Supplementary Appendix for

“On Estimation of Partially Linear Transformation Models”

Appendix A: One-step estimator and its properties

To implement the proposed computational algorithm in Section 2.2, we need an
initial estimator f(®)(-) of the nonparametric component f(-). Following the idea of
Carroll et al. (1997) and Cai eta 1. (2007), we propose to use the following one-
step estimator as the initial value. To be specific, we consider the following local

estimating equations of H, 3 and ~, for any given covariate value X = x € X

i Kn(X: — x) [dNi(t) — Yi(t)dA{H(t) + BZ: + 1 (2)(X; — )} =0, t >0, (A1)

iil /Or< XZ:’ ) >Kh(Xz — ) [dNi(t) — Yi()dA{H(t) + B'Z; + v (x)(X; —z)}| = 0.

(A.2)

Note that the intercept parameter vo(z) previously appearing in (6) and (7) is ab-

sorbed into the function H(-) because of the local nature of equation (A.1). Let H,(-),

B(z) and 7 (z) denote the resulting solutions of (A.1) and (A.2). Then the estimator
of f(x) can be constructed as Jo(z) = [;" 51 (u)du.

As discussed by Carroll et al. (1997) and Cai et al. (2007), the final estimator

based on full iterations of the estimating equations (4)-(7) are at least as efficient as

the one-step estimators. In the next lemma, we establish the local consistency of the

one-step estimators B(:L’), Fo(x) and 4 (x).

Lemma 1. Under the regularity conditions (C1)-(C5), if h — 0 and nh — oo as
n — oo, we have that the one-step estimators B(x), Fo(x) and A1 (z) are locally

consistent provided that the matriz A, is finite and nondegenerate for any x € X.

The definition of A, and the proof of Lemma 1 will be given in the Appendix B.



Appendix B: Proofs of Theorems

Throughout the Appendix B, the notion || - || denotes the L? norm of a vector.
Define a e-ball in RP centered at Gy as D! = {8 : || — By|| < €}. Moreover, define
D2 = {f :sup,ex | f(z) — fo(x)| < e}, where X is the bounded support of X.

PROOF OF LEMMA 1.  Given 3 and 7, the left-hand side of (A.1) is monotone
in H. Thus, the solution to (A.1) is unique if there exists one. Let H,(-;3,v1) denote
the resulting solution. By using the similar arguments of Chen et al. (2002), it is
easy to show that the solution H,(-;3,71) exists if 8 is in a small neighborhood of
B, and ~;(x) is bounded on X. Moreover, we can show that H,(-; By, 71) converges
almost surely to the function Hy(t) + fo(x) on [0, 7]. Plugging H,(-;3,71) into (A.1)
and taking the derivative of the resulting estimating function with respect to 3 and

71, we have, for t € [0, 7],

g lemm—py= O and lim A g gy = —aa(l),
where

dHo(S),

a.(t) = /t NAHy(s)YE[ZN Ho(s) + BYZ + fo(z)}Y (5)| X = z]
: 0 N {Ho (1)} Baa (5)
By (t) = EMHo(t) + BoZ + fo(x)}Y ()| X = 2],

P EMH ) 4 BYZ + fo(x)}Y (W)X = a
Bult, s) = exp </3 EIM Holu) 1+ ByZ + fola)}Y (w)| X = 1]

and A {Hy(t)} = B.(t,{oz). The constant (p, is defined similarly as (o given in

dHo(u)> ,

Section 2.3. The above asymptotic representation of the derivatives can be derived
using the similar empirical process techniques given in the appendix of Chen et al.
(2002), which is omitted here. Note that H,(t;3,7:) is monotone increasing in t.
Therefore, H,(t; 8,,71n) converges uniformly to Hy(t) + fo(z) on [0, 7] provided 3,
converges to B, and 7y, is bounded.

We plug H,(-;3,71) into (A.2), and denote n~! multiplying the left-hand side of
the resulting estimating function by U,(8,71). By the monotonicity of H,(-;8,7),



the law of large numbers and some standard nonparametric techniques, we have that
U,(B,~1) converges almost surely to a deterministic vector i, (3,71) for 8 in a small
neighborhood of B, and () in a small neighborhood of fo(x). It is easy to show

that @, (3, fo) = 0. Moreover, we can show that

. OUL(B,m) Ag, O
A, = lim ————— | 5_ == ,
oo (5/’ 71) |B—ﬁom—fo o A

Y1,%

where A, , = kog(2) EINHo(T) + ByZ + fo(X)} X = o] with ky = [ 22K (z)dx, g(z)

is the marginal density of X at x, and
Ag. = g(@)E | MHo(T) + B1Z + fo(X)}Z{Z — a.(T)Y|X =z .

