Supplemental Methods.

Here we prove that the unweighted and weighted Unifrac metrics are in gen-
eral metrics. The proofs are given in a general context that includes both of
these metrics as special cases.

Case 1: Unweighted case.

Consider a fixed and given set of indices £ and a finite rooted tree, where
leaves are labeled using subsets of £ (Fig. S1). Furthermore, assume there is
a certain weight function W that associates to each edge e a finite quantity
W(e) > 0. In the context of the unweighted Unifrac metric, £ is the set of
environmental samples that each leaf (i.e. sequence) is found in, and W(e) is
just the branch length of e.

In what follows, we use the letters a, b, c and [ to denote generic indices in
L. Furthermore, we use e to denote a generic edge in the tree. To each e, let
L(e) be the union of the labels of all the leaves that descend from e (Fig. S1).
We write [ € L(e) to denote that [ is in £(e). Otherwise, we write | ¢ L(e).

We show that the tree and weight function always induce a pseudo-metric
over £ and give a necessary and sufficient condition for it to be a metric. In
particular, the unweighted UniFrac metric defines a pseudo-metric on the space
of environments, but a metric on the “location” of those environments relative
to a tree (Fig. S1).

Before stating the main definition and result, we introduce a notation clar-
ified via examples. Define S, as the sum of the weights of all the e’s such
that a € L(e) and b € L(e). On the other hand, using the symbol = to denote
negation, define S, (—p)(-¢) as the sum of the weights of all the edges e such that
a€ Le),bé¢ L(e)and c ¢ L(e).

Define the d;-distance between a and b as the quantity:

dy(a,b) = { SecotSian | g oo ¥ Sa =
ot Sa Sy when Sg(—p) + S(=ayp > 0.
THEOREM 1. For all a, b and c the following properties apply:
(1) di(a,b) =dy(b,a) > 0;
(1) If a =10 then di(a,b) = 0;
(1) dyi(a,b) < di(a,c) +di(c,b).

In particular, di defines a pseudo-metric over L. Furthermore, dy is a metric
if and only if Sq(—p) + S(=a)p > 0, for all a # b.

PROOF. The first and second properties are direct from the definition. To show
that dy is a pseudo-metric, it only remains to show property (I11) i.e. that dy
satisfies the triangular inequality. For this, it suffices to consider the following
three cases:

(1) dl(avb) = 07
(2) di(a,c¢) =0 or dy(c,b) =0, and
(3) di(a,b) >0, dy(a,c) > 0 and dy(c,b) > 0.

The first case is obvious because d; is nonnegative.
For the second case, assume without loss of generality that d;(a,c) = 0 i.e.
that S, (—¢) + S(=a)c = 0. This means that a € L(e) if and only if c € L(e), for



each edge e such that W(e) > 0. Therefore:

Sa(-b) = Z Wie) = Z W(e) = Se(-v);
e:a€L(e),bgL(e) e:ce€L(e),bgL(e)
St-ayp = Wie) = Z W(e) = S-eyps
e:a¢L(e),beL(e) e:c¢L(e),beL(e)
Sap = W(e) = Wi(e) = Se;
e:a€L(e),beL(e) e:ceL(e),beL(e)

from which we deduce that d;(a,b) = di(c,b); in particular, since d;(a,c) = 0,
dy(a,b) < di(c,b)+di(a,c). This shows the triangular inequality for the second
case.

For the third and last case, consider the partition of the edges in the tree
according to the Venn diagram in Figure S2. Following the diagram, define
S1 = Sa(_.b)(_,c), Sy = Sab(—'c)y S7 = Sape, etc and notice that:

Sa(-b) = (S1+56) 5 Sap = (S2+955) 5 Sab = (Sa+ 57);
Sa(—\c) = (Sl + S4) 5 S(ﬂa)c = (83 + 55) 3 Sac = (56 + 57)7
Sc(ﬁb) =(S5+S6) ; S(ﬁc)b =(So+S54) ; S =(S5+57).

Therefore:
di(a,b) = S1+ 82+ 55+ 56 ,
n S1+ S+ Sy + S5+ Sg+ 57’
di(a,c) = S1+ 834+ 854+ S5 )
1S  S1+ 83+ 84+ S5+ S+ 57
dl(c,b) _ So + S35+ .54+ Sg

SQ+S3+S4+SS+SG+S7'
Based on the previous identities, if one defines

= (S1+S2+S4+S5+S6+57)(S1+S3+ S+ S5+ S6+57) - (S2+ S35+ 5S4+ S5+ S6+.57);
q = SiSa + 5783 + S7S4 4+ SiSs + 5152 + 5155 + 35155 + 5155
+5385 + S3S4+ S35+ S253 + 35257 + S252 + 25554 + 5355
+ 8586 + 25557 + 45355 + S352 4 5357 + 25357 + 25354+ 453 S5
+ 45386 4+ 45557 + 25452 + 25458 + 25457 + 2515255 + 4515254
+ 2519585 + 2515286 + 2515257 + 4515354 + 2515555 + 2515356
+ 2515357 + 35154855 + 4515456 + 3515457 + 515556 + S15657
+ 4525354 4+ 2525355 + 2525356 + 2525357 + 4525455 + 3525456
+ 3525457 + 525556 + 525557 + 5535455 + 5535456 + 6535457
42555556 + 3535557 + 3535657 + 4545556 + 4545557 + 45456 57;

then p - {di(a,c) + di(c,b) — d1(a,b)} = g. Since p > 0 and ¢ > 0, d; satisfies
the triangular inequality, proving that d; is a pseudo-metric.

