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1 Exponential families

The methods used in this paper are particularly useful when the generating distribution comes from
the exponential family. These distributions are completely specified in terms of a finite number of

sufficient statistics, 77, and can be written in the form:
p(x[n) = H(x)exp (" U(x) — A(n)) (1)
where A(n) is given by
A(n) = log {/ H(x) exp (nTU(X)) dx} (2)
Exponential family distributions are particularly convenient because the conjugate prior is also a

member of this family, taking the form

p(nlxo, v) = H(n) exp (UTXO —vA(n) = Alxo, v)) (3)
where xo and v are the prior hyperparameters. Thus, we can write the posterior distribution for run

length 7, as

p(xtﬂ\xg”)) = /p(xt+1!77)p(77!><§)d77

L, p(<ilmp(nlxo, v)dn

[T, pGiln)p(nlxo, v)dn

_ By L e (07 (xo 4 ik, UGki)) = (et v+ DAW) d
JHm) exp (7 (xo+ Xiey, Uxi) = (e + v+ 1)A()) dn

and therefore only have to keep track of a finite number of sufficient statistics; i.e.,

t+1

Xt = Xo + Z U(x;) ()

i=t—r¢

and

vy = vy + 1y (6)

for each run length to fully specify the distribution.
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2 Update algorithm for general change-point hierarchy

To derive the message-passing algorithm for the most general case, we first must introduce a suitable
notation. We define ao ) and b as the prior parameters of the beta distributions over the hazard
rate in the nth layer of the hierarchy, and (a!™ — a{”) and (5™ — b)) to describe the number of

change-points and non-change-points counted in each layer. We then group these together as vectors
a = [ag ),a?),...,aEN*l)] and b, = [bgl),b?),...,bENfl)] (7)

to further simplify the notation. Similarly, we define h; as
h, — [hf’, W, hﬁN‘”} (8)

But note that it is more convenient not to include A in this vector. In this notation, then, we have

Xt+1|X1t ZZZP Xt+1|X1t rtaatabtaxl t) (9)
Tt at

In a similar manner to before we can compute p(r;, a;, by, x1.) recursively; i.e.,

p(Tu a;, by, Xl:t) = Z Z ZP(% Te—1,, a1, by, b1, Xl:t)

Ti—1 a—1 b1

= Z Z Z p(re g, by, Xy |re—1, a1, b1, X1:-1)p(re—1, -1, b1, X14-1) - (10)

re—1 a;—1 by

= Z Z Z p(re, ag, belre—1, a1, bt—l)p(xt|X§7j£)p(7’t—1, a1, b1, X14-1)

T—1 ar—1 b1

To get a handle on the change-point prior, we can write it as the marginal over hy, i.e.

p(re, ap, be|ri—1, a1, b)) = /p<rtaat>bt’htart—l7at—hbt—l)p(ht‘rt—hat—hbt—l)dht (11)

where the integral is over the interval [0, 1] in each dimension and

p(ht‘rtflyatflybt 1

jh (a§ U 1) . (bi@l N 1) (h(n>>“5")1 (1 h(n)>b§”ﬁ 12)
( _

t
n=1 <a§n)l + b@l + 1>
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To understand p(r, as, by|hy, 7,_1,a,-1,b;—1), we note that there are only

2N71

non-zero entries,

corresponding to the number of possibilities arising from allowing each of the N levels of the hierarchy

to have a change-point or not. Then, for a particular possibility, ¢, we define C; as the set of all levels

experiencing a change-point and C; as the set of levels not experiencing a change-point. Thus we can

write

p(rtu A, bt|ht7 Te—1, a1, be_1)
= 6(ri — R(ri1,C:))6(ar — A(ar—1,C;))d(b; —

where

B(b,_,,C) [ ™

meC;

0 if level N € C;

R(rtfla C’L) =

ri-1+1 iflevel N ¢ C;

A, (ai—1,C) = | agf)l if level n ¢ C;

