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SI Text

1. Accuracy of Rotational Correlation Function (RCF) from a Finite Mo-
lecular Dynamics (MD) Trajectory (Fig. S4). For free diffusion (corre-
sponding to an exponential decay of the RCE a, = 1), the
accuracy of an RCF is severely limited by the finite duration
of the trajectory simulated (1, 2). To evaluate the accuracy of
an RCF computed for a finite trajectory, we first computed T,
and T, from simulated trajectories of a free 1D normal Brownian
motion using Eq. 2 of the main text and compared the numerical
results to the exact analytical RCE. The RCFs computed numeri-
cally were very accurate only up to about 1% of the duration of
the trajectory because, at longer times, the statistics for the initial
conditions ¢ in Eq. 2 of the main text were incomplete, and spur-
ious oscillations of the RCF occur although the decay of the RCF
was reproduced very qualitatively, in agreement with ref. 2. By
extrapolating these results to an RCF computed from MD, the
RCF T, and P, computed from a trajectory of 80 ns (duration
used in the present work) should be very accurate only up to
about 1 ns.

For most of the residues along the sequence of the amino
acids, the RCF of the dihedral angles y and of the N-H bonds
computed from an MD trajectory of 80 ns converge to a plateau
value on the 1-ns time scale and are therefore accurately
described, as for y; and y, in Fig. S4a and for (N-H),,;, (N-H),,
and (N-H),5 in Fig. S4b. Noisy oscillations were found at about
t > 2 ns for some RCFs that do not converge to a plateau on the
nanosecond time scale as shown, for example, for y;5 and y39 in
Fig. S4a and for (N-H),, in Fig. S4b. The oscillations are due to
insufficient sampling of the long-time fluctuations of y and N-H
bonds (> 1 ns) of these residues on the duration of the MD
trajectories. For the coarse-grained dihedral angles, nonmono-
tonic behavior of the RCF occurs, in particular, for dihedral
angles with multiple-minima free-energy profiles (FEPs) (as for
735 and y3q in Fig. S4a). As shown previously (3), the transitions
between different minima of V/(y) are rare events on the time
scale of the duration of the present MD trajectories (80 ns)
and are thus responsible for a nonmonotonic behavior of the
long-time mean-square displacement (MSD) (see figure 2 in
ref. 3) and RCF of these dihedral angles. The RCF of N-H bonds
and of dihedral angles behave similarly: Backbone amide N-H
bonds of residues corresponding to the virtual bonds forming
the dihedral angles with multiple-minima FEP are also inaccurate
at long time; i.e., (# > 1 ns) [as, for example, (N-H),, in Fig. S4b].

Finally, it should be mentioned that, to extract the type of
behavior of an RCF, one needs to fit the RCF to at least one
decade of time (2, 4). Consequently, to improve the accuracy
of the RCF of y and N-H bonds shown in Fig. S4, up to 10 ns
would require MD runs of 1 ps long and extensive computational
resources. Because NMR relaxation probes subnanosecond and
nanosecond motions and we, therefore, extracted the parameters
a and D, from RCF computed up to 1 ns, this was not necessary
as the inaccuracies of some RCFs occur at about 7 > 2 ns and do
not affect our conclusions.

2. Comparison of Values of « and D, Extracted from RCFs up to 50 ps
and 1 ns. 2.1. Dihedral angles (Fig. S5 b and c) The values of the
exponent o and of the diffusion constant D, extracted from a
fit of the RCF up to 50 ps by using a stretched exponential were
compared to the values of these quantities computed indepen-
dently by fitting the MSD(¢) of each angle y, by 2D, t* for
t < 50 ps. The exponents and diffusion constants computed from
the MSD were in excellent agreement with those deduced from
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the RCE as shown in Fig. S5 b and c. However, some deviations
are observed for the exponents of residues 35 to 39 (Fig. S5¢),
which have pronounced anharmonic free-energy profiles
(Fig. S3). For example, the value of the exponent of y3; extracted
from T, by fitting the RCF by a stretched exponential was
a = 0.22, whereas the value deduced from its MSD was a = 0.24.
The values of D, computed by fitting the RCF by a stretched
exponential up to 1 ns (empty triangles) are close to the values
obtained by fitting the RCF up to 50 ps (filled diamonds, super-
posed to the filled squares) except for a few residues (n = 5, 6, 38,
and 40) (Fig. S5b). The quantity 2D,, is the variance of the dis-
tribution of the angular steps of the dihedral angles moving each
picosecond (3) and is not expected to vary so much with the time
scale. The values of a computed by fitting the RCF by a stretched
exponential up to 1 ns (empty triangles) are, in general, lower
than the values obtained by fitting the RCF up to 50 ps (filled
diamonds, superposed to the filled squares) with a few exceptions
(n = 3, 26, 33, and 39) (Fig. S5¢). A variation of the exponent of
the RCF as a function of the time scale considered is expected
and reflects the fact that the RCF of most of the dihedral angles
y are decaying functions on the 50-ps time scale and converge to a
plateau (corresponding to @ = 0) on the 1-ns time scale.

2.2. N-H bonds (Fig. S6 b and c). The values of the exponent o and
of the diffusion constant D, extracted from a fit of the RCF up
to 50 ps by using a stretched exponential were compared to the
values of these quantities computed independently by fitting the
MSD(t) of each N-H bond by 4Dt for t < 50 ps. The diffusion
constants computed from the MSD were in excellent agreement
with those deduced from the RCE, as shown in Fig. S6b (a small
deviation is observed only for residues 30 and 37). The exponents
(Fig. S6¢) computed independently from the MSD and extracted
from the stretched exponential fitted to the RCF up to 50 ps agree
for most of the residues. Deviations are observed for the expo-
nents of residues 21, 37, 38, and 40, which have anharmonic
free-energy profiles.

