shall assume that ATP splitting is coupled in such a way as to aid the transport
of O from bath A to B.

Figure 1 shows the 12 possible states of a protein molecule in the membrane.
The notation is rather obvious: for example, r°I represents a protein molecule
in conformation I with one molecule of O and one of T bound to it. The fact that
O and T are on the left side of I indicates access to bath A (similarly, right side
<> bath B). A line in Figure 1 indicates a possible transition between two
states in either direction. At steady state, there must be an over-all counter-
clockwise circulation! around the diagram (Fig. 1) in order to transport O from
bath A4 to B (at the expense of 7'— D + P in solution).

Figure 1, however, is too complex for brief analysis. We therefore simplify
this to Figure 2. In the latter figure we are concerned only with the machinery
of the transport and not with the objects being transported (i.e., the molecules
0). These ‘“passengers” introduce complications without altering the funda-
mental properties of the transport system itself.

The state pI is omitted from Figure 2 because of two assumed properties of
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Fie, 2,—Simplified version of
Fig. 1.
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the model: (1) D does not bind well on either I or II; and (2) II is a good en-
zyme for T — D + P, but Iis not. Hence pI will have a negligible probability
at steady state. We do not omit the state II, from Figure 2 because this state is
readily reached via the transition II; — II,,.

There are additional assumed properties of the model: (3) I is more stable
(thermodynamically) than II; (4) II; is more stable than ;I (i.e., T is the
“effector’’ for the transition from conformational state I to II); and (5) T binds
well on I. The binding of T on II requires special discussion (see below).

The above properties have been chosen so that the cycle
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will be particularly effective in the active transport.

Further Properties of the Model. We assume that the concentrations of T,
D, and P, under biological steady-state conditions, are roughly® ¢, = 2.5 mM,
¢p = 0.2 mM, and c; = 5 mM. We designate the corresponding so-called ab-
solute activities (A = ¢*/*7) by Az, Ap, and Ap. The N’s are proportional to con-
centrations at low concentrations; they are proportional to concentration ac-
tivities at any concentration. If D were in equilibrium with 7" and P at their
concentrations as just specified, we would have Ap® = Ap/Ap. As we shall see,
Ap® > Ap.

The ratio cp/cr at steady state is about 0.08. Using cr above and* AG® (T —
D + P) =2 —7.4 kecal mole™}, this ratio® at equilibrium would be about 3 X 10.
Thus, \p®/Ap =2 3 X 107/0.08 = 4 X 10%. The fact that, at steady state, D is
so far out of equilibrium (for the given cr and cp) is, of course, what provides
the steady-state ‘“drive’ of the active transport.

Because A\p << \p° and because of the assumption mentioned above of poor
binding of D on II, we shall consider below that the rate constant for adsorption
of D onto II at steady state (c, = 0.2 mM) is negligibly small, though at equilib-
rium this rate constant would be very large.

Let us denote the equilibrium partition functions of a protein molecule (in-
cluding a bound molecule of T or D, when applicable) in the different states in
Figure 2 by Qi, Q2, @iz, Qor, and Q.p. The equilibrium probabilities of the dif-
ferent states would then be® (omitting normalization and writing Ap® = ApAp™Y)

Pt ~ Q1 P° ~ @, P11 ~ Qirhr @

Dar® ~ Qarhr, Pap® ~ QapArhpl.
In view of the assumptions and discussion above, the relative probabilities or
populations of the different states at equilibrium would be

Pap® > Par® > purt > it > Pt 3)
That is; because of? assumption (3), @, > @, because of assumption (4), Qor >
Q1r; because of assumption (5),® @QizAr > @1; and because D + P is presumably
much more stable than 7', even when D and T are on the enzyme, Qsp >> Qorhp.
Note that this last inequality refers, formally, to “binding” of P onto II,. In
the usual vernacular of surface chemistry this is “‘chemisorption,” whereas the
binding of T and D is “physical” adsorption.
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Fia. 3.—Assignment of rate constants for
Fig. 2.

Figure 3 shows the rate-constant notation to be adopted here. These are all
unimolecular rate constants (with units sec=!). Detailed balance at equilibrium
provides useful relations. For example, 7'p:* = np,°. Hence, from equations
(2), 7'Q; = 7@:. Thus we obtain the following:

7'Q: = nQx ayrQe = BarQerhr
airQr = BirQirhr a:p’@Qs = Baplephp’ @
1rQir = 'rQar ap@Qep = BpQarhp.