Due to properties (I)-(III), d; is a metric only when dy(a,b) > 0, for all
a # b. From the given definition, it is clear that this last property applies only
when Sg(—p) + S(=a)p > 0, for all a # b, which completes the proof of the theo-
rem. [

Case 2: Weighted case.

Consider now a finite rooted tree where leaves are labeled using multi-subsets
of £ (Fig. S3). As before, assume there is a certain weight function W that
associates to each edge e a finite quantity W (e) > 0. In addition, for each ! € L,
assume there is a weight function W; that associates to each e a nonnegative
and finite quantity W;(e). For the weighted Unifrac metric, W (e) is the branch
length of e, and Wj(e) is the fraction of times that [ occurs as an element in



the multi-sets associated with the leaves that descend from e, relative to the
number of times that [ occurs in all of the multi-sets (Fig. S3).
The ds-distance between a and b is now defined as the quantity:

do(a,b) = S W(e) - [Wale) — Wile)].

THEOREM 2. dy defines a pseudo-metric over L. Furthermore, dy is a met-
ric if and only if, for alla # b, there exists e such that W (e)-|We(e)—W(e)| > 0.

PROOF. It is immediate from the definition that ds(a,b) > 0 and if a = b then

dz(a,b) = 0. On the other hand, using that |z + y| < |z| + |y|, for any pair of
real numbers z and y, we obtain that

da(a,b) = Y W(e)-[Wale) = Wale)l;

D> Wie) - |(Wale) = Wele)) + (Wele) — Wile))];
< Y W) [Wale) = Wele)| + Y W(e) - [Wele) — Wale)l;
= da(a,c) + dy(c,b).
This shows that ds is a pseudo-metric. In particular, do is a metric only when

da(a,b) > 0, for all a # b. Since this last property holds only when, for all a # b,
there is e such that W(e) - |W,(e) — Wy(e)| > 0, the theorem follows. [J
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Figure S1. Rooted tree in which leaves are labeled using subsets of £ = {a,b, ¢, d}.
Notice that L(e1) = {a,b,¢,d} and L(e2) = {a}. On the other hand, S(_q), = W (es),
Sa(=b)y = W(e2) + W(er) + Wi(eg), and Sap = W(e1) + W(es) + W(es). Relative to
this tree and weight function W, if S(—q)p + Sa(-s) > 0 then:

W(e2) + Wi(es) + W{(er) + W (es)

(0 0) = S S T (ea) + Wies) + W(ex) + Wies) £ W(er) £ W(es)"

Due to Theorem 1, d; is a pseudo-metric. In this particular case, however, d; is
not a metric because, for instance, ¢ # d and yet di(c,d) = 0. This is consistent with
the fact that ¢ and d cannot be told apart in any leave. Hence, in a sense, ¢ and d are
located at the same “place” on the tree.
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Figure S2. Venn diagram used to prove the triangular inequality in THEOREM 1. A
is the set of all those edges e such that a € £(e). Similarly, B = {e: b € L(e)} and
C ={e: ce€ L(e)}. The various possible intersections between A, B and C or their
complements are denoted numerically.
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Figure S3. Tree in which leaves are labeled using multi-subsets of £ = {a, b, c,d}. (A
multi-set is an unordered list of possibly repeated objects. We use square-brackets to
denote multi-sets. For instance, [a,a,b] is a multi-set that contains twice a and once
b. Since multi-sets are unordered, [a,a,b] = [b,a,a] = [a,b,a].) Relative to the above
tree and weight functions W, W, Wy, W, and Wy, the dz-distance between a and b
is: 4
da(a,b) = Wi(es) - |Wale:) — Wales)|.
i=1

For the weighted Unifrac metric, we have that W,(e1) = 2/3, Wi(e1) = 3/4,
Wa(eg) :2/37 Wb(eg) = 1/4, Wa(63) :0, Wb(63) = 1/2, Wa(€4) = 1/3, and Wb(e4) = 1/4.
As a result, if W (e) denotes the branch-length of e then the weighted Unifrac distance
between a and b is:

W(el) + 5- W(eg) + W(eg) + W(€4)'

d2(a,b) = =5 12 2 12