As found for the dihedral angles v, the values of D, computed
by fitting the RCF by a stretched exponential up to 1 ns (empty
triangles) are extremely close to the values obtained by fitting the
RCF up to 50 ps (filled diamonds, superposed to the filled squares
for most of the residues) except for few residues (n =9, 20, 21,
38, 40, 42, and 43). The values of a computed by fitting the RCF
by a stretched exponential up to 1 ns (empty triangles) are in gen-
eral lower than the values obtained by fitting the RCF up to 50 ps
(filled diamonds, superposed to the filled squares for most of the
residues) with a few exceptions (n = 26, 27, 28, and 37). As for
the dihedral angles vy, the variation of the exponents reflects the
convergence of most of the RCFs to a plateau on 1-ns time scale,
whereas they are a decaying function on the 50-ps time scale.

3. Relation Between RCF and MSD at Short Time (Demonstration of
Eq. 1 of Main Text). 3.1. Diffusion on a circle. Fluctuations of each
coarse-grained dihedral angle y are represented by the stochastic
rotations of a vector u defining the position of a random walker
on the unit circle (the subscript 7 is omitted in the notations for
clarity). Indeed, at each time 7, for each dihedral angle y, one may
define a unit vector by u(z) = {cos[y(¢)], sin[y(¢)] }. The motion of
this 2D unit vector is thus in a plane and describes the stochastic
motion of a point on a circle. The concept of Brownian motion on
a circle can also be understood as follows: The angle y,, is the
angle between two planes, so the fluctuations of y, correspond
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indeed to a stochastic motion on a circle perpendicular to the
bond C*(n)-C*(n + 1).

The scalar product x(¢;¢ +t) = u(f') * u(t' +1¢) is the cosine of
the angular displacement Ay(#;¢ 4 ¢) of u between ¢ and ¢ +1¢
and —z < Ay(¢;¢' +t) < #. In this representation, the RCFs of
Ay are those of a random walk on a circle, which are the time
(or ensemble) averages of Tchebychev polynomials (see ref. 5):

T(t) = (cosllay (¢st' +1)])y = Ci(0), [S1]

where the average in Eq. S1 is over all initial orientations of u
(all ). For T and T, analyzed in the main text, it is found from
Eq. S1 that

T,(t) = (cos|Ay(Z:t +1)]),. [S2]

T, (t) = 2{cos*[Ay(t';¢' +1)])y — 1. [S3]

For short times ¢, the most probable displacements Ay are
small [see the equation of the probability density function
(PDF), F(Ay.t) of Eq. S17 and Fig. S8 g—j] and, using the second
order expansion of cos(Ay)~1— (Ay)?/2, it is found from
Eqgs. S2 and S3 that

Ty ()~ 1 — Msg(t ) [S4]
T,(t) ~ 1 — 2MSD(z), [S5]

where the MSD of the dihedral angles is defined as usual:
MSD(t) = ([Ay(¢;¢ +1)]?),. [S6]

Comparing Eqs. S4 and S5 with Eq. 1 of the main text, it is
found that K; = 1/2 for T, and K, =2 for T,, as announced
in the main text.

3.2. Diffusion on a sphere. Fluctuations of each (N-H), (Fig. S1)
(except for PRO residues) are represented by the stochastic rota-
tions of a vector u defining the position of a random walker on the
unit sphere (the subscript n is omitted in the notations for clarity).
Indeed, as each N-H bond is rotating in the 3D space, its direction
(defined by a unit vector u) defines the position of a point moving
on a sphere in 3D.

The scalar product x(¢;¢ +¢) = u(t')*u(t’ +¢) is the cosine of
the angular displacement AE(¢'; ¢ 4 ) of u between ¢ and ' + £. It
is worth noting that, whereas Ay represents a one-dimensional
displacement (on a circle), A€ represents a two-dimensional an-
gular displacement (on the surface of a sphere). The RCFs of A&
are those of a random walk on a sphere, which are time (or en-
semble) averages of the Legendre polynomials P(f) (see ref. 5).

For P| and P,, analyzed in the main text, they are given by

Py(1) = (cos[AE(#s 7 + 1)) [87]

Pyr) = % Blcos [AE(E: £ + 1)), — 1]. [S8]

For short times ¢, the most probable displacements A are
around 10° (see Fig. 2 of the main text, and Eqs. S24 and S26).
Using the second-order expansion of cos(A¢) = 1 — [A¢]?/2, it is
found from Eq. S7 and Eq. S8 that

Pi)~1 —MS?“),

[89]
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Py~ 1— %MSD(t), [S10]
where the MSD was defined as usual:
MSD(t) = ([AE(L;1 + 1)), [S11]

Comparing Eqgs. 89 and S10 with Eq. 1 of the main text, it is
found that K| = 1/2 for P, and K, = 3/2 for P, as announced in
the main text.

4. PDF and RCF of Rotational Diffusion with a Time-Dependent
Diffusion Coefficient. We demonstrate here that stretched
exponentials are RCFs of rotational diffusion equations with
an effective time-dependent diffusion coefficient D(f) = aD,*.

4.1. Useful properties of Tchebychev polynomials (ref. 6). The differ-
ential equation for Tchebychev polynomials is (see ref. 6)

Msinz(Ay) —cos(Ay) OTileos(Ay)] _ —I2T[cos(Ay)].

d[cos(Ay))? d[cos(Ay)]
[S12]
Using the chain rule of derivatives, we find
0°T)[cos(Ay)]  0*T)[cos(Ay)] . , dT;[cos(Ay)]
a7 alcos(apP AT TSN eostan]
[S13]
and we see that
2
OTeos(AN] _ _proos(ap)]. [S14]

aay)?