By the assumption, the limiting matrix A, is finite and nondegenerate. Following
the similar techniques of Chen et al. (2002), we have, as n — oo and then &1, £, — 0

aﬁz (/37 71)
sup —

— Al —0 A3
BeDL meD3, H @<:6,7’Yl) H ( )

in probability, where D3 = {v; : |11 — folz)| < e,}. Consider U,(B,7) as a ran-
dom mapping from an arbitrarily small but fixed ball D. = {(8,7) : ||[(8,71) —
(B, fo(x))|| < €} to another open connected set in RP*!. Since A, is finite and non-
degenerate, (A.3) implies that, with probability tending to 1, the mapping U (B,7m)
is a homeomorphism from D. to its image, denoted as B,. The convergence of
f]x(ﬁo, fo) to zero indicates that B, contains 0 € RP'! with probability tending to
1. This proves that 3 (x) and 4, (z) are locally consistent since f]x(B, A1) =0 and D,
is centered at (8, fo(z)) and can be arbitrarily small. The local consistency of 7, (z)

on X further implies the local consistency of ¥ (z). O

PrROOF OF THEOREM 1.  To establish the asymptotic results in Theorem 1, we
first need to prove the consistency of 3, f(-) and H(-) obtained from the estimating
equations (4)-(7). The global consistency of the estimators is extremely hard to derive

due to the complex features of the proposed global and local estimating equations.
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Here instead, we prove the local consistency of the estimators. In other words, we
consider a small neighborhood of the true parameters 8, and fy, and show that
the corresponding estimating equations of 3 and f have unique solutions in this
neighborhood. Moreover, for 3 and f being in this neighborhood, we will show that
the estimating equations of H can produce an estimate close to the true H.

We have established the local consistency of the one-step estimators in Lemma A.1.
As we discussed before, we can use the one-step estimators as the initial estimators
for the fully-iterated estimators. Following the discussion of Carroll et al. (1997),
it is expected that the fully-iterated estimators B, 4o(z) and 4 (z) are also locally
consistent.

We also note that, for fixed 3 and f, the estimating equation (4) is strictly mono-
tone in H. In the following, we show that (4) has a unique solution. To see this, by
the strong law of large numbers, there exist ¢ > 0 and €5 > 0 such that for large n,

BeD!, feD?, andte|0,7]

—Z( AlHo{min(t, T,)} +a + B'Z + f(X0)]) <0, (A.4)

= Z (Milt) = AlHo{min(t, T)} — a+ BZ; + f(X.)]) >0, (A.5)

for sufficiently large a. Thus, there exists a unique solution, denoted by H (t; 8, 1),

solving the following equation

—Z( AlA{min(t. 7): 8. 1} + B%, + F(X)]) = 0.

Take the derivative with respect to ¢, we have
—ZdN (AALH (58, f) + B'Z + f(X0)}] = 0,

which implies equation (4) has a unique solution H(-; 3, f) when 8 € D! and f e D2,
Furthermore, since (A.4) and (A.5) hold for any a > 0 if and only if 3 = B, and



F() = fo(-), we have that H(t; B, fo) converges to Ho(t) almost surly for ¢ € [0, 7].
Due to the monotonicity of H(t; B, fo) and Hy(t), the point-wise convergence can be
further strengthened to the uniform convergence by applying the Glivenko-Cantelli
Theorem (Shorack and Wellner, 1996).

Following the similar derivation in the proof of Lemma A.1. and applying some

empirical process techniques, we can show that aH(gg’%) and aH(g;ﬁo 20) are uniformly

bounded on [0,7] for @ € D! and ~(-) € D2,. Note that H(t;8,7) is monotone
increasing in t. Therefore, the consistency of H (1) = H (+; 3, 40) holds provided that
B and 4(+) are respectively consistent estimators of 3, and fo(-).

