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APPENDIX A: STOCHASTIC DIFFERENTIAL
EQUATION

In the main text, we introduced a model of branch-
ing random walks that are subject to a global constraint
(see Egs. (1,2,3)). Here, we show that up to higher or-
der terms (h.o.t.), the dynamics of such a constrained
branching random walk (CBRW) is described by

Cloe —Ct = € [(C —2u) e — (et | (EJ‘ — 2u) u)ct]
Ve VEa - (| ERe] - (A1)

As a corollary, the mean concentration field satisfies

8tét = (,C — 2U) Cy — <Ct | (,CT - 2U) U>Ct (A2)
in the limit ¢ — 0. Equation (A2) was crucial to our
line of arguments in the main text (where it was cited as
Eq. 4) as it made evident that the non-linear second term
on the right hand side can be eliminated by a suitable
choice of the selection function u(z).

In order to prove Eq. (Al), we first combine the
branching process Eq. (1) and the selection step Eq. (2)
into a single equation of motion, and then eliminate elim-
inate A, using the constraint Eq. (3).

Inserting Eq. (1) into Eq. (2) yields

Ctre = (1= A) [ct +eLey ++/ 2ecm] (A3)

Now it is important to note that A only has to be deter-
mined up to order O(e),

A=+e\s +edg +hot. (A4)
The ansatz Eq. (A4) is chosen such that it leads to a
Markov process for ¢; in continuous time (¢ — 0). It can
be generally shown that such a process has determinis-
tic O(e) and stochastic O(e'/?) contributions, and that
higher order terms can be neglected in the limit e — 0 [1].
The components As and Ay correspond to the stochastic
and the deterministic part of the mortality rate, respec-
tively. Inserting Eq. (A4) in Eq. (A3), one obtains

Cite —Ct = € (Ect — Adct — AsnV/ QCt)

+e (77\/% — )\Sct) +h.o.t.  (AD)
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Next, we eliminate A using the constraint Eq. (3). To this
end, we carry out the inner product of u(x) and Eq. (A5),
resulting in

0 = ¢[{ul L) = A= Aofu [ nv/2cr)]
+\/E [7/\5 + <7_L | Tl\/ﬂﬂ

By requiring the O(y/€) and O(e) terms in Eq. (A6) to
vanish, one first infers both A; and Ay,

As = (u|nv2c)

Aa = (u| Le) — (u ] Asnv/2¢) .

(A6)

The average in the last term is evaluated as

Nae, = (| n/2enna)2ec(a)
= 2 [ ule!)Val)al) M)

= 2u(x)ce(x) .

(A9)

Note that underlying reason for obtaining a term linear
in ¢; for the average in Eq. (A9) is the fact that the noise
is oc ¢!/2, which is ultimately a manifestation of the law
of large numbers.
Inserting Eq. (A9) into Eq. (A8), we can summarize
Mg as
Ad=(ul| (L—2u)c) . (A10)
The stochastic dynamics Eq. (A1) of an entire time step
now follows from inserting our expressions Egs. (A7, A10)
for A\; and Ay into Eq. (A5), resolving the average

AsnV/2¢; via Eq. (A9) and, finally, integration by parts:

(u| (£ —2u)cr) = {c¢ | (LT —2u)u). (A11)

APPENDIX B: TIME DEPENDENT PROBLEMS

In the main text, we focused on branching random
walks with time-independent generators £. Here, we ex-
plicate how our formalism can be generalized to time de-
pendent problems with a dynamic generator L£(t). Inter-
esting time-dependent problems include traveling waves
in fluctuating environments or transients within fixed
environments (e.g. How quickly does a population ap-
proach a fitness peak?).



For this generalization, we have to allow the selection
function us(z) as well as the “gauge” variable xo(t) to
become time-dependent.