4.2. Free diffusion on a circle (ref. 5). The equation for free diffusion

of a walker on a circle is (see ref. 5)

OF (Ay;t PF(Ay;t

(870 _ PRyt (s15]
ot oAy

where F(Ay;t)dy is the probability that the vector u, representing
a dihedral angle y (Fig. S1), is rotated by an angle Ay after a time
t > 0 [with F(Ay;0) = 5(Ay)]. We consider Eq. S15 with a time-
dependent diffusion coefficient, i.e.,

D — D(t) = aD,t*". [S16]
The solution of Eq. S15 with D(¢) is
I I

F(Ay.t) = -t g‘; exp(—2Dt%)T)[cos(Ay)], [S17]

as is easily checked by using the property of Eq. S14. The constant
1/2z in Eq. S17 ensures that F is normalized to 1. According to
the ergodic hypothesis, the RCF (Eq. 2 of the main text) of a ran-
dom walk on a circle can be computed from the PDF (Eq. S17):

Gt = /_ " AT [cos(Ay)F(Ay:1). [S18]

By using Eq. S17 in Eq. S18 and the orthogonality of the Tche-
bychev polynomials (see ref. 6), it is found immediately that

Ci(t) = Ty(t) = exp(—LDy1%). [S19]
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4.3. Useful properties of Legendre polynomials (ref. 6). The differen-
tial equation for Legendre polynomials is (see ref. 6)
02P,[COS(A.§)]
dlcos(AZ)
= —I(l + 1)Pj[cos(A¢)].

oPy[cos(AS)]

(Af) 2COS(A§) [COS(Af)]

[S20]
Using the chain rule of derivatives, we find

oPeos(AD] _ _ OPileos(AD)] sy

o[Ad] d[cos(A¢)]

0%Pj[cos(AE)]  0*P[cos(AE) ] 0P)[cos(A¢)]
Ia[Ag}Z B 6[clos(A§)]2 w(A¢) - cos(ad) [IOS(AE)}
[S21]

and we obtain

?Pj[cos(AE)]
olag)

0P [cos(AZ)]

+ cot(A¢) oA

—I(I + 1)P;[cos(AE)].
[S22]

4.4. Free diffusion on a sphere (ref. 5). The equation for free diffusion
of a walker on a sphere is (see ref. 5)

o (A& 1)
0AE |’

o (A&t) [Of(AE t)
o IAE?

cot(A¢)

[S23]

where f(A¢&;¢) is related to F(A&;t) by the following relation:
F(A&;1) = 2af (A& 1) sin(AE).

The quantity F(AE;f)dé is the probability that the vector u,
representing an N-H bond (Fig. S1), is rotated by an angle Ag
after a time ¢t >0 [with f(A&0) = 6(A&)]. Using Eq. S24 in
Eq. S23, we easily find the diffusion equation for F:

[S24]

OF(ALL) | [PPF(A&) OF (A1)
R BTV R C Yy
+ (cot?(AE) + DF (A& D). [S25]

We consider Eq. S23 with a time-dependent diffusion constant
given by Eq. S16. The solution of Eq. S23 with D(¢) is

i 2] + 1)Pj[cos(A¢&)] exp(—I(l + 1)D %),

fan =4+

[S26]
as is easily checked by using the property Eq. S22. The constant
1/4x in Eq. S26 ensures that F (Eq. S24) is normalized to 1. Using

the ergodic hypothesis, the RCF (Eq. 3 of the main text) of a ran-
dom walk on a sphere can be computed from the PDF (Eq. S26):

) =2n / " dAESin(AE)P[cos(AE)f(AE; 1), [S27]
0
or using Eq. S24:

= / " AAEP [cos(AE)F(AE; 7). [S28]
0
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By using Eq. S26 in Eq. S27 and the orthogonality of the
Legendre polynomials (see ref. 6), it is found that

Ci(t) = Py(t) = exp|=I(I + 1)D 7). [S29]

4.5. PDF for a random walk on a circle as a sum of Gaussians. Following
the arguments of Perrin (ref. 5), Eq. S17 can be formulated alter-
natively as a sum of Gaussians:
Ay + 2km)?
P(Ayt) = M)

4D 1" (5301

! S €X]
V4D, mt* k; P

5. Derivation of the Scaling Property (Eq. 4 in the main text) for the
PDF on a Circle. An approximate derivation of Eq. 4 for the PDF
Eq. S17 can be performed as follows: By assuming the rank / of
the orthogonal polynomials to be a continuous variable, we may
replace the sum in Eq. S17 by an integral, i.e.,

F(Ay) ~ % ¥ % % " dlexp(~PD ) [cos(iAy)].  [S31]

where, in addition, we used 7)[cos(Ay)] = cos(/Ay) (see ref. 6).
Applying the transformation Ay — Ay/h®/? to the right-hand side
(rhs) of Eq. S31, we find that the right-hand side of Eq. S31 is

!
rhs = . /h“/2 / dl exp(—ID %) {cos(h 7 Ay)}. [S32]

By defining the variable k = [/h*/?, Eq. $32 becomes

hel? 1 [
hs = —— al2 _ _ 2D a A
ths = —— +h ”[/Wz dk exp[—k*D,,(ht)*][cos(kAy)]

~ F(Ay,ht)h/?, [S33]
where the last equality is deduced from Eq. S31. Eq. S33 is the
scaling property of Eq. 4 of the main text.

6. Numerical Test of the Scaling Property (Eq. 4 of the Main Text) for
the PDF of the y Dihedral Angles (Fig. S8 g—j). We discuss a numerical
test of the scaling property (Eq. 4 of the main text) for F(Ay,, f),

ie.,
1 Ay,
ha/Z anl (ha/Z ’t) .

Typical results, representative of the 215 PDFs F(Ay, t) com-
puted for the 43 dihedral angles and the five MD trajectories, are
shown in Fig. S8 for y,; (with a harmonic FEP, Fig. S8 g, Inset,
and i, Inset) and y35 (with a multiple-minima FEP, Fig. S8 A, Inset,
and j, Inset). For each of these dihedral angles, the PDF com-
puted between 10 ps and 1 ns were first rescaled according to
Eq. S34 to the PDF computed at 100 ps (i.e., by choosing
h =1in Eq. S34 at t = 100 ps) with the values of [a D,] at short
time [calculated by fitting the RCF T, up to 50 ps (Fig. 14 of the
main text)]. The results are shown in panels (g) and (/). There is
a very good overlap between all PDFs for y,; (panel g) and 35
(panel i) but, because the parameters [a,D,] represent the decay
of the RCF up to only 50-100 ps (Fig. 14 of the main text), small
deviations are observed (Fig. S8 g and /) between the different
PDFs at time ¢ > 100 ps, which are due to the (small) variation of
the exponent with time (as shown by the comparison of the two
stretched exponentials in Fig. 1C of the main text). Indeed, for
each dihedral angle, the PDFs computed between 10 ps and

F(Ay,.ht) =

[S34]
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1 ns were rescaled next according to Eq. S34 to the PDF com-
puted at 1 ns (i.e., by choosing & = 1 in Eq. S34 at t = 1 ns) with
the values of [a,D,] at long time (calculated by fitting the RCF T,
up to 1 ns, Fig. 1C of the main text). The results are shown in
Fig. S8 i and j. There is very good superposition of all PDFs
at different times.