Given the consistency of the estimators B, H, 4o and 4;, we now establish the

following asymptotic representation of B:

nl/z(B—ﬁo)
-1 L - [ ;—m —(Z; —mg- ; ; 10
- (A S / {Z: — ma(t)} — (ZF — mage )AM(t) + 0p(1), (A.6)

where Ay, Ay, Z! and mgz-; are defined in Section 2.3. Assuming (A.6) holds, then by
the martingale central limit theorem and the regularity conditions given in Theorem
2.1, n'/ Z(B — 3,) converges in distribution to a normal random vector with the mean
zero and the variance-covariance matrix A~ 'X(A™') as n goes to infinity. In the
following, we prove (A.6) in seven steps.

Step 1. From (3) and (4), following Step A2 of the proof in Chen et al. (2002),

we have

Y AM() = 5 ST AN(E) = - ST ViOdA{Ho(0) + B2 + (X))
1 = Y (OMHo(t) + ByZi + fo(X;
_ Ly NN+ B X}

2 A {Ho(1)}
1 . . MHo(t) + ByZ; + fo(Xi)}
ZY A {H t ﬁmfo)} A {HO( )}] |: )\*{Ho(t)} :|

+d{0p( 1(t; By, fo) — Ho(t))} (A7)

4 [ {5 By, fo)} = A" {Ho(0)}] +




By simple algebra and the empirical process approximation theory, it is easy to show

that

MHo(t) + ByZ; + fo(Xi)}
‘ZY [ N {Ho(1)]
OB — BN RO) | e
S o (n ) = o,(n ), (A

where the second last “=" is due to the fact AN*{Ho(t) }dB;(t) — B2(t)d\*{Hy(t)} = 0.

Therefore, the equation (A.7) becomes
DY) = s d [N U B )}~ A (Hale)]
+0p(n™Y%) + d{op(H(t; By, fo) — Ho(1))},

which leads to

A {H(t; By, fo)} — A*{Ho( )}

— _Z/ )\*{Ho ()+op(n_1/2)—/0 )\*{BIQ‘[E)()S>} { ( (S;ﬁo,fo)—H()(S))}

The 0,(n~'/2) term in the last equality can be obtained using the mean value theorem
for integration based on the /n-consistency of the estimator H (+; Bo, fo), which can
be established using the empirical process theory for Z-estimators (van der Vaart and
Wellner, 1996).

Step 2. Note that

n

3 [le-(t) —Y(OAN{H (8, f) + B'Z; + f()g-)}] ~0.

i=1

Take derivative with respect to 3, we have that

ZY [A{Htﬂf)JfﬂZ + f(X )}{Zi‘l—i]:.f(t,ﬂ,f)}]:
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Following the similar technique used in Step 1, we can show that

O -
%H(t :87 f)|5:,307f:f0

- /t N {Ho(s)} E[ZM Hy(s) + ByZ + fo(X)}Y (s)] (s)
0 A {Ho()} Ba(s) '
+0,(1) = —a(t) + oy(1). (A.10)

Step 3. Define
UG, f) =+ S 2[5~ AT, )+ B2+ FXD]. (A1)
i=1

Then by the law of large numbers and (A.10), we have

%Ul (B, f)la=80.1=10
. /O B {2~ g 0YZAHo () + ByZ + fo(X)}Y (5] dHo(t) + 0,(1)
= _141 + 0p(1>- <A12)

Step 4. For 0 < t < 7, define ﬁo(t;ﬁ) = I:I(t;ﬂ,%), where (99,%1) are the

solutions of equations (6) and (7) at convergence. For any z, define

nU2(707717H7 ﬁ)(l‘)

( Y Jy KX = ) [dNi(8) = Yi(O)A{H(8) + B2 + 30(a) + (@) (X, — )} )
Sy Jy S KX — ) [dNG(8) = YUOAAH (1) + B'Z: +30(@) + 30 (2)(Xi - 2)}]

A

Then Us{40, %1, Hy(+; B), B}(x) = 0 for any =, where 3 and Hy(-; 8) are the solutions

of equations (4) and (5) at convergence. By the Taylor expansion and the law of large

numbers, we have
U2{%0, M, ffo('% B% B}@)
1

— Uafio A B0 B0} 0) = & S KX =) (s ) %
h

=1

A{Ho(T3; B) + B'Z: + o(x) + 51 (2)(X; — 2)}
~ALH (T3 By) + ByZi + 50(2) + 51 (2) (Xi — 0)}
= Ua{%, %, ﬁo('?ﬁo)aﬁo}(@ — Ey(z) + op(n_l/Q),
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where

) = %ZKh(Xi—ﬂf) (;) MHo(T5; Bo) + ByZi + Ao(w) + A1 (x)(X; — )}

x{Z; + %HO(T :8)la=,} (B — Bo). (A.13)
Following the steps similar to the derivation of (A.2), we can show that
0 " N Ho(s)} BIZM Ho(s) + ByZ + fo(X)}Y (5)]
8ﬁ (t Bls=p, = /0 N {Ho(t)} Ba(s) dHo(s)+op(1).