The 7’s and @’s are temperature dependent; the o’s are concentration dependent
as well. In fact, as we see in equations (4), each a is proportional to the appro-
priate \. Not all of the rate constants are independent of each other because of
the interrelations

azp’apfer = cerBpfep
, , (5)
na'irnBer = oarn’ rfirm-
These follow from the triangular and square cycles in Figure 3, respectively.

Equations (4) apply at equilibrium. They also apply at steady state (\p =
Ap?) if we omit the superseript on asp® and on Ap®. In fact, the steady state of
primary interest (see above) is Ap = 0 and hence a;p = 0.

Implications of the Model. Figure 4 is a standard free-energy diagram show-
ing the relative free-energy levels of the various states we have discussed. The
quantitative features of this particular diagram are somewhat arbitrary, but it
should serve as a reasonable illustration.

The standard states used in Figure 4 are: T in solution, ar (concentration
activity) = 1 M; D in solution, ap = 1 M; T or D bound on I or II, half-
saturation® (¢ = !/;). The phosphate concentration is taken throughout as
Cp = 5 mM.

The standard free energies for the protein species are, of course, closely related
to the @’s in equation (2). For example, the top few pairs of free energy differ-
ences in Figure 4 can be written:

G.° — G° = RT In (@1/Q»), (6)
(Gr° 4+ Gi°) — Gir° = G7° + RT In (Qir/Qy), (7
Gir° — Gar° = RT In (Qor/@ur), ®
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(Gp + Gzoo) — Gy® = Gp Z
+ RTIn @u/Q), © " [[77

where (1°, Gp°, and Gp refer to T(ay = 1 M), om—-I‘T
D(ap = 1 M), and P(cr = 5 mM) in solution. S

The following facts or assumptions have been =" ﬁ
used in constructing Figure 4: b i

(1) AG°for T — D + P in solution, all species R O IR N I,
at a = 1M, is* —7.4 keal mole—! (37°C, pH 7, j
Mg++). Withcp = 5mM, the “corrected” AG® = 20—LT+Dep P
—10.7 kcal mole—!. {

0.0 I+D+P— I+P

(2) We assume, rather arbitrarily, that AG® for
both II -1TIand ;I = II;is —2.0 keal mole—!. The
exact value is not crucial.

(3) Binding of D on I or II is supposed to be
weak (see above). We assume, in both cases, that half saturation (8 = !/,) oc-
curs at ap = 1 M. Then, at ¢, = 0.2 mM, we would have® § = 2 X 10— (al-
most no binding).

(4) Binding of T on I is supposed to be strong. We assume in Figure 4 that
¢r = 1 mM gives half saturation. The (standard) free energy of T at ar = 1 M
would then be 4.3 keal mole—! higher than at ¢; = 1 mM (37°C). Also at ¢
= 2.5 mM (see above), we would have® 89 = 2.5/3.5 = 0.71.

The precise meaning of “half saturation,” as used in Figure 4, is most readily
made clear in terms of the process of binding. For example:

F1a. 4—Standard free-energy
level diagram.

2 moles of I + 1 mole of T(ar = 1 M)
— 2 moles of equimolar mixture (I,7I); AG° = —4.3 keal. (10)

Figure 4 is based on a “package” of desirable properties (consistent with a
mechanism which is dominated by cycle (1)). However, an undesirable ther-
modynamic consequence is apparent from the figure: the binding of 7" on II is
very strong (AG®° = —8.3 keal mole~!). The objectionable aspect of this prop-
erty is that the cycle

- -1, -1, — (11)

is wasteful (i.e., it uses T but performs no transport) and would compete seri-
ously with cycle (1). We are therefore forced, in the interests of a realistic ef-
ficiency, to assume that kinetic (rather than thermodynamic) considerations
greatly reduce or rule out the use of cycle (11). This would be the case, for ex-
ample, if 7 is somewhat embedded in II (but not in I). Thus, though 7 adsorbed
on II would be very stable thermodynamically, there would be a significant
activation free energy for adsorption as well as for desorption—and both rate
constants would be small. For this reason we shall assume below that By =2
0 and asr =< 0, though this is probably an oversimplification.

