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Theprocess xðsÞdefined inEq. [12] is aMarkov process. The equa-
tion of motion for the probability density function (pdf)
PMðx;sjx0;0Þ is the regular Fokker–Planck equation, i.e.,
Eq. [10] with α ¼ 1. The solution for the initial condition
PMðx;0jx0;0Þ ¼ δðx − x0Þ is then obtained using the eigenfunctions
and eigenvalues of the Fokker–Planck operator LFPϕnðxÞ ¼ −γn
ϕnðxÞ (LFP ¼ −ð∂∕∂xÞ½FðxÞ∕ðkBTÞ� þ ∂2∕∂x2) (1). A confining po-
tential causes a discrete eigenvalue spectrum 0 < γ1 < γ2… and a
stationary solution LFPϕ0ðxÞ ¼ 0. The pdf PMðx;sjx0;0Þ is (1)

PMðx;sjx0;0Þ ¼ ∑
∞

n¼0

e−γnKsϕ̂nðx0ÞϕnðxÞ; [S1]

with coefficients ϕ̂nðx0Þ ¼ eUðx0Þ∕kBTϕnðx0Þ, and theorthonormality
relation ∫ ∞

−∞e
UðxÞ∕kBTϕnϕmdx ¼ δnm. Orthonormality relation

∫ ∞
−∞e

ΦðxÞϕnϕmdx ¼ δnm ðΦðxÞ ¼ lnðDÞ − 1
D ∫ Fðx0Þdx0Þ PMðx2;sjx1;

0Þ is obtained from Eq. S1 by substituting x → x2 and x0 → x1.
The Laplace transform of PMðx;sjx0;0Þ, ~PMðx;λjx0;0Þ ¼
∫ ∞
0 e

−sλPMðx;sjx0;0Þds, is given by

~PMðx;λjx0;0Þ ¼
e−UðxÞ∕kBT

λZ
þ∑

∞

n¼1

ϕ̂nðx0ÞϕnðxÞ
λþ γnK

; [S2]

where we used the Boltzmann equilibrium pdf for the ground state
solution of Fokker–Planck equation, and Z ¼ ∫ ∞

−∞e
−UðxÞ∕kBTdx is

the normalizing partition function. We are now ready to compute
the correlation function (CF) hxðt1Þxðt2Þi. Using the definition for
the Laplace transform of the two-time CF

hxðλ2Þxðλ1Þi ¼
Z

∞

−∞

Z
∞

−∞
x1x2f ðx2;λ2; x1;λ1Þdx1dx2; [S3]

and applying Eq. 20 and Eq. S2, we obtain

hxðλ2Þxðλ1Þi ¼
λα1 − Λα þ λα2

λ1λ2

�hx2iB
Λα þ ∑

∞

n1¼1

ϕ̂n1ðx0ÞCð1Þ
n1

Λα þ γn1Kα

�

þ ðλα2ÞðΛα − λα2Þ
λ1λ2

� hxi2B
λα2Λα þ

hxiB
λα2 ∑

∞

n2¼1

ϕ̂n2ðx0ÞCð2Þ
n2

Λα þ γn2Kα

þ ∑
∞

n3¼1

Cð3Þ
n3 C

ð2Þ
n3

Λαðλα2 þ γn3KαÞ

þ ∑
∞

n4¼1
∑
∞

n5¼1

Cð4Þ
n4;n5C

ð2Þ
n4 ϕ̂n5ðx0Þ

ðλα2 þ γn4KαÞðΛα þ γn5KαÞ
�

þ ðλα1ÞðΛα − λα1Þ
λ1λ2

� hxi2B
λα1Λα þ

hxiB
λα1 ∑

∞

n0
2
¼1

ϕ̂n0
2
ðx0ÞCð2Þ

n0
2

Λα þ γn0
2
Kα

þ ∑
∞

n0
3
¼1

Cð3Þ
n0
3
Cð2Þ

n0
3

Λαðλα1 þ γn0
3
KαÞ

þ ∑
∞

n0
4
¼1

∑
∞

n0
5
¼1

Cð4Þ
n0
4
;n0

5

Cð2Þ
n0
4
ϕ̂n0

5
ðx0Þ

ðλα1 þ γn0
4
KαÞðΛα þ γn0

5
KαÞ

�
; [S4]

where Λ≡ λ1 þ λ2 and

Cð1Þ
n ¼

Z
∞

−∞
x2ϕnðxÞdx Cð2Þ

n ¼
Z

∞

−∞
xϕnðxÞdx

Cð3Þ
n ¼ 1

Z

Z
∞

−∞
xϕ̂nðxÞ exp½−UðxÞ∕kBT�dx

Cð4Þ
n;n0 ¼

Z
∞

−∞
xϕ̂nðxÞϕn0 ðxÞdx:

[S5]

Cð3Þ
n ¼ ∫ ∞

−∞x ~ϕnðxÞ exp½−UðxÞ∕kBT�∕Zdx, and the symbol h…iB
denotes an average over the Boltzmann distribution, e.g.,

hx2iB ¼ 1

Z

Z
∞

−∞
x2 exp½−UðxÞ∕kBT�dx: [S6]

All terms of Eq. S4 that are γn dependent (n > 0) are equivalent to
the transient part of theCF for a normally diffusing particle α → 1.
Although the γn dependent components could be inverted into
time-domain explicitly, for our purpose here it suffices to use Tau-
berian theorems (2) for λ1 → 0 and λ2 → 0, in the limit λα1 ≪ γnKα

and λα2 ≪ γnKα the leading order for the power series of the tran-
sient part is of the form λα−1 and therefore all transient terms decay
to zero at least as t−α for t2 ≫ 1∕ðKαγ1Þ1∕α, t1 ≫ 1∕ðKαγ1Þ1∕α,
where γ1 is the smallest nonzero eigenvalue. The remaining part

λα1 − Λα þ λα2
λ1λ2

hx2iB
Λα þ ðλα2ÞðΛα − λα2Þ

λ1λ2

hxi2B
λα2Λα þ

ðλα1ÞðΛα − λα1Þ
λ1λ2

hxi2B
λα1Λα

[S7]

is equivalent to the stationary behavior of the normally diffusing
particle (i.e., independent of all the nonzero eigenvalues of LFP)
and depends only on equilibriumquantities. S7 is transformed into
the time domain using the Laplace inversion

L−1f1∕ðλ2λ1−α1 ΛαÞg ¼ θðt2 − t1Þ þ θðt1 − t2ÞBðt2∕t1;α;1 − αÞ∕
½ΓðαÞΓð1 − αÞ�; [S8]

where Bðz;a;bÞ ¼ ∫ z
0y

a−1ð1 − yÞb−1dy is the incomplete beta func-
tion (3). For the two -time CF we obtain

hxðt2Þxðt1Þi ∼ ðhx2iB − hxi2BÞ
Bðt1∕t2;α;1 − αÞ
ΓðαÞΓð1 − αÞ þ hxi2B [S9]

in the limit t2 ≥ t1 ≫ ð1∕Kαγ1Þ1∕α.
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