B, (bi—1,C;) = bET_L)l +1 iflevel n ¢ C;

\

0 if level n € C;

al™ +1 iflevel n ¢ C;

0 if level n € C;

B if level n ¢ C;

and level n + 1 ¢ C;

and level n +1 € C;

and level n +1 ¢ C;

and level n + 1 € C;

which leads to the following expression for the change-point prior

p(Tta ag, bt|Tt—17 a1, bt—l)

= 22 3(re — R(ri-1,C:))8(ay — A(ag_1,C;))d(by — B(b,—1,C)) [ &A™ J[(1 =4

where

(13)

(14)

(15)

(16)



Thus we have a (fairly) simple message-passing algorithm for inference and prediction in a change-

point heirarchy.

3 Pseudocode

In the following two boxes we present pseudocode for inferring a constant hazard rate (box 1) and

for inference in a three-level change-point hierarchy (box 2).



1. Initialise node N (rg, ag,t = 0): w(rg = 0,a9 = 0,t = 1) = 1 and nodelist: L;—o = {N(0,0,0)}
2. For all other nodes, set initial value of weight to zero, w(r, a;,t) =0
3. for each time ¢t =1 to 1,42
4. Set total weight to zero, Wiyu = 0, and initialise nodelist to empty set, £, = ()
5. for all nodes in nodelist £;_;
6. Observe data x;

7. Compute predictive probability: 7(x;) = p(x¢|x;7"")

a;—1+1

8. Compute estimate of hazard rate: h, = I

9. Send messages to children:
To N(ry =11 4+ 1, a0 = ag_1,t): w(ry, ap,t) = (1 — hy))w(r_1, as_q,t — 1)7(xy)
To N(ry =0,a, = ay_1 + 1,t): w(re, ag, t) = w(ry, ar, t) + ltbt,lw(rt,l, ag_1,t — 1)m(xy)
10. Add new children to nodelist at time ¢
11. Update Wiptar = Wiotar + w(r—1, as—1,t — 1)m(z¢)
12. endfor
13. Normalize: for nodes in L;: w(ry, ar,t) = w(re, ag, t)/Wiora; endfor
14. Predict: p(xei1[X10) = 3, S, DXt X0 (re, as, )

15. endfor

Box 1 — Pseudo-code for on-line learning of a constant hazard rate




1. Initialise node N (g, ag, by, 0): w(rg =0,a0 = 0,by = 0,t = 0) = 1 and list: L,—o = {N(0,0,0,0)}
2. for each time t = 1 to T},

3. Initialise new nodelist to empty set, £; = ()

4. for all nodes € £,_;

5. Observe data x; and compute predictive probability: 7(x;) = p(xt|x£7f1’ 1))

at—1+1

6. Compute estimate of hazard rate: ﬁf) = o s

7. Messages to children to update weights by
toN(ri=ri 1+ 1,0 = a1, = b1+ 1,t): (1 — ﬁf_)l)(l — PN (r,_y, ap_q, by, t — 1)m(xy)
to N(ry =0,a; = ag_1 + 1,b; = by_1,1): izgl_)l(l — PNYw(r_y, a1, b1, t — 1)m(xq)
to N(ry =11+ 1,a; = ag, by = b, t): (1— Bﬁ’l)h@w(n_l, ag_1,bi1,t — 1)m(xy)
to N(ry = 0,a; = ag, by = by + 1,1): ﬁ§£)1h<0>w(rt_1, as_1,be1,t — 1)m(xy)
8. Add new children to nodelist at time ¢
9. endfor
10. Prune nodes: £; = prune(L;)
11. Normalize:
Wiotar = Znodesect w(ry, az, by, t)
for all nodes in L;: w(ry, ag, by, t) = w(ry, ag, by, t) /Wiotar; endfor
13. Predict: p(X¢1|X10) = >, D, thp(xt+1|x§”))w(n, ag, by, t)

14. endfor

Box 2 — Pseudo-code for on-line learning of the hazard rate in a three-level change-point hierarchy.