The three activation free energy curves shown in Figure 4 are strictly sche-
matic. They are meant to indicate that the reaction T — D + P is very slow in
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solution and on I, but that II serves as an enzyme for this reaction (i.e., the free
energy of activation is greatly reduced on II).

The kinetic properties mentioned in the two preceding paragraphs might
possibly originate in the following plausible way. The site for T on 1is quite open
(i.e., at the surface) and the fit is rather good, except that the enzymatically
active region of the protein molecule does not make contact with the terminal
P-P portion of T. Binding is probably partly due to electrostatic forces
(negative P-P-P; positive site). D is bound less well on the site than T be-
cause D does not fit as well as T and because D is less negatively charged.
The conformational change 71 — II; may well be triggered by electrostatic inter-
actions. In any case, the result of the conformational change is to: (1) shift
the access of T on the site from bath 4 to B; (2) partially bury or embed the 7'
molecule in the protein in such a way that the passage of T into or out of the site
is slow, while the somewhat smaller D molecule is not seriously impeded ;' 3)
increase the contact and improve the fit (van der Waals forces, etc.) of T in the
site—in particular, the active region of the enzyme comes into close contact with
the terminal P-P of T; and (4) produce little or no effect on the strength of
binding of D.

Kinetic Analysis. For reasons previously mentioned, we would expect a:p,
aar, and Bar, in Figure 3, to be relatively small quantities. We therefore simplify
Figure 3 considerably by setting these three rate constants equal to zero. The
result is Figure 5.

Our object here is to derive equations for the relative population of the five
states in Figure 5, at steady state, and for the steady-state flux around the cycle.

Let p1, ps, ete., be the steady-state probabilities. Then'!

Dy ~ >, DPor ~ > + >,
L L

N

+ ) (12)

where each of these “directional diagrams’ represents a product of four rate con-
stants which can be read off of Figure 3. For ex-

I = I ample, the last diagram (E) represents airnr8rB82p.
H ™~ I If we use the detailed-balanced relations

o ’ — e e — ’ 3
4 I &' 7'p’ = 1, nrPir n rP2r (13)
T

— e —
_— T airpl® = Pirprir’ Bpper® = apPep’

Fig. 5.—Simplified version to “reverse the direction” of (i.e., to eliminate) n’, our,
of Fig. 3. 7z, and Bp in the first four of equations (12), we find
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the alternative expressions
P2p ~ P2p’(A), por ~ por’(4 + B),
mr ~ pir'(4 + B + (),
m ~p4+ B+ C+ D),
2 =p4d+B+C+ D+ E).

The p®s here occur in decreasing order, according to equation (3). However,
this order is probably “neutralized” and even to some extent reversed for the
steady-state p’s by the factors in parentheses (see eq. (16)). For not only is a
new term added in each successive parenthetical expression, but there is a strong
tendency for the terms to increase in the order A, B, C, D, E, in view of equations
(3) and (13). That is, the counterclockwise rate constant is the larger one of
each pair.

Although it is difficult to make precise statements about the relative magni-
tudes of the steady-state p’s without a complete specification of the rate con-
stants, the following is a useful approximation. Because counterclockwise
rate constants are larger, the last diagram in each of equations (12) dominates.
If we neglect all other diagrams (i.e., ‘“back-flow” is negligible), we have

(14)

Pep ~ Bep™Y, Por ~ B!, Prr ~ 7!
D D T P 17 T (15)
P~ o, pe~ 7' ~L

Of these rate constants, we might expect 8 (chemical reaction) to be smallest,
nr and 7’ (conformational change) to be intermediate, and B.p and o1 (desorp-
tion and adsorption) to be largest. Then we would have

por > (Pair,p2) > (Pepspy)- (16)

Incidentally, a general result of the form (14), at steady state, would be found
for any sequence of states in a single cycle with one rate constant absent (i.e.,
with value zero) and with all other rate constants having their equilibrium
values,'? as in Figure 5.

The steady-state flux around the cyecle (for example, the net number of T
molecules hydrolyzed per second) is simply

J = B2Dp2DN; (17)

where N is the number of protein molecules in the membrane and p.p (normal-
ized) is given by equations (12) or (14). In the approximation (15), we have the
simple result

J=N/Bep™ '+ Bt + et + arr™t + 9" 7). (18)
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