In addition, we have
Ua{%0, %1, ﬁo(ﬁﬁo)aﬁo}(x)

—U, (%, %1, Ho, By) () — %ZKh(Xi_x) ( 1 ) x

AL (T5 By) + BiZi + Fo(w) + 5 () (X — o)}
— A{H(T) + BZ: + Fo(w) + 51 (2)(X; — )]

=U>(%, %1, Ho, By) (z) — Ea(x) + 0p(n~7?),

where
Eale) = %ZKh<Xi — ) (;) A{Ho(ﬂ)+ﬂ0Z;;:;]@§(%;_ () (X; — )}
X [A*{ﬁo(ﬂ;ﬁo)} - A*{Ho(ﬁ.)}} , (A1)
and

Ul . Ho. Bo) () = Ualfo o o Bo)a) — Bafe) | "0 700 ) oy
R () — fola)}

where

_ %iKh(Xi—w) (X,le) (
i=1 R

th_m) Mo{ Ho(T3)+ByZi+ fo(x)+ o) (Xi—7)}.

(A.15)



Combine all the equations above, we have

M) = fol)}

By standard nonparametric techniques and the law of large numbers, we can show

By() ( () = fole) ) — Us(for fy, Ho Bo)(x) — Br(x) — Balx) + op(n~""2),

that E3(z) converges to a deterministic function

es(x) = g(x) EINMHo(T) + ByZ + fo(2)} X = 2] (; IS) ,

Furthermore, we have

Bi(x) = o) (EHZ —em “HO(T?; R R = x]) (5 - Bo)
Jr01)(77_1/2) = (elé,:c)) (B — Bo) + Op(n_l/Q)a
and
- B A{Ho(f)+,3f)z~+f0($)}y X =1 .
B = [ o ( ¥im ]) 4[N {0 B0)) — A" {Ho(0))
o= [0 (62(“@’”) 4 [N Lol Bo)} — A {Ho(0)}] + oy(n12)
0 0
Therefore,

( So(x) — fol)

. ) = &5 () Us(fo, fo, Ho, By)(2) — €5 (x) (el(m>) (B - By)
M) = folx)} ’

0

T ea(,1) “ (T (4. % —-1/2
- / e;' () 4| A {Holt: B0)} — A {Ho(D)}| + 0p(n™2),  (A.16)

1
) ) (631(1‘) O ) |
1
0 koe31(x)

JT= o

1 ) — 1 1
) BN BT + B+ o)X = (0

9



In particular, for any given x, we have

0(0) — fole) = —— U o Ho o)) — S35 - )
- /0 ' Z(j;c’;) 4[N Ll (t: B0)} = N {H(0)}] + 0 (n172), (A.17)
and
Wi (@) = folx)} = k2€311( )U22(f0, fos Ho, Bo) () + 0p(n™12),  (A.18)

where Us( fo, fo. Ho, Bo)(z) = {Ua1(fo, fo, Ho. Bo) (%), Usa(fo, fo, Ho, By)(z)}-
Step 5. Note that ﬁo(-; () is the solution of the following equation for a fixed 3,

Z [dN ()N Ho(t; B) + B'Z; + 0( X, )}} —0, (A.19)
and B solves the following equation

> [ Z[anie) - Vi aM s B) + 82+ X)) =0, (A20)

i=1 V0

Based on the equation (A.19) and following the derivation in Step I, we can show

that
CBe(t) i A
-sz = ey LY (ol B0)) = A (FHo(0)]
+ o Z V() {30(X0) = fo(X) AL Ho(t) + BoZi + fo(Xi)}
+ d{op(Ho(t; By) — Ho(t))}. (A21)
Define

U, (8, Ho, %) = Z/ dN — Y, (t)dA{Ho(t; B) + B'Z: + %(Xi)}]-
Then by the Taylor expansion and some simple calculations, we have

0=U.(B, Ho, %) = U1(By, Ho, fo) — So — S1 + op(n=1%),

10



where

= %Z /0 CZYOT0(X) — (X MM Ho(t) + BiZi + fol X)),

L 7 ; OHy(t: )
- EZ/O Z;Y;(t)dM{Ho(t; By) + BoZi + fo(Xi) HZ: + %)(; B)|5:BO}'([3—,6'0).
i=1

In addition,

Ui(By, Ho, fo) = Z/ dN Yi(t)dA{ Ho(t; By) + ByZi + fo(Xi)}

1 MH(T) + ByZi+ (X))}
N Z/ZdM ZZ N{Ho(T})}

A {H(T5 By) = N {Ho(T)}| + 0, (n7'7%).