The fundamental time step of the time-dependent
model may be summarized as follows: Suppose we have
the concentration field ¢;(x) after selection at time ¢,

(ug [er) = 1. (B1)

To generate c¢44, we first generate a branching random
walk,

5t+e — Ct = G,CtCt + vV 260,577 . (B2)

The operator L;, shall contain the time-dependent gauge
2o(t), which is adjusted later on to fix the mean popula-
tion size,

Lo= L0~ wot) . (B3)
The selection step now has to satisfy a slightly different
constraint
(Utte | ctye) =1 (B4)
As in the main text, the constraint is enforced by a “fair”
culling of a population fraction A,
Ctt+e = 5t+e(1 - )\) . (B5)
We next determine the stochastic PDE for ¢; in a very
similar way than in previous section for time-independent
problems. The only new bits come from the fact that u;
is time-dependent. We require u; to change determinis-
tically,
Utte = Ut + 68t’LLt + 0(6) 5 (BG)
i.e. u; has no stochastic component.
It can then be shown that the stochastic part and de-
terministic parts of A are given by

As = (ug | nv2e) (B7)
Mg = (co |0+ L] —2uy | uy) . (B8)

Notice that the stochastic A\s is the same as in the time-
independent case, however, the deterministic Ay has ac-
quired a time derivative acting on wuy.

The dynamics from ¢; to ¢i4 may thus be summarized
as

Cite—Ct = € [([,t —2u) ¢ — (¢t | (ﬁt + EI - 2ut) ut>ct}
Ve [1VEe — (u | W Ea)er] (59)

The mean concentration field obeys

atEt = (Ct - 2u) Et - <Ct | (at —+ [,I - 2ut) Ut>Ct (B].O)

In order to obtain a solvable model, we apply (as in the
main text) the trick to choose a selection function u =

uy such that the non-linearity in the moment equation
disappears,

815675 = (ﬁt - QU*)Et . (B].l)
To this end, we have to choose
—Ohy = (CI - 2u*) Uy . (B12)

Role of zo(t): Until now, the function z¢(t) was en-
tirely arbitrary. For each choice of z((t), we obtain a dif-
ferent solvable model via Eqgs. (B11, G4). These different
solutions in general exhibit different expected population
sizes. If we are interested in a solution with a constant
mean population size 7, xo(t) has to be fixed such that

0= = /a@ : (B13)
Using Eq. (B11), this implies
0 = / (Ly — 2u.) & (B14)
= / (L) —zo(t)] & — 2 (B15)
= U L’?ct] — ot —2. (B16)

In going from the first to the second line of the previous
equation, we used the constraint 1 = fm u+C, and inserted
expression Eq. (D1) for £;.

If we insert, for instance, the operator Ley, from
Eq. (7), we see that xo(t) is given by,

zo(t) = =271 +/m , (B17)

x

which essentially represents the time dependent mean fit-
ness for large population sizes.

APPENDIX C: INTERPRETATION OF THE
TUNED MODEL

Among the three graphs depicted in Fig. 3 (main text),
only the function ¢(z) has an obvious interpretation as
the fitness wave profile. Using the results obtained in
Ref. [2], one can also give an intuitive interpretation of
the functions u.(x) and g(z) = u.c. Both functions re-
late to the phenomenon of fixation. Imagine sampling an
individual at position x and labeling it with an inherita-
ble label (neutral mutation). As the dynamics proceeds,
the abundance of this label will change due to number
fluctuations and the fitness of its carriers. Eventually,
this label will either go extinct, or become fized in the
population. The latter case occurs if the descendants of
the labeled individual take over the population.

Fixation events are much more likely if the initially
labeled individual belongs to the fitter part of the popu-
lation. We thus expect the probability of fixation to be



a steeply increasing function of x, similar to the function
ux(x). Indeed, the interpretation of w.(x) is precisely
that of a fixation probability of a particle at position zx,
which is derived below. It is interesting to note about
the defining equation Eq. (5) of u,(x), that a very simi-
lar equation is well-known to describe the survival prob-
ability of an wunconstrained random walk [3]. The only
difference is the pre-factor of 2 instead of 1 in the non-
linearity of Eq. (5).

The product g(z) = u.c also has an interesting inter-
pretation in terms of a probability density. (Note that,
as required for a probability density, the integral of g(x)
over z is equal to 1 by virtue of the constraint Eq. (3).)
g(x) represents the positional distribution function of
the lucky particle whose descendants eventually will take
over the population. Even though there must surely be a
lucky one at any time, we cannot pinpoint to this individ-
ual, simply because the fixation event depends on random
future events. Thus, the position of the “common ances-
tor of future generations” can only be described proba-
bilistically, similar to the position of quantum mechanical
particle. Also similar to quantum mechanics, the posi-
tional distribution function is the product of a bra and a
ket. In fact the expression for g(x),

2 ev:p/D

g(z) = W (C1)
xr

has been hypothesized earlier in Ref. [2] based on a mean-

field treatment of the fixation process inside traveling

waves.