For dihedral angles with multiple-minima FEP, as for example
735 (Fig. S8h), there is a deviation of the PDF from a pure Gaus-
sian distribution (Fig. S8 b and ¢ and / and ). Indeed, for dihedral
angles with multiple-minima FEP (see Fig. S3), displacements Ay
correspond both to fluctuations within a minimum of the FEP
and to jumps (Ay > Ay;* in Fig. S8  and j) corresponding to tran-
sitions between different minima of the FEP.

7. Velocity-Velocity Correlation Function. The velocity-velocity
correlation function (see ref. 7) C,(¢) is defined by

= { [ [

where the average is over all possible initial positions of u(t'),
i.e., all values of ¢. At thermal equilibrium, the MSD(¢) of the
dihedral angles (Eq. S6) is related to C, () by an exact relation

(see ref. 7):
MSD(t) = Zt{/)tdt’(l - t{) Cv(t’)}.

By definition, the diffusion coefficient D(¢) is the term in
braces in Eq. S36. At the limit - o0, D is a constant:

[S35]

[S36]

D(o0) = /) " dC, (7). [S37]

Assuming a (slow) power-law decay of C, (¢) with an exponent
ﬂ < 0’

C,(t) = Az, [S38]
we deduce for the term in braces in Eq. S36:
Ay
D(t) = —— L+, [S39]
N

By comparing Eq. $39 and the result D(¢) ~ aD,t*!, we find
that f = a — 2 and finally,

C,(t) @ a*(a — 1)D 172, [S40]
as stated in Results and Discussion in the main text. The power-
law velocity correlation function given by Eq. S40 implies that
random Langevin forces are correlated in time (8) as found in
fluorescence experiments by measuring the correlation function
of the distance between two residues within a protein (9). It is
worth noting that the rotational diffusion equation with a
power-law diffusion coefficient, D(t), is a simple physical model
of the fluctuations of u,,, which accounts for the anomalous diffu-
sion (8). An exact (numerical) approach exists, which consists of
solving the generalized Langevin equation (as in ref. 9) for each
u, in its own FEP, which is beyond the scope of the present work.

8. Exact Analytical Relations Between the FEP V(y) and V(0,9) and the
Generalized Order Parameters S? of y Dihedral Angles and N-H Bonds.
The generalized order parameter S? is defined for the dihedral
angles y and, for the N-H bonds, as the limit at t — oo of the
RCF T, and P,, respectively. It can be related exactly to the
FEP by analytical relations as follows.
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8.1. Diffusion on a circle (see Fig. $1). Using the following notations,

u = (uguy) Su(t’) = (cos[y(¢')], sinfy (')]) [S41]
and
it = (il,.it,) S u(t' + 00) = (cos[y(f + o)), sin[y(¢' + o0)]), [S42]
the RCF (see Eq. $3) as t — oo is
Ty(e0) = 2((0 - w)?) — 1, [S43]
T5(00) = 2(it2u, + it,’u,? + 2(yuuy)) — 1, [S44]

in which the averages () are over all the times (Eq. S3).

By definition, the vectors u and u are two orientations of the
same vector separated by an infinite time. They are, therefore,
statistically independent. Consequently, the average of their pro-
duct is equal to the product of their averages. Using this property,
we find

T»(c0) = 2[<1’-‘x2><ux2> + <ﬁy2><uy2> + 2<’:‘xﬁy><uxuy>] -1, [S45]

and
Ty(c0) = 2[(u2)? + (%) + 2(uu,)?] — 1. [S46]
In the derivation of Eq. S46, we used
(@) = (' + 00))y. [S47]
(@2 (1))e = (w>(t' + 00))s. [S48]
(@ )iy (1)) = (uu(t' + 00)uy (I + 00)) ., [S49]

because a translation of the time scale by a constant (+o0) does
not change the averages.
Because u is a unit vector, one has

u?=1-u? [S50]

y

Using Eq. S50 in Eq. S46, we find the following expression:

T2(°°) =1- 4<ux2> + 4[<le2>2 + <thl/t

). [S51]

Finally, using the relation S41, one finds

T5(00) = 1 = 4{cos[y(f')]),
+4[({cos?[(¢')])¢)? + ({cos[r(¢)] sinfr(¢')]),)?]. [852]

Using the ergodic hypothesis, the averages over all times in
Eq. S52 can be computed as averages over the ensemble of all
possible values of the dihedral angles y with the probability dis-
tribution P(y). The latter is related to the FEP by the Boltzmann
formula:

P(y) = exp[-V () /KT]. [S53]

Therefore, the order parameter S? of the dihedral angles y
were computed from the FEP V(y) by using the following
formula:
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Sf = Tz(°°)
=1 =4{cos’(y)) +4[({cos’(r)))* + ({cos(y) sin(y)))?], [S54]
in which

+r
dyP(y).

-

()= [S55]

8.2. Diffusion on a sphere (see Fig. $1). Using the following notations

and the spherical coordinates 0 and ¢ (Fig. S1),

u = (u,u,u,)=u(t)

'y

= (sin[0(¢')] cos[p(?')], sin[0(¢')] sin[ep(¢')], cos[0(¢)]), [S56]
and
U = (ily,ily, ;) = u(t’ + o)
= (sin[0(t' + o0)] cos[gp(t' + )], sin[O(t' + o0)]
x sinfp(t' + )], cos[f(t' + )]). [S57]
the RCF (see Eq. S8) as t —» o is
Paloo) =3 (@ w?) . (5551
Py(c0) = % (P + 2y + i, u,%) + 3(igdt,u,u,)
+ (i, ) 4 3{iuuu,) — % [S59]

By definition, the vectors u and u are two orientations of the
same vector separated by an infinite time. They are therefore sta-
tistically independent. Consequently, the average of their product
is equal to the product of their averages. Using this property, we
find

(c0) :%K[‘x ) )+ (@) () + (@0.2) (u2?)] + 3y ) ()
+ 3 (i, ) (uu uy) + 3(u,uy) (uu,) , [S60]
and
(c0) %[(u P )+ @)+ 3(way)? + 3ua)?