Following the technique used in Step 3, we have Sy = A1 (8 — B,) + 0,(n~"/?). Thus,

+ [ zavtie) = 4B - o)+ Z || 20X — FoX YN Holt) + B+ olXo))

n

/\{HO +ﬁoz + fo(X )} * ) A , o (n-1/2
+ —Z B} [N {16(Ts; By) = A {H(T)}] + 0, 172) (A.22)

Step 6. We now plug the representation of §g(x) — fo(z) given in (A.17) into
(A.21) and (A.22) respectively. For (A.21), we have

Bs(t)
A {Ho(t)}

~d{ea(t)}(B— )~ [ ealt.)d[A° (alis B0)} — A (5]} ()

d|A{Ho(t: 8)} — A {Ho(t)}]

S SCUCEE IR oo B 1) + i + o(X)
b ol B) ~ o), (229

where
den()) = | ST + 81 + FiX))Y (0] (o)

eolt,s) = E [Z(f)’;)) MHo(t) + BLZ + fo(X)}Y(t)] .

11



A {Ho(t)}

Multiplying both sides of the equation (A.23) by a(t)=; o)

and integrating ¢ from

0 to 7, we have

[latr- [ a<S>A*{ij§<;>}CQ<S,t)dH()(s)} A[A" A5 B0)) — A (Ho(0)]
_A22 /3 BO)

- 22 [t M -

1 )\ {H[) Uni(fo. fo, Ho, By)(X
Z/ Yi(t) es1(Xi)

+op(n~'/?), (A.24)

)d)\{Ho(t) + ByZi + fo(Xi)}

where Ag = [ a(t)%?g)}d{cl(t)}. For (A.22), we have

(A1 = A2)(B~Bu) + [ {ealt) ~ calD)a[ N {Falt o)} - A ()
_lzn:/T Z.dMi(t)

_ ——Z/ ZY U21 fO f0>H0>BO)< )d>\{l_1()(t)_I_/QBZZ_’_fo()(vz)}_|_0p<n—1/2)7

631(X)
(A.25)

where

Au = [ 5 |2 00) + 82+ O (0| dtit)

ex(t) = B ZMHo(T) + ByZ + fo(X)}Y (t) ’
X<(T)
elt) = [ 8| 2502 ) + 82+ KO ()] dials)

Recall that, based on (8), a(t) — [ Di(s,t)ax(s)dHo(s) = Ds(t), where

Dy(s,t) = A gjﬁi)” ¢a(s,t) and Dy(t) = es(t) — eu(t). (A.26)
Thus, (A.24) - (A.25) gives
(A1~ 4)(3 -~ B) = / {2 — ma(O)}AM(1) — (Gr — Ga) + oy (n™ 7).

(A.27)

12



where A2 A21 — A22 and

p(z) = ei(z)/es (@), (A.28)
Z/ Y1 U21 (fo, Z;gga)ﬁox )dA{HO(t) + BoZi + fo(Xi)},
Z/ Hx {HO }Yi(t) U21(f0’ﬁ(;’lg?;)ﬁO)(Xi)d)\{Ho(t)+,36Zi+f0(Xi)}~

Step 7. By the Taylor expansion and standard nonparametric techniques, we

have

Z / X i /0 KX, - X)) AN;(t) ~
V(A Ho(t) + 832 +]fo<Xi>  foX0) (X = Xo)} | dX{Ho(t) + B3Z: + fo(Xi)}
_ % i /0 " ZrdMi(t) + o, (n12), (A.29)
and similarly
Gy =+ Xn: /0 " g sdMi(t) + 0y(n=Y/2). (A.30)

Therefore, from (A.27), (A.29) and (A.30) we have (A.6). O

PrROOF OoF THEOREM 2. We now provide a constructive argument for estab-
lishing the asymptotic representation of /n{H(t) — Hy(t)}. Recall that Hy(t;3) =
H(t;8,%), where (59,%1) are the solutions of equations (4) and (5) at convergence.
Our estimator of H is H(t) = Hy(t; 3). Asin Chen et al. (2002) for the linear transfor-
mation model, we will first derive the asymptotic representation of /n [A*{f] o(t; B)}—
A*{Hy(t)}] for any ¢ € (0,7]. Note that

