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Web Appendix A
EM Algorithm

For simplicity, we consider the common setting of time-independent covariates. In the E-step,
we calculate the conditional expectation of g(b;) given the observed data for some function g(-).

We denote such conditional expectation by E[g(b;)]. In view of the expression of the likelihood

function, E[g(b;)] is equal to [, g(b)T:(b) f(b; v)db/ f, T;(b) f(b;~)db, where
I';(b) = exp {bT > Ri(O)AN; (1) Z; + Ai(d o Zz))}

X exp {/ log H/(eaTZH_bTEiA(t))Ri(t)dNi* (t) + A;log G’(eﬁTZiJFbT(@Z)A(YZ.))}
xexp { ~H( 22 AY:) - G A4 @RI |

The integrations in both the numerator and the denominator are evaluated through numerical

approximations, such as the Gaussian-quadrature approximation when b; is normal.

In the M-step, we maximize the following function

S [ [ Rito) {1og Alt} + 072+ B2+ Bllog B (e #4417 Ay b v 1)
~B[H(e A

n
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Let t1; < to1 < t31 < ... < t,,1 be the ordered time points where recurrent events are
observed, and let aj,as,as, ..., a,, be the jump sizes of A at those time points. Similarly, let
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tig < tog < 132 < ... < 1,2 be the ordered terminal event times, and let Aj, Ay, A3, ..., Ay, be
the jump sizes of A at those time points. By differentiating (A1) with respect to a; and setting
the derivative to be zero, we obtain

1 +iE{/Ri(t)I(t > th1)

eaTZi-q—biTZ H”(eaTZﬁb?Z’A(t))
H’(eaTZi+b;‘[ZA(t))

dN; (t)

(Y, > tkl)e“TZi”fTZ'H’(e“TZ”"iTZA(%)>} =0,

where H"(x) = dH?(x)/dz*. Thus,

1 aTZi—I—b;-TEZ’H// aTZi—I—b;‘-TEZ’A t
— =+ Z /R Ity <t < typin) - (e . ( ))dNZ-*(t)
Gr 2 H(e" 25 7 A1)
—I(t <Y; < tk+1,1)eaTZieriTzH/(eaTZier;zA(Yi))} ' (42)

Since A(t) = a;+...4ay for t between t;; and ¢4 1, equation (A2) provides a forward recursive
formula for calculating ag,q from ay,...,a;. To obtain a backward recursive formula, we let

0, = A(t,, 1) and redefine fr; = ag/6;. Then Y, fr1 = 1, and the above equation becomes

1 CVTZi+bZT§iH// CVTZ,L-FbZTEZA t
- i ZE /Ri(t)](tkl <t < thrrn)o - (e _ ( DdN;(t)
fr1 fk+11 a1 i H'(e™ ZitbiZi A(t))
I(tn <Y, < tkm)eaTZﬁb?Z'Hf(eaTZﬁbiTZAm))} . (A3)
Since A(t) = 61 (1-327L,.; fi1) for t between #;; and 11,1, we can calculate ay, from aj1, .. ., ap,

and 0. Likewise, we can obtain both forward and backward recursive formulae for estimating

A1, Ag, . ... Specifically,

1 1
< +thk2<Y<tk+12)E
Mer1 Ak =

A BTZi—I-b%F(d)OZ)G”(eﬁTZi"'b;[(qﬁOZ)A(Y;))
el ACAING D)

_eﬁTZH-bf(¢>OZ)G/(65TZ¢+6§F(¢OZ) A(Yi))} : (A4)
and
1 1 1 8T z; +bT(d>oZ G// 8Tz, +bT(¢oZ N Y;
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fre fer12 i elCEACTAING )
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where fro = \./0, 02 = A(t,,2), and G"(z) = d*G(z)/dz*.

Using the forward recursive formulae (A2) and (A4), the maximization of (A1) over «a, 3,
¢, v and all the jump sizes of A and A becomes the maximization over «, (3, ¢, v, a; and A;.
Likewise, using the backward recursive formulae (A3) and (A5), the maximization is over «, 3,
@, 7, 01, 02, fn, and f,,. In either way, we reduce the large number of parameters to only a small
number in the maximization of (Al). The Newton-Raphson algorithm can be used to update
the estimates in the M-step. We iterate between the E-step and the M-step until convergence
to obtain the NPMLEs. The EM algorithm also works for time-dependent covariates, although

the above recursive formulae are no longer applicable.

