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SUPPLEMENT TO “PERFORMANCE GUARANTEES FOR
INDIVIDUALIZED TREATMENT RULES”

By MIN QIAN* AND SUSAN A. MURPHY*
University of Michigan

This is a supplement to the paper “Performance guarantees for
individualized treatment rules” [4]. Section S.1 discusses the problem
with over-fitting due to the potentially large number of pretreatment
variables (and/or complex approximation space for Qo). Section S.2
provides modifications of the [1-PLS estimator én when some coef-
ficients are not penalized and discusses how to obtain a prediction
error bound in this case. Section S.3 provides extra four simulation
examples based on data from the Nefazodone-CBASP trial [1]. Sec-
tion S.4 provides proofs of Lemmas A.1-A.5.

S.1. The over-fitting problem. In this section, we discuss the prob-
lem with over-fitting due to the potentially large number of pretreatment
variables (and/or complex approximation space for ()y) mentioned in Sec-
tion 4.

Consider the setting in which we know that Qg is linear in the {X, A}
variables and suppose that most coefficients are nonzero (some may be quite
small). Then the least squares estimator using the best correct linear model
(i.e. the model that contains and only contains variables with truly nonzero
coefficients) may result in I'TRs with poor Value as compared to the estima-
tor from a more sparse model. Intuitively this occurs when the dimension
of {X, A} is too large for the size of the data set. This is similar to the case
of stepwise model selection; a solution is to select the model that balances
the approximation error with the estimation error instead of keeping all of
the correct terms (Massart [3]). Indeed the /;-PLS method aims to estimate
a parameter possessing small approximation error (i.e. the excess prediction
error) and controlled sparsity (which is directly related to the estimation er-
ror). As a result, the ITR produced by /;-PLS will more reliably have higher
Value than the rule produced by the OLS (ordinary least squares) estimator
constructed when the correct model is known but is too non-sparse relative
to the size of the data set.

In the following we use a simple simulation to support this argument. First
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we generate X = (Xi,...,X12), where X1,..., X2 are mutually indepen-
dent and each X is uniformly distributed on [—1, 1]. The treatment A is then
generated independently of X from {—1,1} with probability 1/2 each. The
response R is generated from a normal distribution with mean Qo (X, A) =
(1,X,12, A,XflgA)’ﬂ and variance 1, where X_19 = (Xl, . . 7X11) and 9 €
R?* is a vector parameter. We consider 9 = (1.458, —0.455, —0.311, —1.213,
—1.600, 0.665, —0.431, —0.265, —0.113, —0.814, —0.128, 0.210, 0.442, 0.324,
—0.090, 0.195, —0.047, 0.143, —0.008, 0.198 —0.389, 0.409, —0.085, —0.251)7".
The effect size is 0.5. We approximate Qo using model Q = {(1, X, A, X A)0 :
0 € R?}. Thus Qg € Q.

We simulate samples of sizes n = 30, 50 and 80. 1000 samples are gener-
ated for each n. For each sample, we apply the [1-PLS based method, where
the tuning parameter is selected using cross-validation with Value maximiza-
tion as described in Section 5. In additiori, we compute the OLS estimator

. ~OLS .
over the best correct sub-model (i.e. 8, = arg mingeg26 g,,—p,5—0 Ln[R —

(1,X, A, X A)0)?) and the associated ITR d9X5" (X) = arg max,e(—1,13(1, X,

~OLS* . . .
a,Xa)®, . An independent test set of size 10000 is generated to evaluate

the Value of each estimated ITR. Medians and median absolute deviations
(MAD) of the Value and the number of variables in each ITR over 1000
samples are presented in Table S.1. Value of the optimal ITR is also evalu-
ated and presented in the table. It is easy to see that in this case (i.e. the
approximation model for (g is sufficiently good and the best correct linear
sub-model is too non-sparse for the sample size), the {;-PLS estimator from
the full model tends to have better performance in Value maximization and
often yield much simpler decision rules than the OLS estimator from the
best correct sub-model.