1
3w, ~ 5. [S61]

Egq. S61 follows from Eq. S60 because a translation of the time
scale by a constant (4+o0) does not change the averages:

(g ()ip(t')p = (ua(t' + 00)uy(t' + 00))y, [S62]
where a =x ory and f =x or y.
Because u is an unit vector, one has
u? =1-u?—u’ [S63]

Using Eq. S63 in Eq. S61, we find the following expression:

Py(e0) = 1= 3] (u?) + ()| +3[w) + ()’

+ <ux2><uy2> + <uxuy>2 + <uxuz>2 + <uzuy>2]- [Se4]
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It is interesting to note that the sum of the first two terms in
Eq. S64 is similar to the approximate expression of the generalized
parameter of a backbone N-H bond derived by Abergel and Bod-
enhausen in ref. 10 by assuming small displacements of the vector
u relative to its average position. Approximation of small displa-
cements (A6, Ag) is, however, not fully justified (see, for exam-
ple, the FEP in Fig. 1B, Inset, and Fig. 3B of the main text) in
particular for the N-H bonds that exist in multiple substates
[as, for example, (N-H)s,]. The exact expression (S64) contains
additional terms, which contribute to P,(f — o) when the displa-
cements are not small.

Finally, using the relation (S56), one finds

P;(c0) = 1 = 3({(sin[0(¢')] cos[g(t')])*) + ((sin[0(¢')] sin[e(¢')])*))
+3(((sin[0(t')] cos[g(¢)])*)* + ((sin[6(¢')] sin[g(¢)])*)?
+ ((sin[6(")] cos[ep(t')])*)((sin[6(¢)] sin[e(¢)])?)
+ {(sin[0(¢")])* cosg(¢')] sin[g(t')])?
+ (sin[0(¢")] cos[O(r')] cos[o(t')])?
+ (sin[0(¢")] cos[O(')] sin[p(¢)])?). [S65]

Using the ergodic hypothesis, the averages over time in Eq. S65
can be computed as averages over the ensemble of all possible
values of the polar angles 6 and ¢ with the probability distribution
P(0,p). The latter is related to the FEP by the Boltzmann
formula:

P(0.g) = exp[-V (0.9) /kT).

Therefore, the order parameters S> of the N-H bonds were
computed from the FEP V' (6,¢) by using the following formula:

[S66]

Sty :P2(oo
= 3(((sin[¢] cos[g])*) + {(sin[6] sin[¢])*))

+ 3({(sin[0] cos[g])*)* + {(sin[6] sin[p])?)
+ ((sin[6] cos[g])*){(sin[6] sin[¢])*)
+ ((sin[6])? cos[g] sin[g])* + (sin[0] cos[6] cos[g])*
+ (sin[6)] cos[d] sin[¢])?), [S67]
in which
() = A " d0 /0  doP(0.9). [S68]

9. Application of the Model-Free Approach to the RCF of the N-H Bonds
Computed from MD (Table S1 and Fig. $6). The “model-free” (MF)
approach (11, 12) was applied to the RCFs of the backbone N-H
bonds computed from MD. The MF approach is derived by
assuming that the relaxation time of the overall tumbling of
the whole protein [typically larger than 2 ns (13)] is much larger
than the relaxation time of the motions of the N-H bonds (11-13).
Under this assumption, C,(¢) is represented as a linear interpola-
tion between the limits, C,(0) = 1 and C,(c0) =82, i.e., (11-13)

(1= 87f> ().

where the function f,(t) describes the decay of the RCF as a
function of the time and obeys f,(0) = 1 and f,(o0) = 0. Gener-
ally, it is assumed that the RCF decays as an exponential (11),

f2(t) = exp(=t/7),

C(t) = $* + [S69]

[S70]

5 of 13


http://www.pnas.org/cgi/doi/10.1073/pnas.1013674107

Bane

/

I\

=y

which means a free rotational diffusion of u,, with a relaxation
time 7, (11).

The RCFs of the N-H bonds of VA3 computed by MD (run 1)
up to 1 ns were fitted by using Eqs. S69 and S70. The values of
the parameters (S%.7/) calculated for each residue are given in
Table S1. For the N-H bonds moving in a single-minimum
FEP, we find 0.64 < §? <1 and 7; < 53 ps, whereas, for N-H
bonds existing in multiple substates (multiminima FEP), we find
§? < 0.8 and 80 ps < 7; < 530 ps [except (N-H),, which has a
multiminima FEP and a z; < 60 ps). For N-H bonds existing
in multiple substates (residues 2, 26, 37, 38, 39, and 40), we have
also fitted the RCF computed by MD (run 1) up to 1 ns by using
the multiexponential MF approach (12). The RCF was fitted by
using Eq. S69 and (see ref. 12)

f2(t) = apexp(—t/z5) + (1 — ay) exp(—t/7,). [S71]
with a; a parameter weighting the fast motions and 7, the relaxa-
tion time of a slow process [interpreted as the transitions between
different stable orientations of the bonds (12)]. The values of S?
using a monoexponential Eq. S70 or biexponential Eq. S71 model
of the RCF are very similar as shown in Table S1. For the slow
process, we find 170 ps < 7, < 380 ps. Introduction of a slow
process for bonds having multiminima FEP reduces the value
of their relaxation time to 7y < 8 ps. The weight of the fast
process, ay, varies between 0.48 and 0.78. It is worth noting that
the relaxation times found here are smaller than the typical
tumbling relaxation time of a protein as required to apply the
MF approach.