Reasoning along the lines of Ref. [2] allows us to jus-
tify the above interpretation of the function u, as a fixa-
tion probability. Suppose, we attach inheritable neutral
markers at time 7 to a part of the population. Let us
denote the concentration field corresponding to the la-
beled sub-population by ¢;(x,t), which has to be smaller
than the total concentration field, ¢(x,t), at any point.
Then, the mean concentration field ¢;(x,t) of labeled in-
dividuals will satisfy the same linear evolution equation
Eq. (B11) as the total concentration field does, namely,

8ia(x,t) = (L(t) — 2u.) T - (C2)

Since the system is comprised of a finite number of par-
ticles, it is inevitable that the labeled sub-population
eventually either goes extinct or takes over the whole
population. Thus, with a certain fixation probability F,
the labeled population will approach the total population
¢ — c(x,t) on long times. On the other hand, ¢; — 0
with a probability 1 — F. This implies that the average
of our labeled concentration field approaches

&z, t) ~ Fe(z,t) (C3)

t— 00.

The fixation probability F' is a linear functional of the
initial concentration field ¢;(¢,7) of the labeled sub-
population. In fact, we will show that F is given by

F= /5 a6, 7)us(E7) (1)

justifying our interpretation u, (&, 7) as the fixation prob-
ability of a particle present at position & at time 7. As
a sanity check, we notice that, due to the constraint
Eq. (3), Eq. (C4) correctly predicts a fixation probability
of F =1 when the whole population is labeled, ¢; = c.

In order to proof Eq. (C4), we first express the solution
to equation Eq. (C2) as

Gz, t) = /5 G t:€,7)ci(E,7) (C5)

in terms of a Green’s function G(z,t;£,7), which is the
solution of Eq. (C2) corresponding to a §-function initial
condition,

Gz, m:8,7) =6(x - &) . (C6)
On long times, we may argue as above that G becomes
proportional to ¢(x,t). However, viewed as a function
of £ and 7, one can also show that G must become pro-
portional to u.(&,7). This follows from the fact that
the Green’s function not only satisfies the forward time
equation Eq. (C2) but also a corresponding backward
equation

-0.G = (LT(t) — 2u.) G, (C7)
where the operator on the right-hand-side acts on £. In-
cidentally, Eq. (C7) is the equation satisfied by u (&, 7),
see Eq. (B14). Thus, for large time differences ¢t — 7,
G(z,t;€,7) must be proportional to both wu(z,t) and
c(x,t).

Gz, t;€,7) ~ Au, (&, 7)e(x, t) t— o0 . (C8)

Furthermore, the pre-factor A follows from the following
computation

oa,t) = /5 Gl €, 7)elE,7) (C9)

— A, t) /g w(&r)eE,r)  (C10)

= Adc(z,t) . (C11)
Evidently, A has to be equal to 1. The first line in
Eq. (C9) follows from the definition of the Green’s func-
tion. In the second line, we inserted Eq. (C8) for G.
In going from the second to the third line, we used the
constraint Eq. (3).

Finally, our claim Eq. (C4) now follows from inserting
Eq. (C8) with A =1 into Eq. (C5) and using Eq. (C3).

APPENDIX D: APPLICATION TO NOISY
FISHER-KOLMOGOROV WAVES

In this section, we use our recipe of obtaining
constraint branching random walk (CBRW) models



with closed moment equations to study the impor-
tant class of stochastic Fisher-Kolmogorov-Petrovsky-
Piskunov (sFKPP) waves. To this end, we consider the
Liouvillean

Lipkpp = D@f + s0(x) . (D1)

The unit step function could equally be replaced by any
other function, which saturates at the value 1 for large
x. Such models control the number of particles that are
in the tip of the wave by modulating the growth rates.