S.2. Some modifications of the [;-PLS estimator én. As demon-
strated in van de Geer [5], sometimes it is natural not to penalize a subset
of coefficients (e.g. coefficients corresponding to the constant term and/or
to variables that are considered as definitely relevant). In this section, we
discuss several modifications of the I1-PLS estimator 8,, in this case.

Suppose one decides not to penalize coefficients indexed by S C {1,..., J,}.
A general modification is to exclude those terms from the penalty, i.e.

0, = argmin B, (R — @, (X, A0+ X D 6510,
Je{1,....Jn }\S

where 6; = (Enqﬁ?)lﬂ. It is easy to see that with this modification, an
analog of inequality (A.7) in Theorem A.1 can be obtained after only slight
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Median (MAD) for

Method Value of the ITR  # variables used in the ITR
n =30

11-PLS 1.780 (0.138) 2(2)

OLS™ 1.636 (0.108) 12 (0)

n =50

11-PLS 1.889 (0.029) 3 (3)

OLS~* 1.814 (0.058) 12 (0)

n =80

11-PLS 1.914 (0.016) 6 (5)

OLS* 1.887 (0.036) 12 (0)

(V(do) = 1.9832)
TABLE S.1
Medians and MAD (in the parentheses) of the Value of each estimated ITR (left)
and the number of variables in each estimated ITR (including the main treatment
effect term, right) based on 1000 replications. (Value of the optimal ITR, V(dy), is
given at the bottom. OLS* denote the OLS estimator from the best correct linear
model.)

adjustments in the proof.

Now suppose there are only two treatments A = {1, —1}. A simple vector
of basis functions that one may consider is ®,,(X, 4) = (1, X, A, X A), where
X is a row vector of pretreatment variables. One may choose to leave the
intercept term not penalized. Furthermore, if one believes that the main
treatment effect exists, then the coefficient of A should not be penalized
either (see the Nefazodone-CBASP data example in section 5.2). In both
cases, one might want to change the weights ¢;’s used in the penalty. In the
following, we discuss these two special cases in a general framework.

1. When there is a constant term ¢; = 1 and one decides not to penalize
01, it is natural to modify 6; to 6; = [Enqﬁ? — (Bn¢;)?"? (so 61 = 0).
In this case, each E¢; is estimated by FE,¢;. van de Geer [5] pointed
out that “this additional source of randomness is in a sense of smaller
order” and “the modification does not bring in new theoretical com-
plications”. The modified assumptions and proof outline for obtaining
an analog of inequality (A.7) is provided below.

2. When ®,, contains the main treatment effect terms and one decides
not to penalize those terms, one may modify 6; to an estimate of
(Y peavar(d;(X, A)|A=a)P(A= a))l/2 (i.e. pooled standard devi-
ation).

For example, suppose Qo (X, a) is modeled by ¥,(X)8, for each a € A,



4 QIAN AND MURPHY

where the first term of each ¥, is 1,1 = 1. Then the vector of basis
functions is @,(X,4) = (Vo(X)1la—q)aea and {Yg1la—y : a € A}
is the set of main treatment effect terms. Denote the index set of
the main treatment effect terms in ®,, by S. If we use weights 7 =
(Caeqvar(d;(X, A)|A = a)Eylay)'?, where var(¢;(X, A)|A = a)
is the sample variance of ¢; over the sub-sample that assigned treat-
ment a, then 6; = 0 for all j € S. One can verify that choosing 8 € R/»
to minimize E, (R — ©,0)% + \, Z;’Zl G105 is equivalent to choosing
05,7 € {1,...,Jn} \' S, to minimize E,(R — D ie(l, I \S qub;-)Q +
An Zje{l,...,Jn}\S 6410;| and setting 0;,7 € S to be some appropri-
ate quantities, where R = R — > 4(Enla—qR)1a—a/Enla—a (s0
E,R = 0) and each ¢ is a variation of ¢; (so that E,¢} = 0 and
En[(gb;)z] = c}?). This implies that the modification of &; is appropri-
ate.

To obtain an analog of (A.7), we need to show the concentration of
sample means (of quantities such as R and ¢;) around the true means
within each treatment group and make some assumptions about the
randomization probability p(a|X). As we have discussed, these mod-
ifications only bring in further trivial technical complications rather
than theoretical innovations.