In order to compare the MF approach with the stretched ex-
ponential model used in the main paper, we develop expression
S71 at short time (t < 77):

L) mar(1=t/7) + (1 —af)(1 - /7))

=1- Ld/'/Tf+(1—a/)/Tle. [S72]
Using Eq. S72 in Eq. S69, we deduce
Co(t) = 1 — (1 = 8%)(ar /7 + [1 —af] /)t [S73]

Comparing Eq. S73 with Eq. 1 of the main text, we deduce an
effective diffusion constant Dyr for the MF approach:

1

< [S74]

Dy == (1= 8)[ag/zp + (1 —ay) /7).

In the monoexponential MF approach (a; = 1), the values of
the effective diffusion constant at short time scale ¢t < 7y are
much more smaller than the values of D, (shown in Fig. S6b):
Dy varies between 2 deg? /ps and 12 deg? /ps (Table S1).
Therefore, the values of the effective diffusion constant on a
short time scale ¢ < 7y does not agree with the angular MSD
of the N-H bonds, as expected because the MSD does not grow
linearly with time as assumed in the MF approach and Eq. S73.
For N-H bonds existing in multiple substates, the constants Dy
were also computed by using the biexponential model of f, (f) and
their values are given in parentheses in Table S1. It is interesting
to note that, for these residues, including a slow process, i.e., a
multiexponential model of the RCE increases the constant
Dy by an order of magnitude, similar to the one of D,. This
effect is due to the large decreases of 7; in the biexponential mod-
el. It is worth noting that a stretched exponential decay can, in
principle, be represented by an infinite sum of exponentials.
Therefore, including additional exponentials in f,(¢) brings the
MF approach into better agreement with the stretched exponen-
tial decay that we observed in the RCF computed from MD.

Cote et al. www.pnas.org/cgi/doi/10.1073/pnas.1013674107

Finally, the RCFs, computed from MD (run 1) up to 1 ns were
also fitted with the MF approach by using Eq. S69 and a stretched
exponential model of the function f, (), namely,

f2(t) = exp(-6417),

where A and o are the two parameters fitted to the RCFs com-
puted from MD. The parameter $? in Eq. S69 was computed
from the FEP by using Eq. S67. In order to compare this nonex-
ponential MF approach with the stretched exponential model
used in the main paper, we expand expression S69 at short-time:

[S75]

C(t) =S+ [1 = 8H)|(1 —641*) = 1 - 6(1 = S2)Ar*.  [S76]
Comparing Eq. S76 with Eq. 1 of the main text, we deduce an
effective diffusion constant D, related to A and S?:
D,=A(1-8%). [S77]

The parameters o and D, deduced from Egs. S69, S75, and S77
are compared to those deduced from the stretched exponential
model discussed in the main text and fitted to the RCFs up to 1 ns
in Fig. S6 b and c , respectively. The profile of D, along the
sequence of the amino acids calculated from the present nonex-
ponential MF approach is similar to the one extracted from
the MSD of the N-H bonds and from the stretched exponential
model of the RCF’s (Fig. S6b). The values of D, deduced from
Eq. S77 are of the right order of magnitude but are in general
much larger than the values deduced from the calculation of
the MSD of the bonds. Similarly, the profile of the exponents
deduced from the present nonexponential MF approach is only
qualitatively similar to the one deduced from the MSD (Fig. S6c).

10. Materials and Methods. Five MD simulations of VA3, each of a
duration of 80 ns, were carried out in explicit water [Simple Point
Charge (SPC) force field] with the GROMACS package (14) and
the all-atom Optimized Potentials for Liquid Simulations force
field (15). The initial structure of VA3 was taken from one of
the NMR models, model 1 (16). Six CI~ counterions were used
to neutralize VA3. The time step used was 2 fs, the temperature
was set to 300 K, and the pressure to 1 bar by using a Berendsen
thermostat and barostat (17), with coupling times of 0.1 and 1 ps,
respectively. The protein was solvated in a triclinic box of 3002
SPC water molecules (18) keeping a minimum distance of 1 nm
between the solute and each face of the box. The particle-mesh
Ewald method (19, 20) was used for the calculation of long-range
electrostatic interactions as it improves the accuracy of the force
field compared to NMR data as shown recently (21); 0.9 nm was
used for the van der Waals cutoff. Each MD simulation was
carried out with different initial conditions for VA3 after 600-ps
equilibrium time. The coordinates were saved every 1 ps. The
steepest-descent algorithm with tolerance of 1,000 kJ/(molnm)
and maximum step size 0.01 nm implemented in GROMACS
(11) was used for energy minimization.

Because of the presence of disulfide bonds, VA3 remains
folded in all MD trajectories, which enables one to apply, with
confidence, the separation of internal motions of the protein
from its overall motion by aligning the MD snapshots on a refer-
ence structure. This procedure is required to define the orienta-
tion of the N-H bonds in a fixed molecular frame (reference
structure) in order to compute their internal RCFs (11-13, 22)
and their potential 1/ (6,¢). The calculation of RCFs of dihedral
angles y does not require aligning the MD snapshots because
motion of the molecule as a whole does not affect the values
of the y angles.
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(a) Definition of a coarse-grained dihedral angle y,, constructed from four consecutive C* atoms, and of the corresponding vector u, and the angular

