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Proof of Lemmalll. The new path updating direction is given by —M 4+ 4= (B(t*)) 'sign(ba- (B(t*))).

To facilitate our proof, we reshuffle the order and rewrite it as

-1

M o4a(B(t)) M ;- (B(t)) sign(ba(8(t7)))

M 4 ;- (1)
M- A(B(t)) M- ;+(B(t")) sign(b;- (B(t")))

The last element of (I4]) is given by

(M- A(B(t)) M aa(B(t")) " sign(ba(B(t"))) — sign(b;-(B(t")))] , (15)

-

where 7 = M. (8(t)) — M. 4(B(°) Mo a(B(t) "M 4+ (8(t)) < 0 in that M(8)
is negative definite when n > p and W), j = 1,--- p are linearly independent. The
first term in (T8 involves M 4 4(B(t*)) 'sign(ba(B(t*))) which is exactly the opposite of
the path updating direction calculated at t* using the old active set A by ignoring the
addition of predictor variable j*.

Consider ignoring the addition of the new active variable j* and updating path along
the path updating direction evaluated by the old active predictor set A. This leads to an-
other solution path piece B(t) defined by B 4(t) = 6A(t*)—fti M 4 4(B(7)) tsign(ba(B(7)))dr
and B 4 (t) = 0 when ¢ is inside a small neighborhood [t* — A, t* + A,] for some A; > 0.
The neighborhood is chosen such that both solution component f3;(¢) and the first-order

partial derivative b;(3(t)) do not change sign for ¢t € [t* — A, t* + /2] and j € A. Conse-

quently when t € [t* — Ay, t* + A\, %bj (B(t)) = —sign(b; (B(t))) = —sign(b; (B(t*))) for



j € A due to (7). Note that the definition of B(¢) implies

(B0 = D ey (B0) ,(0) = M 4B Maa(B(0) sign(ba(B(1). (16)

j=1

Recall that for t € [t*— A, t*], B(t) = B(t) and our QuasiLARS solution matches B3(t)
exactly. Our QuasiLARS definition implies that |b;-(B8(t))] < |b;(B(t))| for any j € A
and t € [t* — A, t*). That means that predictor variable j* has a smaller absolute value
of the first-order partial derivative than active predictors in A for ¢t € [t* — A4, t*) and
catches up with active predictors in A at t* by noting that predictor variable j* joins the
active predictor set A at t*.

Next we prove our claim by contradiction. If our claim is wrong, then we have
(M- a(B(t7)) M a.a(B(t7)) " 'sign(ba(B(t"))) — sign(b;- (B(t")))] sign (b« (B(t*))) > 0 due
to (I5) and 7 < 0. Tt implies M. 4(B(t*))M 4 4(B(t")) sien(ba(B(t")))sien by (B())) >
1. Note that B(t) = B(t) for t € [t* — A, t*] implies the existence of € € (0, 2;) such that

M- A(B(t)) M aa(B(t))'sign(ba(B(1)))sign(b;- (B(t)) > L for t € (t* —e,t")  (17)

due to continuity. By noting (I6) and £b;(8(t)) = —sign(b;(B(t))) for j € A and t €
(t* —e,t*), (IT) contradicts the above conclusion that predictor j* has a smaller absolute
value of the first-order partial derivative than active predictors in A for t € [t* — A, t¥)
and catches up with active predictors in A at t*. This completes our proof. O

~

Proof of Lemmal2. For any j € N(8), differentiating the objective function in () with

respect (3;, we get

0 .
— - R(B, fo(B)) + Asign(p;) (18)
0B,
which has to be equal to zero at B in that B solves (8). This completes the proof by
noting that A > 0 and, when A = 0, %R(B, Bo(B)) = 0 for all j. O

Proof of Lemma[3. Note that 3(s) solves (@) and has nonzero set N, which is con-



stant for s € S. Namely N, = A for some A" and all s € S. Then 3,/(s) minimizes
—R(By, Bo(By)) £ = 1y Qg (Bo + &l Byr), 9:), subject to

s%B, = s and sign(5;) = s; for j € N, (19)
where s; = sign(b;(B(s)) for j = 1,--- ,p denote the sign of the current first-order partial
derivatives and s = (sq,---,s,)7 and the sign restriction is due to Lemma 2. Here
x;y is the sub-vector of z; with index in A and, for any 3 e Bo(ﬁ ) is defined by
Bo(By) = argmaxg, > Q(g7(Bo + x:B,), ). Note that the inequality constraint in
@) can be replaced by the equality constraint Z;’:l |B;| = s as long as s is less than the
one norm of the full quasi-likelihood solution to (). This justifies (I9). Note further
that the optimal solution B, (s) is strictly inside the simplex (I9) since f;(s) # 0 for
j € N and s € S. This in combination with the strict convexity of the objective function
—R(BN,BO(BN)) implies that the second condition, sign(ﬁj) = s for j € N, can be
dropped. Consequently BN(S) solves min—R(BN,ﬁo(BN)) subject to S}Q—BN = s. By
introducing a Lagrange multiplier A, it becomes min—R(BN,BO(BN)) + )‘Zje/\/’ sij.

9

Applying differential operator oy Ve get

0

3 BNR(ﬁNv Po(Ba)) + Asr, (20)

which is equal to 0 at 3 N 3 v (8) because 3 v (8) is the corresponding optimal solution.