In the rest of the section, we present modified assumptions and outline
of the proof for obtaining an analog of (A.7) when ¢; = 1 and 6; is not
penalized.

In this case, 6; and o; are modified to 6; = [Engb]? — (En$j)2Y/? and
oj = [Egbj? — (E¢;)?)"/2, respectively, for j =1,..., J,.

For any 0 < < 1/2 and 2, > 0, ©Y, is modified to

oo’ :{9 ER' :3 0% € [0%] sit. || @n(0 — 0°)]lo < Nom

E[cpn(o - Go)ﬁ} ‘} < mn}.

9j

and max{\&l — 67|, max
JjE€

sy n

For any 8 € R’* and p > 0, let

Mp,\n(G)' € ar |M].

g min
AMCA2, e In}:d g 95105 1<p(IM]+1)An}

Assumptions A.2(a) and Assumption A.3 are modified to

Assumption S.2(a) There exists some U, > 0 such that maxj—s . 7, |¢jllcc/0;
<U,.
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Assumption S.3 There exists a positive B, such that
B[®(@ — 0)2(| My, (6)| + 1)
26 [( -0+ 3 il —0il) = M, (0] +122] ()

jeMl)/\n (9)

for all 0 and 0 satisfying conditions similar to those in Assumption A.3.

For any fixed @ € ©,, 61,92 € (0,1), 71,72 > 0, define the events

0 = m}]iQ {(1=d1)oj <65 < (1+d2)a;},

' gl B
%(0) = { x| E")aj‘ = TN, (8)] + 1
. ¢j¢k ‘ /Bn
and JkI:nQaXJn (E E”)<ajak> STl|MP)\n(0)I‘+]‘},
2179 + 9o + 1
(0) = {|En[(R - ®,0)01]| < %An
and j:gl,?.},(Jn [(R ®,,0) ” < T\, }

Using the same arguments as those in the proof of Theorem A.1, an analog
of (A.7) can be obtained on the event Q] NQ2(6) NQ3(0)" with appropriate
choices of 61,02, 71 and 7.

Next one can show that 22(6)" and Q3(0)" occur with high probabilities
under similar conditions as those in Lemmas A.4 and A.5. To show ) occurs
with high probability, we define

(1= 00 {1 Bos| =11/ B6? < Bugs| < |Bo;| + 2y E6?

1 2 — m] 2{(1 - Iil)ng)j < En¢] = (1 + KQ)Egb?}
for some positive v1, vo, k1 and kg to be chosen later. Under similar condi-
tions as those in Lemma A.3, it is easy to see that €7 ; and ) , hold with
high probabilities. In below we show that ) C Q7 ;N , with appropriate

choices of 11, v9, k1 and Ko.
s !/ /
For j =2,...,Jyn, on the event 3 ; N €2 5, we have

2
73 =B — (Endy)? = (1— 1) E6? — (1E6s| + 02/ EG?)
=(1-141) 0]2- + (261 — 0% — Hl)E%Q‘ +(1— 51)2(E¢j)2

- (!E%! +V2@)2
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>(1—61)%0; + (261 — 67 — k1 — 1 — 2v) B} — (207 — 67)(Ey)”.

Taking #1 and v so that k1 +va+2vy < (261 —67) min;—i . j, [1—(E¢j)2/E¢?],
we obtain ¢; > (1 — 61)0;.

Next we show that 6; < (1 — d1)o; on the event ) ; N € 5. Note that
when E¢; =0,

52 = Bad? — (Eay)® < (L4 k) EG < (14 0%

for any ko < 55 + 209.
Consider E¢; # 0. When vy < |E¢;|/ Equz,

2
73 =End? — (Ent)? < (1 + 52) E6} — (1By| - 11/ Eo?)
=(1+ 62)%07 + (ka2 — 265 — 63)Ed? + (1 + 62)2(E;)?

~ (1E6s - /B

=(1+4 62)%07 + (05 + 262)(Epj)* — (65 + 202 — kg — 211 + 17) B

Taking ko and vy so that ko421 —vF < (63+202) minj—y s, [1—(E¢j)2/E¢?],
we obtain ¢; < (1 + d2)0;.