displacement Ay, on the unit circle. (b) Definition of the (N-H),, bond and of the corresponding vector u,, and the angular displacement A&, on the unit sphere.
The polar coordinates 6 and ¢ of the hydrogen atom of the (N-H), bond at time t are represented in colors on the unit sphere. For PRO residues, the
displacements A&, and the polar coordinates are not defined.
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Fig. S2. Typical results for the MSD computed from MD (empty circles) of the dihedral angles 7, (a and b) and of the (N-H), bonds (c and d) at short time
(t <100 ps) in deg? (a and c) and in rad? (b and d). The MSD computed from MD were fitted up to 50 ps by power laws, namely, MSD(t) = 2D,t* and MSD(t) =
4D, t* for the dihedral angles y, and the (N-H),, bonds, respectively. The fits (thin lines) cannot be distinguished from the MD data at the scale of the figure.
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Fig. S3. Effective FEP V(y) of VA3 computed from MD along the primary sequence (y,, n = 2 to 44) compared to NMR-derived structural data (red diamonds)
computed from the different models of VA3 in PDB ID code 1EDO (ref. 16). The potentials V(y) were computed from five different MD runs of 80 ns each with
different initial conditions by using the GROMACS force field and package. The first run (orange curve) out of the five runs is the one discussed in the paper. For
comparison, the FEP averaged over five MD runs (black curve) is shown. Residues n located in a helix are in a black box and residues located in a p-sheet are in a
green box.
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Fig. S4. (a) Typical results for RCF T, of coarse-grained dihedral angles 7, of VA3 computed from MD up to t < 8 ns. Results are presented for dihedral angles
Y11+ Y20+ Y35, @nd y3q having free-energy profiles (shown schematically in Fig. 1A, Inset, of the main paper), representative of all V(y) calculated by MD (Fig. S3).
For each dihedral angle y,, the RCF T, (bold lines) is compared to two stretched exponentials (dashed and dotted lines) with an exponent a,, and diffusion
constant D, computed from a fit of RCF up to 50 ps (dashed lines) and from a fit up to 1 ns (dotted lines), respectively. (b) Typical results for long-time behavior
(t < 8 ns) of RCF P, of amide (N-H),, bonds (Fig. S1) of VA3 computed from MD (data shown are for n = 11, 20, 35, and 39 from run 1). For each (N-H), bond
associated with residue n, the RCF .52 (bold lines) is compared to two stretched exponentials (dashed and dotted lines) with an exponent «,, and diffusion
constant D, computed from a fit of RCF up to 50 ps (dashed lines) and from a fit up to 1 ns (dotted lines), respectively.
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Fig. S5. (a) Typical results for RCFs of coarse-grained dihedral angles 7, of VA3 computed from MD at t < 100 ps. For each dihedral angle y,,, the RCF T; (bold
lines) is compared to Eq. 1 of the main text (thin lines) and to a stretched exponential exp(—D,t*) (dashed lines). In Eq. 1 of the main text, we used the MSD(t) =
2D, t* with an exponent o and the diffusion constant D, computed by fitting the MSD up to 50 ps. The exponent « and a diffusion constant D, of the stretched
exponential were computed by fitting the RCF up to 50 ps. Exponents of the stretched exponential are given. The exponents computed by fitting the MSD are
similar (aq; = 0.05, ayo = 0.16, azs = 0.26, azg = 0.33). The RCF computed using both Eq. 1 of the main text and the stretched exponential are hardly distin-
guishable for y;; and 4. (b) Diffusion constants D, along the primary sequence of VA3 computed by fitting RCF T, of dihedral angles y,, up to 50 ps by using a
stretched exponential exp(—4D,t*) with an exponent « and diffusion constant D, fitted to the RCF up to 50 ps (filled diamonds) and by using a stretched
exponential exp(—4D,t*) with an exponent a and diffusion constant D, fitted to the RCF up to 1 ns (empty triangles). Diffusion constants D, calculated in-
dependently from a fit of the MSD(t) of y,, by using MSD(t)=2D,t* up to 50 ps (filled squares) overlap perfectly the parameters obtained from a fit of the RCF
up to 50 ps by a stretched exponential (filled diamonds). Data are from trajectory 1 of VA3 and are representative of data obtained for all trajectories. (c)
Exponents « along the primary sequence of VA3 computed by fitting RCF T, of dihedral angles y,, up to 50 ps by using a stretched exponential exp(—4D,t*) with
an exponent « and diffusion constant D, fitted to the RCF up to 50 ps (filled diamonds) and by using a stretched exponential exp(-4D,t*) with an exponent «
and diffusion constant D, fitted to the RCF up to 1 ns (empty triangles). Exponents a calculated independently from a fit of the MSD(t) of y, by using
MSD(t)~2D,t* up to 50 ps (filled squares) overlap perfectly the parameters obtained from a fit of the RCF up to 50 ps by a stretched exponential (filled
diamonds) except for n between 35 and 39. Data are from trajectory 1 of VA3 and are representative of data obtained for all trajectories. (d) Main structural
elements of VA3 (B-sheets 1 /5,, helices a;/a,, and the straight solid lines showing the positions of the three disulfide bonds).
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Fig. 6. Typical results for RCFs of (N-H),, bonds of VA3 computed from MD at t < 100 ps. For each (N-H), bond, the RCF P, (bold lines) is compared to Eq. 1 of
the main text (thin lines) and to a stretched exponential exp(-2D,t*) (dashed lines). In Eq. 1 of the main text, we use MSD(t) = 4D, t* with an exponent « and a
diffusion constant D, computed by fitting the MSD up to 50 ps. The exponent « and diffusion constant D, of the stretched exponential were computed by
fitting the RCF up to 50 ps. Exponents of the stretched exponential are given. The exponents computed by fitting the MSD are similar (a;; = 0.03, a9 = 0.09,
azs = 0.08, azg = 0.19). The RCF computed using Eq. 1 of the main text and the stretched exponential are hardly distinguishable for (N-H);;, (N-H)35, and
(N-H)3,. (b) Diffusion constants D, along the primary sequence of VA3 computed by fitting RCF P, of (N-H),, bonds up to 50 ps by using a stretched exponential
exp(—6D,t*) with an exponent « and diffusion constant D, fitted to the RCF up to 50 ps (filled diamonds) and by using a stretched exponential exp(—6D,t*)
with an exponent a and diffusion constant D,, fitted to the RCF up to 1 ns (empty triangles). Diffusion constants D, calculated independently from a fit of the
MSD(t) of y, by using MSD(t) 24D,t* up to 50 ps (filled squares) nearly perfectly overlap the parameters obtained from a fit of the RCF up to 50 ps by a
stretched exponential (filled diamonds) for most of the residues (see S/ Text). Data are from trajectory 1 of VA3 and are representative of data obtained for all
trajectories. The RCFs P, computed from MD were also fitted up to 1 ns by using the model-free approach with a nonexponential function Egs. $69 and $75 and
a parameter S? computed from the FEP (Eq. $67). The parameters D, = A(1 — §?) Eq. S77 are shown (empty circles). (c) Exponents o along the primary sequence
of VA3 computed by fitting RCF P, of (N-H),, bonds up to 50 ps by using a stretched exponential exp(—6D,t*) with an exponent « and diffusion constant D,
fitted on the RCF up to 50 ps (filled diamonds) and by using a stretched exponential exp(—6D,t*) with an exponent « and diffusion constant D, fitted on the RCF
up to 1 ns (empty triangles). Exponents a calculated independently from a fit of the MSD(t) of (N-H),, bonds by using MSD(t) =4D,t* up to 50 ps (filled squares)
overlap nearly perfectly the parameters obtained from a fit of the RCF up to 50 ps by a stretched exponential (filled diamonds) for most of the residues (see S/
Text). Data are from trajectory 1 of VA3 and are representative of data obtained for all trajectories. The RCFs P, computed from MD were also fitted up to 1 ns
by using the model-free approach with a nonexponential function Egs. 569 and S75 and a parameter S2 computed from the FEP Eq. $S67. The parameters « are
shown (empty circles).
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Fig.S7. Exponent a, (a) and diffusion constant D, (b) of amide (N-H), bonds (Fig. S1) along primary sequence of VA3 computed by fitting RCF P, up to 50 ps by
using a stretched exponential, namely, exp(-6D,t*) (black diamonds). Data are presented for run 1. For comparison, the exponents a, (a) and the diffusion
constant D, (b) of the coarse-grained dihedral angles 7, along the primary sequence of VA3 computed from run 1 by fitting RCF T, up to 50 ps by using a
stretched exponential, namely, exp(-4D,t*) are shown (blue diamonds). 1/, and a, /a, are the locations of the two p-sheets and the two a-helices of VA3,
respectively.
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Fig. S8. (a—c) PDF F(Ay,;t) of VA3 at t = 50 ps computed for the whole MD trajectory (run 1) (black line) and evaluated from Eq. S17 (red line) and from
Eq. $30 with the sole term k = 0 (Gaussian PDF, blue line) with the parameters o and D, of a stretched exponential fitted on T, up to 50 ps. Results are presented
for y41 (a) with a typical harmonic FEP and for y3s (b) and y34 (c) with a typical multiple-minima FEP (see Fig. S3). (d-f) PDF F(A&,,; t) of VA3 computed for the
whole MD trajectory (run 1) (full lines) and evaluated from Egs. $24 and $26 (dashed lines) with the parameters « and D, of a stretched exponential fitted to P,
over a duration of 50 ps for t < 100 ps and over a duration of 1 ns for t > 100 ps. Results are presented for (N-H),; (d), for (N-H)35 (e), and for (N-H);4 (f) for
t =1 ps (black lines), 10 ps (brown lines), 100 ps (blue lines), 300 ps (purple lines), 500 ps (green lines), and for t = 1 ns (red lines). Note that some deviations at
large times between the PDF computed in MD and Eqgs. S24 and S26 were observed for residues with multiple-minima free-energy profiles as illustrated for
(N-H)3q (f). (g—) Typical results for the time evolution of the PDF of Ay,, computed from the fluctuations of y,, extracted from MD trajectories of VA3. Results are
presented for y4; (g and i) with a typical harmonic FEP (g, Inset, and i, Inset), y35 (h and j) with typical multiple-minima FEP (h, Inset, and j, Inset). In all panels, the
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superposed curves are the PDFs computed from MD and rescaled by using Eq. $34 at times t = 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 300, 500, 600, 800, and
1,000 ps (the maximum value of the PDF increases with time). (g and h) PDFs are rescaled by choosing h = 1 (Eq. $34) at t = 100 ps and an exponent « calculated
from a fit to a stretched exponential of T, up to 50 ps. (i and j) The PDFs are rescaled by choosing h = 1 (Eq. $34) at t = 1 ns and an exponent o calculated from a
fit of T, up to 1 ns. (i and j) The PDFs cannot be distinguished at the scale of the figure. (h, Inset, and j, Inset) Ay,* (Ay,*) represents the distance between the
deepest minimum (a local minima) of the FEP and the nearest activation barrier; the distances Ay,* (Ay,*) are shown as arrows on the corresponding Ay axis.