A*{Ho(t; B)}
= A*{—ﬁ—fo(t%,@o)} + )‘*{ﬁo(th@o)} (%;B)LBBO) (B —Bo) + 0p(|6 — Bol)

"E[Z'MHo(s) + ByZ + fo(X

Y ()] 5
BQ(S) dA {HO(S)}<IB ﬂO)

— At s) - [
+ 0p(|3 — Bol).
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where the last equality above is established in the proof of Theorem 1 (Step 4).

In the proof of Theorem 1, we already established the asymptotic representation of

V(B — B,), that is,
V(B —B,) = \/_ Z/ {Z; — mz(t) — (Z; — mg-;) }dM;(t) + 0,(1).

Thus, we only need to establish the asymptotic representation of /n[A*{Hy(t; B,)} —
A*{Hy(t)}] for any ¢ € (0,7]. Define fi,(t) = /n[A*{Hy(t; By)} — A {Hy(t)}]. We

have the following lemma.

Lemma 2. Under the regularity conditions (C1)-(C7), if nh*/{log(1/h)} — oo and
nh* — 0, we have that ji,,(t) asymptotically satisfies the following integral equation:

fin () — /OT a(t, s)dpn(s) = Wy(t), te(0,7], (A.31)

where a(t,s) is a deterministic function defined later and W, (t) can be written as
summation of independent mean zero functions, i.e. n~Y23"" w;(t), which con-

verges weakly to a mean zero Gaussian process as n — oo.

For now, we assume Lemma 2 holds and its proof will be given later. Applying
integration by part, we can rewrite equation (A.31) as a Fredholm integral equation
of the second kind with the kernel %. Here, we assume that equation (A.31) has

a unique solution, which can be assured if

sup / |w|ds < 00. (A.32)

telo,7] Jo

Next, we construct a solution to equation (A.31) as

i (t) = W (t) + /0 "t $)dWa(s), (A.33)

where b(t, s) is the solution to the following equation

bt s) — /0 ' a(t,u)abgz V= alt,s), tse 0] (A.34)
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We note that equation (A.34) can be rewritten as a Fredholm integral equation of the
second kind with the same kernel <> 86” L5) Therefore, under condition (A.32), the above
equation has a unique solution. Then it is easy to show that fi,(t) defined in (A.33)

is a solution to the integral equation (A.31). Based on the asymptotic representation

(A.33) of fu,(t), we have /n[A*{ Hy(t; B)} — A*{Hy(t)}] = \/Lﬁ Yo Ki(t)+op(1), where

i) = )+ [ bt s)dus) - [ FEMRLDEAEL IR g )

A /{z — ma(t) — (ZF — mge ) YAML(D),

are independent mean zero functions. Then based on the functional delta method,
we have /n{H(t) — Hy(t)} = f Yoy /\*fﬁ(szt)} + 0,(1), which can then be shown
to converge weakly to a mean zero Gaussian process using the functional central
limit theorem (Pollard 1990, Theorem 10.6). The root-n consistency of H(t) is then
established. [

PROOF OF LEMMA 2. Based on equation (A.23), we have

_ Be(t)
A*{H (t)}

- %de( \/_ZY U21 (fo, fo, Ho, By) (X )d/\{Ho(t)—i—ﬁ{)Zi—i—fo(Xi)}

d{jin(t)} = d{er(O}Vn(B — By) — /OT Co(t, 8)d{ fin(s) }dHo(1)

631(XZ)
+ d{o,(Ho(t: By) — Ho(t))}.

