
Appendix I: Estimation and Inference of the Concordance Measure

Let {Ai(t) = I(Yi ≥ t; t ≥ 0)} be the at-risk process, and {Bi(t) = I(Yi ≤ t, δi = 0); t ≥ 0} be

the counting process for the censoring time. Let ΛC(t) = − log SC(t) be the cumulative hazard

function for the censoring time. Define Mi(t) = Bi(t)−
∫ t
0 Ai(s)dΛC(s). Let W j

i = (Zj
i , Yi, δi).

The consistency of τ̂ follows from

n−2
n∑

i=1

n∑

k=1

δi

S2
C(Yi)

I(Zj
i < Zj

k, Yi < Yk)
p→ E{I(Zj

i < Zj
k, Yi < Yk)},

n−2
n∑

i=1

n∑

k=1

δi

S2
C(Yi)

I(Yi < Yk)
p→ E{I(Yi < Yk)},

sup
u
|ŜC(u)− SC(u)| → 0.

Define

ϕj
i = hj

i1 + hj
i2,

hj
i1 =

∫ {
qj
1(u)− q2(u)τ j

}

E {Ai(u)}E {I(Ti < Tk)}dMi(u),

hj
i2 =

qj
3(W

j
i )

E {I(Ti < Tj)} −
τ jq4(W

j
i )

E {I(Ti < Tj)} ,

qj
1(u) = E

{
2δiI(Zj

i < Zj
k, Yi < Yk)

S2
C(Yi)

I(Yi ≥ u)

}
,

q2(u) = E

{
n∑

i=1

n∑

k=1

2δiI(Yi < Yk)
S2

C(Yi)
I(Yi ≥ u)

}
,

qj
3(W

j
i ) = E

{
δi

S2
C(Yi)

I(Zj
i < Zj

k, Yi < Yk) +
δk

S2
C(Yk)

I(Zj
i < Zj

k, Yk < Yi)

− 2E
{

I(Zj
i < Zj

k, Ti < Tk)
}
|W j

i , i 6= k

}
,

q4(W
j
i ) = E

{
δi

S2
C(Yi)

I(Yi < Yk) +
δj

S2
C(Yk)

I(Yk < Yi)− 2E {I(Ti < Tk)} |W j
i , i 6= k

}
.
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Note that n1/2(τ̂ j − τ j) can be written as Ij
1 + Ij

2 , where Ij
s = Ij

s1 + Ij
s2 for s = 1, 2, and

Ij
11 =

n−3/2
∑

i

∑
k

δi

Ŝ2(Yi)
I(Zj

i < Zj
k, Yi < Yk)

n−2
∑

i

∑
k

δi

Ŝ2(Yi)
I(Yi < Yk)

−
n−3/2

∑
i

∑
k

δi

Ŝ2(Yi)
I(Zj

i < Zj
k, Yi < Yk)

n−2
∑

i

∑
k

δi
S2(Yi)

I(Yi < Yk)
,

Ij
12 =

n−3/2
∑

i

∑
k

δi

Ŝ2(Yi)
I(Zj

i < Zj
k, Yi < Yj)

n−2
∑

i

∑
k

δi
S2(Yi)

I(Yi < Yj)
−

n−3/2
∑

i

∑
k

δi
S2(Yi)

I(Zj
i < Zj

k, Yi < Yj)

n−2
∑

i

∑
k

δi
S2(Yi)

I(Yi < Yk)
,

Ij
21 =

n−3/2
∑

i

∑
k

δi
S2(Yi)

I(Zj
i < Zj

k, Yi < Yk)

n−2
∑

i

∑
k

δi
S2(Yi)

I(Yi < Yk)
− n1/2P (Zj

i < Zj
k, Ti < Tk)

n−2
∑

i

∑
k

δi
S2(Yi)

I(Yi < Yk)
,

Ij
22 =

n1/2P (Zj
i < Zj

k, Ti < Tk)

n−2
∑

i

∑
k

δi
S2(Yi)

I(Yi < Yk)
− n1/2P (Zj

i < Zj
k, Ti < Tk)

P (Zj
i < Zj

k)
.

Using a martingale representation of n1/2(Ŝ − S) [34] and the uniform convergence of

q2n(u) = n−2
∑

i

∑

k

2δiI(Yi < Yk)
S2(Yi)

I(Yi ≥ u)

to q2(u), we can show that

Ij
11 = −τ jn−3/2

∑

i

∑

k

2δiI(Yi < Yj)
S2(Yi)

{
Ŝ(Yi)− S(Yi)

Ŝ(Yi)

}
+ op(1)

= −τ jn−1
∑

r

∫
q2(u)dMr(u)
E {Ar(u)} + op(1),

Similarly, we can show that

Ij
12 =

1
P (Ti < Tk)

n−1
∑

r

∫
qj
1(u)dMr(u)
E {Ar(u)} + op(1).

Using the properties of U-statistics [35], we can show that

Ij
21 = − 1

P (Ti < Tk)
n−1/2

∑

i

q4(W
j
i ) + op(1),

Ij
22 =

τ j

P (Ti < Tk)
n−1/2

∑

i

qj
3(W

j
i ) + op(1).
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Therefore

n1/2
(
τ̂ j − τ j

)
= n−1/2

n∑

i=1

ϕj
i + op(1). (1)

When estimating the variance of τ̂L1,L2 , we have the following definition:

ϕ̂j
i = ĥj

i1 + ĥj
i2,

ĥj
i1 =

∫ {
q̂j
1(u)− τ j q̂2(u)

}

n−1
∑n

k=1 Ak(u)ξ
dM̂k(u),

ĥj
i2 =

qj
3(W

j
i )− τ jq4(W

j
i )

ξ
,

ξ = n−2
n∑

i=1

n∑

k=1

δiI(Yi < Yk)
S2(Yi)

,

q̂j
1(u) = n−2

n∑

i=1

n∑

k=1

2δiI(Zj
i < Zj

k, Yi < Yk)
S2(Yi)

I(Yi ≥ u),

q̂2(u) = n−2
n∑

i=1

n∑

k=1

2δiI(Yi < Yk)
S2(Yi)

I(Yi ≥ u),

q̂j
3(W

j
i ) = n−1

n∑

k=1

{
δi

S2
C(Yi)

I(Zj
i < Zj

k, Yi < Yk) +
δj

S2
C(Yk)

I(Zj
i < Zj

k, Yk < Yi)

}

− 2n−2
n∑

r=1

n∑

s=1

δr

S2
C(Yr)

I(Zj
r < Zj

s , Yr < Ys),

q̂4(W
j
i ) = n−1

n∑

j=1

{
δi

S2
C(Yi)

I(Yi < Yk) +
δk

S2
C(Yk)

I(Yk < Yi)

}
− 2n−2

n∑

r=1

n∑

s=1

δr

S2
C(Yr)

I(Yr < Ys),

and dM̂i(u) = dBi(u)−Ai(u)dΛ̂C(u) with

Λ̂(u) =
n∑

i=1

∫ u

0

dBi(s)∑n
k=1 Ak(s)

being the Nelson-Aalen estimator of ΛC(u).
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