The moment equation of the CBRW model correspond-
ing to Lspkpp is described by Egs. (5, 9) and the con-
straint Eq. (3), which can be combined to give

26261)1/D

0= (D92 + sO(x) + v9, )T — T PevalD -

(D2)
As an aside, the relation between ¢ and u, requires that
the denominator in the last term of Eq. (D2) is finite.
This breaks down, when the speed parameter v is larger
than the deterministic Fisher wave speed v = 2v/Ds,
which is the maximal achievable wave speed.

Let us introduce non-dimensional quantities

X = z/v/D/s (D3)

V = v/VDs (D4)

C =¢/N. (D5)

In terms of these variables, the moment equation reads

__2
o 9 VX
0= (8% +0O0(X)+Vox)C — 0752 , (D6)
N, fXC' eVX

where we have introduced an “effective” population size
N, =NV Ds.

Notice that, for large N, the last non-linear term in the
PDE in Eq. (D6) is relevant only for large z ~ O(In N,),
where it becomes of order O(1) due to the exponential.
The net-effect of the nonlinearity may be mimicked by a
cutoff in the growth rate at some position L, which we
determine up to the order O(lnln N) in the following.

The position L of the effective cutoff can be deter-
mined by balancing the non-linearity in Eq. (D6) with
the reaction term CO(X) in Eq. (D6),

2CeVE ~ Nﬁ/@%\/x .

(D7)

(D8)

To evaluate this condition, we need to refer to some
known results on deterministic Fisher waves with a cut-
off [4]: Their speed is, to leading order, given by

2

ﬁ .
The wave profile of Fisher waves with cutoff satisfies for
0K XKL

V2 (DY)

CeVX ~ A% sinmX/L , (D10)

4

where A is an L (and N,) independent constant. These
results from the cutoff approach are summarized, for in-
stance, in Ref. [4].

Inserting Eq. (D10) and Eq. (D9) into Eq. (D8) yields

el ~ N, L3 (D11)

in the limit of large L. To evaluate the integral on the
right hand side in Eq. (D8), we used that the contribution
from = > L of higher order. Solving Eq. (D11) for L, we
find

L~InN,+3Inln N, (D12)

up to the second leading order. The wave speed in
the presence of a cutoff at position L now follows from
Eq. (D9) as

v—v 71-—2— r 1-
FT L2 T (InN)?

3lnlnN> (D13)

In N

The mean-field theory augmented by a heuristic cutoff
generates the first correction term. The second correc-
tion, however, requires a more subtle reasoning, which
could so far only be based on heuristic assumptions[4].
For our CBRW model, the second leading order correc-
tion follows naturally from the Inln N correction to the
position of the cutoff. This correction in L is, ultimately,
the consequence of the non-local denominator of the cut-
off term in Eq. (D6).

APPENDIX E: FLUCTUATIONS

As explained in the main text, most noisy traveling
waves have fluctuating speeds and a constraint associated
with population sizes. The fluctuations in the speed of
the wave can be summarized by a wave diffusion constant
Dwavc~

Noisy waves with tuned non-linearities resemble a dif-
ferent statistical ensemble of the same problem: the wave
speed is perfectly constant but the the mortality rate A
fluctuates to keep up with the constraint. As explained
below, a diffusion constant D) can be associated with
these fluctuations as well. In the limit of large pop-
ulation sizes, where both statistical ensembles seem to
mirror the same universal dynamics, we expect both dif-
fusion constants to be proportional to each other. We
use this equivalence hypothesis to conjecture from an ex-
act expression for Dy the asymptotic diffusivity of Fisher
waves, which is known, as well as the diffusivity of evo-
lutionary waves, which represents a novel prediction.

1. Fluctuations in the mortality rate

In our model of constrained branching random walks
(CBRWsS), the mortality rate is on average constant,

A=A = (] (LT — 2u) us) (E1)



In fact, the deterministic component Ay vanishes at any
time. However, A has a fluctuating component, A, to
which we can associate a diffusion constant by
Dy = / MOt +T7)/2 =22/2 (E2)
T
Inserting As from Eq. (A7) and carrying out the average
yields

Dy = (ux | use) . (E3)

If particles diffuse, u, can be expressed in terms of ¢ as
in Eq. (9), so that we obtain

fz E3e+2vm/D

Dy = —F———.
L (L)

(E4)

2. Wave diffusion

Fluctuations in A of the tuned model have a different
source than wave speed fluctuations of the constant pop-
ulation size model. Nevertheless, we conjecture that the
amplitude of both fluctuations are proportional to each
other