According to the proof of Theorem 1, ft ’\*gj?s XA} g1 e (5)Yy/n(B — B,) can be repre-

sented asymptotically as the summation of independent mean zero functions multi-

plying by n~'/2. Moreover, following Step 7 of the proof of Theorem 1, we have
)\*{Ho Uni (fo, fo. Ho, Bo)(X) /
5 AN Hy(s) + ByZi + fo(X;
\/_Z/ ( ) 631(X) { 0( ) Bo fo( )}

= %Z/o Mg i(s)dM;(s) + 0,(1),
where

g i(t) = / "X {Ho(s)} EINMHo(s) + ByZ + fo(X)}Y ()| X = Xi]
TS T Ba(s) B Ho(s) + Bz + H(X)HX = X]]

15
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Therefore, we have asymptotically,
jnlt) = [ alt)dials) = Walt) =02 3wt
0 i=1

where a(t, s) = fot %&E)“)}CQ(U, s)dHp(u) and

wilt) = /0 A*gj / e, i(5)dM(s)
+/0 )‘*{HO }/ {Z; — mgz(t) — (Z; — mz- ;) }dM;(1),

which are independent mean zero functions. Thus, W,,(t) converges weakly to mean

zero Gaussian process as n — 0o, which completes the proof. [J

PROOF OF THEOREM 3.  Note that Us (39,41, H,B)(z) = 0. Based on the
assumptions v/n(8 — By) = O,(1), v/n|H(t) — Ho(t)| = O,(1) for t € (0,7], and the

conditions of Theorem 3, it is easy to show

1 . .
Sup, !; § Kn(X | ME®) + BZ: + Ao (@) + 5 () (X — 2))
te(0,7 Xi—=T

h

~MHo(t) + ByZ: + Ao(x) + 41 (2)(X; — 2)}] | = Op(n™"/2).(A.35)

Thus, Us (0, 31, Ho, Bo) (2) = Op(n™%) = 0,(1/v/nh). Let 3(z) = (y0(x), hn())’
(@) = (Go(x), W () and f(z) = (fo(x), hfo(x))"
We first show that 4(z) — f(z) in probability as n — co. Note that

9 - 1 1
a_~U2(707717H7/8) - _E;Kh(Xz_x) % X
XZ'—ZL' A ~7
(1, - )A{H(Ti)+6Zi+%(w)+%($)(Xz'—w)h

which is negative definite. In addition, by the strong law of large numbers and
standard nonparametric techniques, it can be shown that the above derivative also

converges to a deterministic negative definite matrix, denoted by —w5 (v, Ho, 3y),

16



where

(20, Hos B) — 9(@) ENHo(T) + BUZ + 70()} X — ] (1) ;

Furthermore, by the strong law of large number and the consistency of H and B, we

have Us (70, 71, fI,B) — u(70, Ho, B,) in probability, where
1 -
u(0, Ho, By) () = . 9(2)E[6 — A{Ho(T) + ByZ + vo(2)} X = x].

Note that w(fo, Ho, By)(z) = 0. Following the techniques of Fan, Gijbels and King
(1997), the consistency of 4(z) holds. Using the Taylor expansion, we have

U2(%’,H0,,30)(x)
— UL(F, Ho, By)(a) + %Uw, Ho, By) (2){3(x) — F(x)} = 0,(1/v/nh), (A.36)

where 4*(z) lies between 4(x) and f(z), and thus 4*(z) — f(z) in probability.

By the strong law of large numbers, we obtain

Vile) = - lim SZU(F. Ho,Bo)(e) = (o, Ho. ). (A31)

Also, we have

Us(f. Ho, Bo)(x) = Ui (f, Ho, By)(x) + Uaa(f, Ho, B) ()

1 <& /T 1 1 <& 1

[A{Ho(fi) +BYZ;i + fo(Xi)} — AMHW(T) + BYZ: + folx) + fo(z)(Xi — ZE)}]

Then following the proof of Theorem 4 given in the Appendix B of Cai et al. (2007)

and the martingale central limit theorem, we have

(nh)2U 2. (f, Ho, By)(x) — N{0, Vs (x)}

17



as n goes to infinity, where

1 0 T
Vi = | ota) [ B OMH(0) + B2 + foa)}X = aldo(0). (A38)
Define A(X;) = A{ Ho(T})+ By Zi + fo(X:)} — AM{ Ho(T}) + By Z; + fo(x)+ fo(z)(Xi—x)}.
Using the Taylor expansion of A around z, we have Ugs(z) = Vi (2)b, () + 0,(h?),

where

ks

bu(w) = ROV @ EMHT) + 2+ )X =) 1) (a3

Combining with (A.35), we have

V() (nh) 2[{3(x) = F(2)} = bu(2) + 0,(h*)] = (nh)*Us,1(f, Ho, By) () + 0p(1).
Since nh® is bounded, the results of Theorem 3 hold. O

PrROOF OF THEOREM 4.  The proof of Theorem 4 can be similarly derived as

that for Theorem 1 and hence is omitted here. [

Appendix C: Simulation studies on the stability and efficiency of the pro-
posed algorithm
C.1. Numerical results for using different initial values

To solve equations (4) and (5), as given in Step 0 of our computational algorithm,
we need to first choose an initial value for the nonlinear covariate effect, i.e f © (..
After fO(.) is fixed, (4) and (5) become the equations of Chen et al. (2002) for the
linear transformation model. In our simulations and the real data application, we
chose fO(.) = 0, and then solved (4) and (5) using the method of Chen et al. (2002)
iteratively until some stopping rule was met. The algorithm worked well in all the
examples and it converged within 30 iterations in almost all simulations.

