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1 Statistical Tests
Within this section, let u and v be fixed vertices from the directed acyclic graphs G1 = (V1, E1) and G2 =
(V2, E2), respectively. Furthermore, let

• N be the number of permutations,

• scoren(u, v) be the score between u and v in the nth permutation,

• NQ(x, u, v) = P (scoren(u, v) ≤ x), 1 ≤ n ≤ N , be the cumulative distribution function (CDF) of
score(u, v).

• DQuj (x, u, v) = P (scoren(u, v)−scoren(uj , v) ≤ x), 1 ≤ n ≤ N , be the CDF of the difference between
the vertex u and its jth child vertex,

• DQ(x, u, v) = {DQuj (x, u, v)|uj ∈ child(u)},

• MQuk(x, u, v) = P (scoren(uk, v) − scoren(u, v) ≤ x), 1 ≤ n ≤ N , be the CDF of the score difference
between the vertex u and its kth parent vertex,

• MQ(x, u, v) = {MQuk(x, u, v)|uk ∈ parent(u)},

• V QNQ(x) = P (V ar(NQ(x, x1, x2)) ≤ x), for all x1 ∈ V1 and x2 ∈ V2, be the CDF of the variances
V ar of the distribution NQ(x, x1, x2), and V QDQ and V QMQ for the distributions DQ(x, x1, x2) and
MQ(x, x1, x2), respectively.

For each child uj of u, we calculate the difference in scores δd(uj) = score(u, v) − score(uj , v). Then, we
compute the geometric mean ξ of all values DQ(δd(uj), u, v). Similarly, we calculate δm(uk) = score(uk, v) −
score(u, v) for each parent uk of u, and the geometric mean ψ of all values MQ(1 − δm(uk), u, v). Then we
define as our first test

Θ1(u, v) = NQ(score(u, v), u, v) · ξ · ψ (1)

All other tests are extensions of the first test. The second test uses the minimum function instead of the
geometric mean. Let µ be the minimum of DQ(δd(uj), u, v), and ν be the minimum of MQ(1 − δm(uk), u, v).
Then, we define

Θ2(u, v) = NQ(score(u, v), u, v) · µ · ν (2)

For the remaining tests, we define the CDFs V QNQ, V QDQ and V QMQ for the variance in all NQ, DQ and
MQ, and consecutively use the p-values of the measured variance. Then, we define the tests Θ3 and Θ4 as

Θ3(u, v) = Θ1(u, v) · V QNQ(1− V ar(NQ(x, u, v))) (3)

and
Θ4(u, v) = Θ2(u, v) · V QNQ(1− V ar(NQ(x, u, v))) (4)



Testing graph associations 2

For the final two tests Θ5 and Θ6, we weight each element used in the geometric mean and minimum func-
tions in the tests Θ3 and Θ4 using the variance of the corresponding distributions. For Θ5, this means normaliz-
ing the test Θ3 with the geometric means τ and λ of the sets V QDQ(1 − V ar(DQ(x, u, v))) and V QMQ(1 −
V ar(MQ(x, u, v))):

Θ5(u, v) = Θ3(u, v) · λ · τ (5)

For the final test, we let the minimum function run over the values weighted by the variances. It is similar to
test Θ4, except that the values δd(uj) and δm(uk) in the computation of µ and ν are replaced by δ′d(uj) =
δd(uj) · (1− V QDQ(V ar(DQuj (x, u, v)))) and δ′m(uk) = (1− V QDQ(V ar(MQuk(x, u, v)))).

2 Precise formulation
Equations 7 to 12 show the precise mathematical formulation of our tests. The implementation of the six tests in
Groovy is available on the project webpage. The tests illustrated in these equations are one-sided: they test the
specificity of a co-occurrence based only on the ontology of the category that is used as the first argument. The
final tests τ i are the two-sided versions of the tests Θi presented above, and are defined as:

τ i(u, v) = Θi(u, v) ·Θi(v, u) (6)

Let uj
c be the jth child of the vertex u. Then, let dj = score(u, v)− score(uj

c, v). Let ui
p be the ith parent of

the vertex u. Then, let mi = score(ui
p, v)− score(u, v).

Θ1(u, v) =NQ(score(u, v), u, v) ·

∏
j

DQ(dj , u, v)

1/N ∏
j

(
MQ(1−mj , u, v

)1/N

(7)

Θ2(u, v) =NQ(score(u, v), u, v) ·min
(
DQ(dj , u, v)

)
min

(
MQ(1−mj , u, v)

)
(8)

Θ3(u, v) =NQ(score(u, v), u, v) ·

∏
j

DQ(dj , u, v)

1/N ∏
j

(
MQ(1−mj , u, v

)1/N

· V QNQ(1− V ar(NQ(x, u, v)))

(9)

Θ4(u, v) =NQ(score(u, v), u, v) ·min
(
DQ(dj , u, v)

)
min

(
MQ(1−mj , u, v)

)
· V QNQ(1− V ar(NQ(x, u, v)))

(10)

Θ5(u, v) =NQ(score(u, v), u, v) ·

∏
j

DQ(dj , u, v)

1/N ∏
j

(
MQ(1−mj , u, v

)1/N

·

V QNQ(1− V ar(NQ(x, u, v))) · V QDQ(1− V ar(DQj(x, u, v))) · V QMQ(1− V ar(MQk(x, u, v)))
(11)

Θ6(u, v) =NQ(score(u, v), u, v) ·min
(
DQ(dj , u, v)

)
min

(
MQ(1−mj , u, v)

)
·

V QNQ(1− V ar(NQ(x, u, v))) · V QDQ(1− V ar(DQj(x, u, v))) · V QMQ(1− V ar(MQk(x, u, v)))
(12)

3 Distributions
In Figure 1, the remaining plots of the distributions of test results for the tests τ2, τ3, τ4 and τ5 are shown, together
with their overlap with the GO-CL dataset.
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Test 5
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Test 6

ττ6

F
re

qu
en

cy

0.0 0.2 0.4 0.6 0.8 1.0

0
20

00
0

40
00

0
60

00
0

80
00

0
10

00
00

12
00

00

Figure 1. Distribution of test results. The plots show the distributions of the test results for all τ i. Below the
distributions, the quantiles of the GO-CL dataset for each test are displayed.