Web Appendix B

Asymptotic Properties

Let v, Bo, b0, Y0, Ao(t) and Ag(t) denote the true parameter values. We wish to show that the

NPMLEs &, 3, ¢, 7, A(-) and A(-) are consistent and
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converges weakly to a zero-mean Gaussian process in R? x BV[0, 7] x BV[0, 7], where d is the
dimension of (o, 8T, ¢*,4T), and BV|[0,7] denotes the space of all functions with bounded
variations in [0,7]. We also wish to show that (a7, BT, o7, AT) is asymptotically efficient and
that the inverse observed information matrix is a consistent estimator of the limiting covariance

matrix.

We impose the following conditions.
(D1) The parameter value (af, BT, ¢t 7I)T belongs to the interior of a compact set © in R¢,
and Ay(t) > 0 and Ay(t) > 0 for all t € [0, 7].

(D2) With probability one, Z;(-) is left-continuous with uniformly bounded left- and right-

3



derivatives in [0, 7].
(D3) With probability one, P(C; > 7|Z;) > &y > 0 for some constant d.
(D4) With probability one, E[N}(T)] < oc.
(D5) The transformation functions H(-) and G(-) are four-times differentiable with H(0) =
G(0) =0, H'(0) > 0 and G'(0) > 0. In addition, there exist constants py > 0 and ko > 0 such
that for any integer m > 0 and any sequence 0 < z1 < ... < x,, < v,
T+ H' ) esp(-HO)) < i (14 9) 7

and

(14 2)G'(z) exp{—G(x)} < po(1 + x)~".
There also exists a constant pg such that

" (2)] + [HO (2)] + |HO () 1G"(2)] + |G (2)] + |G ()
{ H(@)(1+2) } i S‘ip{ G/(@) (1 + z)eo } =

sup
x

where H®, GG H® and G® denote the third and fourth derivatives.

(D6) For any constant ¢q > 0,

sup B | [ exp{ea(N; () + DIblL (b 7)db) < oo,

and

’8f(b;7)/(9’y’ o)/ 07| NPTV e )

fb;7) fb;7) fb;7)
(D7) If there exist ¢(t) and v such that c(t) +v"Z(t) = 0 with probability 1, then ¢(t) = 0 and

v = 0. In addition, there exists some ¢ € [0, 7] such that {Z(t)} spans the whole space of b.
(D8) f(b;) = f(b;v) almost surely if and only if v = 7. In addition, if v f'(b; vy) = 0 almost

surely, then v = 0.

It can be easily verified that condition (D5) holds for all commonly used transformations,
including the classes of Box-Cox and logarithmic transformations and that (D6) and (D8) hold
for normal and many other distributions. Condition (D7) entails the linear independence of

covariates, which is a natural requirement in regression analysis.



The desired asymptotic properties will hold if we can verify that conditions (C1)-(C8) in
Appendix B of Zeng and Lin (2007) hold under our conditions (D1)-(D8). It follows from
the arguments in Appendix B of Zeng and Lin (2007) that our conditions (D1)-(D8) imply
(C1)-(C4), (C6) and (C8) of Zeng and Lin (2007). It remains to verify the two identifiability
conditions (C5) and (C7) of Zeng and Lin (2007).

We first verify (C5). Suppose that (a, 3, ¢, v, A, A) yields the same likelihood as (g, o, o, Yo,
A(),AQ). That iS,

}Rl-u)AN: (1)

e

X l{MY) BT Z;(Yi)+bT ($oZi(Y3)) G'(q (Yi))}Ai e_G(qg(Yi))] F(b:)db

}Ri (AN} (t)

= / [H {CLQ(t)eaoTZi(t)-i-bTZ'(t)H/(q01(t)) e—H(q01(n))]
b

Ay
< |tz @R g eS| a0

where ¢1(t) = f o 2+ 2 dA( ), @(t) = fot 65TZ(S)+bT(¢OE(S))dA(5)7 and go1 and qo2 are ¢
and ¢y evaluated at the true parameter values. We take the following actions on both sides of

(A6):

(i) For the terminal event, we obtain an equation from (A6) by setting A = 0 and Y = 7; we
obtain a second equation by integrating t from ¢, to 7 on both sides under A =1 and Y = t.

We then take the difference between these two equations.