Here, we did additional simulation studies to examine the effects of using different

initial values for the nonlinear covariate on the solution. We considered design I
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(f(z) = 8(x — x3)) subject to a covariate-independent censoring with 20% censoring
rate. Besides the constant initial value (i.e. f©(.) = 0), we also tried the lincar
form (f(z) = 6;1z) and the quadratic form (f(z) = 6z + 092%) as the initial
value of f(-). Then we solved the corresponding linear transformation model using
Chen et al. (2002) to obtain the estimates 9117 égl and 922 to obtain the initial
value f(o)(-). We ran 500 simulations and the results were summarized in Table
1. Based on these results, we observed that different initial values of the nonlinear
function produced almost the same estimates, with little differences in biases and
almost identical sample standard deviations. From these limited simulation studies,
it seemed that the algorithm worked quite stably with respect to different choices of
initial values.
C.2. Numerical results for efficiency comparison

Similar to many other estimating equation methods, the proposed martingale-
based estimating equations are not guaranteed to be semiparametric efficient. Fol-
lowing the suggestion of one referee, we conducted additional simulations to study the
efficiency loss of our estimator if the true covariate effect is linear while the proposed
method is used. To be specific, we considered a linear transformation model with
three covariates: Z;, Z> and X as in our old simulations. However, the true covariate
effect of X is linear with the coefficient of 1.0 instead of nonlinear. All other settings
are the same as before. We examined the scenario with 20% covariate-independent
censoring and compared our method with Chen, Jin and Ying (2002)’s method (de-
noted as CJY) for the linear transformation model. We did 500 runs and summarized
the estimated coefficients for Z; and Z5 in Table 2. Based on these results, we ob-
served that if all the covariate effects are in fact linear, CJY’s method showed less
biases and smaller variances than our method, but the differences are very small.
This indicated that our method may loose some efficiency due to the kernel estima-
tion of the nonlinear covariate effect under the linear transformation model, but the

efficiency lost is not much.
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Table 1: Simulation results for different initial estimates of nonlinear covariates.

Por = —1.0 Bo2 = 1.0
Initial Est. | Bias SD  Bias SD
(=0
Constant | 0.004 0.246 0.036 0.373
Linear 0.004 0.246 0.036 0.373
Quadratic | 0.005 0.246 0.026 0.372
(=1
Constant | -0.033 0.420 0.004 0.679
Linear -0.038 0.421 0.004 0.678
Quadratic | -0.074 0.422 0.008 0.678
(=05
Constant | -0.021 0.331 0.004 0.537
Linear -0.021 0.331 0.004 0.537
Quadratic | -0.013 0.331 0.006 0.535

Constant, the initial estimate was chosen as f(o)(x) = 0; Linear, f(o)(x) = Oy

Quadratic, f© () = 0y, 2+023%; Here in the second and third methods, the estimates

éll, égl and éQQ were obtained by solving the corresponding linear transformation

model using the method of Chen et al. (2002).
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Table 2: Efficiency comparisons of our method and CYJ’s method under linear trans-

formation model.

Bor = —1.0 Loz = 1.0

method | Bias SD MSE Bias SD  MSE
(=0

Our |-0.068 0.254 0.069 0.089 0.408 0.174

CJY |-0.055 0.245 0.063 -0.008 0.401 0.161
(=1

Our |-0.038 0.405 0.165 0.031 0.704 0.497

CJY |-0.030 0.397 0.158 -0.029 0.686 0.471
(=05

Our |-0.039 0.328 0.109 0.035 0.563 0.318

CYZ |-0.029 0.320 0.103 -0.036 0.545 0.298

MSE, mean squared error; Our, our proposed method for the partial linear transfor-

mation model, where the third covariate was assumed nonlinear; CYZ, Chen, Jin and

Ying (2002)’s method for the linear transformation model.
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