Dyave ~ 4D)\(D/U)2 , (E5)

in the limit of large population sizes. Our argument for
this conjecture is based on the observation that both
types of fluctuations have very similar effects in the
asymptotic limit. In the equation of motion, a change
Av in wave speed results in a term +Awvd,c. This term
approaches 2cAwv /v for large wave speeds, where the wave
profile assumes

¢~ p(x)e V2D (E6)

with a slowly varying function ¢(z) in the bulk of the
wave front. Thus, a change Aw acts like a change
AN ~ 2Av/v in the mortality rate. This suggests that
the asymptotic fluctuations in the speed, as measured by
Dyave, are related to Dy by Eq. (Eb).

We would like to remark that our argument is based
on the crucial assumption that the amplitude of the fluc-
tuations in the mortality rate A exhibits universal scaling
for large population sizes notwithstanding the particular
choice of u(z). This allows us to choose the (unique)
selection function u.(x), for which the mortality rate A
becomes uncorrelated in time. For any other choice of
the selection function, A exhibits temporal correlations
(via its deterministic part Ag) similar to the wave profile
c(x,t) and the wave speed in standard noisy traveling
waves.

3. Fisher wave diffusivity

Next, we use our conjecture Eq. (E5) to determine the
diffusion constant of noisy Fisher waves. To this end, we

evaluate the integrals in Eq. (E4) using Egs. (D9, D10)
and Eq. (D12),

D .
/E2e+vz/D _ 7N62\/ C,26+VX (E7)
T s X
L
~ Ng/ dz (ArLsinwz/L)?
0
~ N2L? ~ N2In® N,
/E3e+2vx/D _ /BNS/ TP etavx (E8)
T s X

L
~ N3 / dXe"X? (ArLsinnX/L)*
0

~ NgevL/2A3 /Oo dXX3€7VX/2
0

~ N3ek

~ Nim®N, .

Notice that the integral in Eq. (E7) has support through-
out the bulk of the wave front, while the one in Eq. (E8)
is peaked close to the cutoff. Replacing the integrals in
Eq. (E4) by the above expressions and using conjecture
Eq. (E5), we finally obtain

Dyave ~ I3 N, (E9)

to leading order in In N. This prediction is in agreement
with extensive simulations and a phenomenological the-
ory reported in Ref. [4], which supports our conjecture
Eq. (E5).

4. Diffusivity of evolutionary waves

We now proceed in the same way as above to conjec-
ture the (yet unknown) diffusion constant of evolutionary
waves.

Applying the cutoff approach to the equation of motion
Eq. (10) along the lines of Ref. [5], one derives that the
asymptotic behavior of the bulk density profile can be
expressed in terms of the Airy function as

e’/ oy BLI2DAY(L 4 qg — z) (E10)

where Ai(x) is the Airy function with its first zero at
ag ~ —2.7781, and

L ~ (v/2D)* — ay (E11)

is the position of the cutoff (up to O(2D/v)). With the
wave profile at hand, we can determine the asymptotics



of the integrals appearing in Eq. (E4),

/62€+vx/D —
T
/E3e+2vm/D ~
T

oo
~ erL/D,UfQ/ dxx3efvx/2D
0

~ 2vL/Dy-13

L
evb/Py=6 / dzAi(L + ag — x)*
0

e?L/Dy=6 (E12)

L
v—geva/zD/ dze"*/2PAY(L + ag — 2)3
0

(E13)

Evaluating Eq. (E4) with the help of Egs. (E12, E13) and
using the conjecture Eq. (E5), we obtain

-3 (E14)

Dwave ~v

Note that this implies the scaling Dyave ~ In"!N be-
tween diffusion constant and population size, since v ~
In'/? N. The power law in Eq. (E14) is expected to hold
only for large values of the control parameter vD~2/3
introduced in the main text. For small speeds, on the
other hand, we expect the diffusion constant to saturate,

Dwave — 1

APPENDIX F: DISCRETE FITNESS EFFECTS

For simplicity, our example of asexual adaptation was
formulated assuming a continuous random walk of geno-
types with diffusion constant D. For a given speed of
adaptation v, this is only appropriate if

vAz

1.
D <

(F1)

