Proof: At an equilibrium, the following equalities hold:

(Kg - KQ)GGZR — KgRoGal - (KgS[) + Kl)R + Ro(Kgso + 1)

Il
o

(Kg - KQ)GCllR + K3S9oRg — K3SoR — K3 RogGal = 0.

The steady state solution is given by

Ry B (KgS()"l'Kﬂ% —Ro(K;gSo-‘rl)
(K3 — Ka) 2% — K350 '

So, the Jacobian at the steady state (Rss, Galss) is given by

(K3 — K2)Rss — K3Ry (K3 — K2)Galss — (K350 + K1)

/= (KS - KS)RSS - K3R0 (Kg - KQ)GGZSS — KgSO

As the Jacobian is non-singular for all values of the model parameters, it satisfies the implicit function
theorem. As a result, the system cannot exhibit any steady state bifurcations and, therefore, does not
exhibit bistability. Next, we investigate the presence of a Hopf bifurcation point that may lead to
oscillatory solution or dynamic equilibrium. Now, the model exhibits Hopf bifurcation if and only if

trace(J) = 0 and det(J) > 0. Hence, the given system has a Hopf bifurcation if and only if
(K3 — K2)Rss — KRy + (K3 — K2)Galss — K350 =0, and ((K35— K1)Rss — K3Ro)K71 > 0.
Since K is positive, a Hopf bifurcation exists if and only if
(K3 — K9)Rss — KsRy = — [(K3 — K2)Galss — K3S0) >0 = (K3 — K3)Galss < K350.

After simplifying the above equations, we get

Ks (1 - SO) > 1. (6)

KyK,y Ry
Hence, Hopf bifurcation exists if and only if (6) holds together with the following equation:

R 2
(K3 — KQ)F(I — K3Ro] + K9 K3S9Ry = 0.

Since all parameters are strictly positive and since Ry, the initial quantity of GAL4p, and Sy, the initial
quantity of galactose, are non-zero quantities (see [4]), the above condition cannot be satisfied. Therefore,
Hopf bifurcation does not exist for S;. QED. a
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