Now consider two different values s and s in S with s < sV < s®. The corre-
sponding Lagrange multiplies are denoted by A and A\® and they satisfy A1) > A3,
Putting them into (20) and differencing, we get

0 - - ) . .
- (?R(BNvﬁo(ﬁN>>|BN(s(2)) - %R(ﬁ/\/vﬁo(ﬁj\/’)”,@/\[(s(l))) = (A=A (21)

a/\/’ N



Note that B,.(s) = 0 for any s € S. Thus (2] is the same as

— (Bx(B(®)) = bar(B(s))) = (A =A@y (22)

Dividing both sides of [22) by s? — s(!) and letting s? — s we get

— (B = N (sW)sy (23)
where X(s) = “£\(s) is negative. Noting that dilsb(ﬁ( )) = M(B(s s)) 4L B(s), Bre(s) =
0 for s € S, @3) becomes —Mya(B(sV) LBy ()| = —N(sM)sy, which leads

to ds/BN( $)s = N(sW)( My (B(s))) 'sy. By noting that N (s) < 0, this shows
that for any s € §, the LASSO regularized quasi-likelihood solution updating direction

matches our QuasiLARS path updating direction. It also holds for s due to continuity. [

Proof of Lemma[g Due to [AR), |b;(B(s))| = |by(B(s))| for any j, 7 € A. Thus it is
enough to prove that |b(8(s))| < |b;(B(s))| for any I € N, j € N, s € S U {s}.
We first prove the statement for s € S by contradiction. Suppose there is some j* & N

and some s* € S such that

b5+ (B(s")| > [b;(B(s7))]. (24)

Let d = (dy, - -, d,)" with d; = —sign(;(s*))(= —sign(b;(B(s*))), due to Lemma B for
JEN, dj- = nNsign(bj*(B(s*))), and d;; = 0 for j € (M U{j*})¢, where ny denote the
size of N.

Consider R(B(s*) + ud, By(B(s*) + ud)) as a function of . Its derivative is given by

d . .
—R(B(s*) + ud, B,(B(s*) + ud)) Z b;(B(s*) + ud)d; + O(u). (25)
When v = 0, the right hand side of (25) becomes

— nnrlby (B(sM))| + by (B(s7))| > 0, (26)



where j € N and positivity is due to (24). Note that min;cn|5;(s*)| > 0 since s* € S.
When 0 < u < minjey | 5;(s%)], > 16;(s*)] = i |3;(s*) + ud,| by noting the above
definition of d. However (26)) contradicts the fact that B(s*) is a solution of the LASSO
regularized quasi-likelihood (I8]). This proves our claim for s € §. Our claim holds at s

simply due to continuity. O

Proof of Lemma 3. Note that S(0) = > e, sien(b; (B))d, + D et [dil 2 e e, |dj] due
to Lemma 2 and T'(0) = diea b;(B)d; + D i bi (B)d; + > jens, b (B)d;. Thus due to

Lemma [ and the above definition of Aj, we have

S e sign(bi(3)d; + e, sien(by(B))d; + e dibi(B)/D(B)

7(0)/5(0) = D(B) > e Sign(0;(B8))d; + 3 5c 4, 14| + 35 e, 1]

Y

which is analogous to Equation (5.40) of [Efron et all (2004). It is enough to consider d
satisfying 3, 4, sign(; (ﬁ))dj—i-zjer |dj1+> ez, |dj| > 0 which corresponds to S(0) >
0, for which case S(7v) is increasing in 7 at the origin. Thus we need d;sign(b; (B)) >0

for j € Ap U (AS,) in order to maximize Z(d). In this case we have

Z(d)=D(B)

Y

3 ea, SEn (b (B)d; + X, || + X, |51 B
> e, sign(b;(B)d; + 3 jca, 1ds| + e e, 1]

which is < D(8) unless d; = 0 for j € AS, since |b;(8)| < D(B) for j € AS,. This proves
(I). In this case a second order Taylor expansion leads to (12)). O

Proof of Lemma[@. By noting that M 4,, 4,,(8) is negative definite, (I3) is equivalent to

A

max dﬁfo MA107«410 (B)d«‘ho (27)
subject to Z sign(b;(8))d; + Z |d;] > A and sign(d,) = sign(b;(3)) for j € Ap.
JjeA J€A0



Consider combining the two constraints in (27)) into one and solve a simpler version

max dﬁ”{OMAlo’Alo (B)d 4,, subject to Z sign(b;(8))d; + Z sign(b;(8))d; > A. (28)

jeAL jeAo

Later we will show that the solution to (28]) satisfies the sign constraint in (27]).
We solve max dﬁ’{OMAl()’AlO (B)d 4.+ (ZjeAl sign(b;(8))d; + > iea, Sien(b; (B))d; — A)

by introducing a Lagrange multiplier A\. Differentiating with respect to d4,, and solv-
ing for d4,,, we get the optimal solution dfj’fo = MM _4,,.4,,) 'sign(ba,,(B)), which
corresponds exactly to our QuasiLARS updating direction by noting A > 0.

Note that we assume “one at a time” condition. Thus A is a singleton. Consequently

the second constraint in (27)) is satisfied due to Lemma [Il This completes the proof. O

Proof of Theorem 1. Lemmas are extensions of Lemmas 7-10 of |[Efron et al! (2004),
which are key results for establishing that the LASSO modification leads to the LASSO
solutions. Their proof by induction can be extended to prove our Theorem based on
Lemmas and parallel extension of Constraints 1-4 on page 437 of [Efron et all (2004).

We skip the details here to save space. O