Intuitively, this condition comes about because of the ex-
ponential decay exp —vz/D of the frequency distribu-
tion in its tail. If Eq. (F1) is violated, the relative change
in the frequency distribution from one fitness value to the
next is of order 1, by which the continuous approximation
becomes questionable. Assuming our asymptotic large NV
result v ~ D3 In[ND/3)'/3 Eq. (F1) reads,
AzD Y3 I[NDYV3V? <« 1. (F2)
More concretely, we may assume that mutations have
fitness effect Ax = s and occur at a rate m. Then, the
diffusion constant is given by D ~ ms?/2. Inserting these
expressions in Eq. (F2 yields

(3)1/3 In[N(ms?)}/3]1/3 « 1. (F3)

m
If we are interested in the large N limit where the loga-
rithm is larger then 1, we have thus to require m > s.
At least for bacterial populations, this conditions seems
to be violated.

We are thus looking for a description for the CBRW
model using a discrete fitness lattice. To this end, we

assume that jumps occur only between nearest neigh-
bors; A is the jump rate ¢ — i + Az, and B is the
rate for the reverse jump. Furthermore, we suppose to
have scaled time such that the effective diffusion constant
D = (A+ B)Ax?/2 = 1. For this model, the u, equation
is obtained by using the discrete Laplacian

ﬁgu* — Aum_l — (A + B)u*,z + BU*,H-l s (F4)
where we introduced the notation f; = f(iAz). The
relation between mean density and wu, changes to
AN
Gi=u; (5| /T F
Ci = Us, (B) / (F5)

The proportionality constant follows from the constraint,
A\
Z 2
F = i U*,i (B) :

Solving the discrete model thus requires, in general, the
solution of a nonlinear difference equation. Alternatively,
one may look at the logarithm of ¢ and solve a continuous
equation, as it is done in the WKB method.

(F6)

APPENDIX G: EVOLUTION OF LARGE
POPULATIONS WITH CONSTANT FITNESS

In contrast to the adapting populations considered pre-
viously, we are now considering populations that have al-
ready “found” a (local) peak in the fitness landscape. We
ask how one can describe the distribution growth rates in
this quasi-steady state. In other words, we develop the
basic frame work to calculate allele frequency distribu-
tions for large populations, in which the mean fitness is
stationary.

For x =const., the selection function u.(x) satisfies

—Ouy = (Ll,0 — 0 — 2us) us =0 (G1)

at stationarity. Since u.(x) has the interpretation of sur-
vival probabilities (Sec. C), it should be intuitively clear
that wu.(z) should uniformly go to 0 as the population
size is send to infinity. Thus, the mean fitness 2§° in an
infinite population can be found by neglecting the non-
linearity,

(Elvo -z u. =0. (G2)
We would like to remark that this equation has no solu-
tion for the model Eq. 7 of continually adapting popula-
tions (main text). In this case, the perturbation brought
about by the fluctuations of a finite population was a sin-
gular perturbation. When the population is at a fitness
peak, however, Eq. (G2) has a solution, and one may
carry out a basic perturbation analysis to investigate the
leading order effects of sampling noise. To this end, let
us define

oo
Eoo = Levo — Xy

(G3)



and study a population with slightly smaller mean fitness
2o = x5° — 0 (0 < 1) than the mean fitness of an infinite
one. In this case, we may expand

Use zézanfn

where f, is the nth left eigenvector of the unperturbed
Loo

(G4)

Ll fE = fE. (G5)

Suppose, we have ordered the eigenvalues according to
their magnitude. Then Ao = 0 by virtue of Eq. (G3).
Performing the inner product of f£ and

0= (L, —e—u)u (G6)
shows that to leading order in e,
an>g = 0 (G7)
a = Sl )7 (G8)
To leading order, we thus have
€
Uy = 2<fof|ofg> . (G9)

The mean population density ¢ = by f& will accordingly
be proportional to the right eigenvector f& of L., corre-
sponding to eigenvalue 0. The pre-factor by follows from
the constraint, which reads

1=(u|e) = ebOM : (G10)
2(f5 | (f5)?)
Therefore,
__ 28 LU 4
= Gl11
ST 1y
The mean total population size is given by

e(fo | f%)
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