(ii) For the recurrent events, we let R(t) = 1 and let N*(¢) have jumps at s, s, ..., s, and
sh,..., s, for any arbitrary (m-+m’) times in [0, 7]. We integrate l; of s1, ..., s, from 0 to ¢,
Iy of them from 0 to tis, ..., [k of them from 0 to ¢;x, and integrate s/,...,s! , from 0 to ts.

We then multiply both sides by {Hk(iwm)lk/ [Tk lk!} /m/! and sum over Iy, ..., lg,m' =0,1,....

After these sequential operations, we obtain

P o H (1 (16))} exp{~Clan(t2) 1 (b5 7)db

k=1



= J U3 k(o (16))} exp{ =G aun(t2)) 1 (5 0}l (A7)

With ¢, = 0, this equation implies that H(qi(t1x)) (k=1,..., K) as a function of by ~ f(b;7)
and H(qo1(t1x)) (K =1,..., K) as a function of by ~ f(b;70) have the same distribution, and
so is true for ¢;(t1x) (K = 1,...,K) and qu(tix) (k = 1,..., K) because of the one-to-one
mapping. Thus, logq(t1x) (k = 1,..., K) and log ¢{; (t1x) (k = 1,..., K) must also have the
same distribution. Because E[b;] = E[by] = 0, we obtain log a(t)+Z(t)Ta = log ag(t)+ Z(t)T ap.
It follows from (D7) that a(t) = ao(t) and a = ag. In addition, b7 Z(ty;,) (k = 1,...,K) and
b'Z(ty) (k =1,...,K) have the same distribution. Since Z(t) spans the space for b, b; and
by must have the same distribution. It then follows from (D8) that v = ~y. The foregoing
arguments also imply that b; ~ exp{—G(qa(t2))}f(b;7y) and by ~ exp{—G(qo2(t2))}f(b;0)
have the same distribution. Thus, exp{—G(q2(t2))}f(b;v) = exp{—G(qo2(t2))}f(b;70). That
is, log M(t) + BT Z(t) + b7 (¢ o Z(t)) = log Xo(t) + BT Z(t) + b7 (o 0 Z(t)). Taking the expectation

with respect to b, we see that A = \g and 3 = (y. Clearly, ¢ = ¢y.

To verify (C7) of Zeng and Lin (2007), we write out the score equation along the path
(ag + vy, By + €va, Yo + €vy, o + €vg, Ag + € [ hid Ao, Ao + € [ hadAg). We perform operations (i)

and (ii) on the score equation to obtain

/b LZ_: lwp Ay (tig, b) — Aa(ta, b) + %] exp {Z_: iwp H (qo1 (tix)) — G((]Qg(tg))}

x f(b;70)db = 0, (A8)

where A (t,b) = [i(hi(s) + 0T Z(s) 4+ b7 (v1 0 Z(s)))qhy (s)dsH'(go1 () H (qo1 (t)), and Ay(t,b) =
JE(ho(s) + 0T Z(s) + b7 (v30 Z(5)))qhy(5)dsG" (qoa(t)) G (qoz(t)). Applying the Fourier transforma-

tion to both sides yields that for b ~ f(b; o),
K0
> a—ngb [Al(tlka b)‘H(QOl(tll)) =01, H(qu(tix)) = QK} flg1, .-, 9x)
k=1

—E, [Az(tmb)‘H(QM(tn)) =91, H(qu(tix)) = QK] flg1,- -, 9x)

f/(bé ”YO)TUW

th [ £(b: )

}H(C_Im(tll)) = g1, H(qu(tix)) = QK] flg1,-- - 9x) =0,



where f(g1,...,9x) is the joint density of H(qo1(t11)),...,Gk(qu(tix)). We integrate out
d1,---,9x and set t; = 0. Note that the last term is zero and the remainder is a homogeneous
equation for vl Z(t1;) + hyi(tix) (k =1,..., K), which has a trivial solution. By condition (D7),
vy =0 and hy = 0. Then (A8) becomes

/b [—Ag(tz, b) + %] exp {kgl iwkH(qu(tlk)) — G((]Qg(tg))} f(b7 ’yo)db = 0

By the arguments used in proving the identifiability, we obtain

f'(b; ”YO)TU'V
f(b570)

Clearly, f'(b;70)"v, =0, so it follows from condition (D8) that v, = 0. Thus, v Z(t2) + ha(t) +

—Ag(tg,b) + - 0

b (v3 0 Z(t)) = 0, implying that vy = 0, hy = 0 and vy = 0.