Table S1. Parameters of the model-free approach (11, 12) fitted on the RCF P, computed from MD up to 1 ns
Model-free approach of the RCF (11, 12): C,(t) = S + (1 — S?)f,(t)

f,(t) = exp(—t/zf)

f2(t) = ar exp(=t/zf) + (1 — ar) exp(-t/1)

Residue s 7¢ (ps) s ar ¢ (ps) 75 (ps) Dy (deg? /ps)
2 0.85 34.48 0.84 0.78 0.79 342.50 2.38 (86.49)
3 0.91 11.17 4.41
4 0.93 12.28 3.12
6 0.86 6.30 12.16
7 0.89 11.17 5.39
8 0.88 8.39 7.83
9 0.74 14.36 9.91
10 0.90 6.30 8.68
11 0.90 7.63 7.17
12 0.87 6.93 10.26
13 0.91 6.93 7.1
14 0.90 10.15 5.39
15 0.90 12.28 4.46
16 0.87 21.76 3.27
17 0.87 26.33 2.70
18 0.87 23.94 2.97
19 0.76 21.76 6.03
20 0.75 19.78 6.92
21 0.73 22.00 6.71
23 0.85 39.81 2.06
25 0.81 29.39 3.54
26 0.79 85.24 0.77 0.67 0.85 380.05 1.35 (99.30)
27 0.85 19.78 4.15
28 0.86 28.97 2.64
29 0.80 19.84 5.52
30 0.64 22.81 8.64
31 0.87 10.15 7.01
32 0.86 6.30 12.16
33 0.88 11.17 5.88
34 0.87 21.76 3.27
35 0.84 32.41 2.70
36 0.80 47.23 2.32
37 0.49 522.09 0.44 0.48 2.82 313.37 0.53 (52.66)
38 0.56 89.92 0.54 0.75 4.76 170.42 2.68 (40.02)
39 0.63 164.44 0.59 0.65 3.90 363.77 1.23 (37.60)
40 0.63 229.60 0.60 0.64 7.22 300.03 0.88 (19.66)
42 0.82 26.50 3.72
43 0.81 17.99 5.78
a4 0.85 52.29 1.57
46 0.85 7.6 10.80
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