S.3. Extra simulation examples. In this section, we consider extra
four simulation examples (i.e. examples 5-8 below) in addition to the ex-
amples used in Section 5.1. To make the simulations more realistic, these
examples are based on data from the Nefazodone-CBASP trial [1] (see Sec-
tion 5.2 for description of the trial).

In the simulation study, we consider 50 pretreatment variables collected
from the trial (i.e. X € R%). Each variable is standardized using the sam-
ple mean and standard deviation. The Nefazodone-CBASP data provides
an empirical distribution for the standardized pretreatment variables. This
is the distribution we use to generate X. Treatment A is generated inde-
pendently of X from {—1,1} with probability 1/2 each. To generate R, the
response HRSD score is reverse coded so that higher scores are desirable. We
regress the reverse coded HRSD score on (1, X) and denote the estimated
regression coefficients by 9. Then the response R is generated from a nor-
mal distribution with mean Qo(X, A) = (1, X)9™" + Ty(X, A) and variance
9. We consider 4 examples for 7. There is no treatment effect in example 5.
The covariates and parameters involved in examples 6-8 produce a medium
effect size.

5. To(X, A) = 0.
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6. To(X,A) = (1,)?)19(2)14, where j(: = (X6,X21,X22,X27,X38) and
0 = (—1.222, —0.568, 0.416, —0.008, —0.776, 0.614)”. Note that
the analysis model contains the the correct model for Tj.

7. T()(X,A) = ’(1,)?)’!9(2)’14, where )? = (Xg,X97X297X40,X46) and
9?) = (—0.875, —0.289, 0.121, 1.052, 0.344, —0.424)T. In this case,
treatment 1 is always better than —1.

8. To(X, A) = sign((1, Xeup)9PN)|(1, X)9P2|A, where X = (Xu4, X17,

Xs1, X35, X16), )Z'wb contains the first 3 covariates in )?, 91 =
(—0.841, 0.747, 0.141, 0.298)7 and 9?2 = (—3.136, 0.793, —5.266,
—1.787, —0.268, 2.324)”". Note that the analysis model does not contain

the correct model for Tj.
We approximate Qo by model @ = {(1, X, A4, XA)0 : 6 c R'02},

For each example, we simulate 1000 data sets of size n = 500. The Value
of each estimated I'TR is evaluated via Monte Carlo using a test set of size
10,000. The Value of the optimal ITR is also evaluated using the test set.
Simulation results are presented in Table S.2. These simulations give us the
same conclusion as those in Section 5.1.

S.4. Proofs of Lemmas A.1-A.5. In this section, we prove Lemmas
A.1- A5 given in Appendix A.2.

Proof of Lemma A.1.
First note that the [;-PLS estimator 0,, satisfies the following first order
condition:

—2E, (R — ®,0,,)¢; + Audjsgn(fy, ;) = 0 for j =1,...,J,,

where sgn(f;) = 1if 8; > 0, sgn(f;) = —1if §; < 0 and sgn(d;) € [-1,1] if
0; = 0 for any 6; € R. This implies
In R
—2E,[(R = ©,0,)2,0] + An Y _ 6580(05,5)0; = 0
j=1
for any @ € R’ In particular, —2E,[(R— ®,0,,)®,0,] + A, Zj;l 5410n| =
0.
Therefore, for any 6 € R’ we have

~

JIn JIn
0 =2Ep[(R— ©,0,)0, (05 — 0)] + A Y _ 6jsgn (0, 5)0; — An > 6510n 51
j=1 i=1

JIn JIn,
< 2E,[(R— ©06,) 20 (65 — 0)] + A > 651051 — An > 6l0n ] (S1)
j=1 j=1
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Median and MAD (in the parentheses) for

Method Value of the # of variables needed
decision rules for treatment assignment
Example 5 (V(do) = 28.854, i.e. average of R over the test set)
1,-PLS 28.842 (0.023) 4 (4)
OLS 28.853 (0.035) 51 (0)
PP 28.855 (0.035) 49 (1)
Example 6 (V(do) = 30.2354)
1,-PLS 30.104 (0.034) 11 (7)
OLS 29.984 (0.050) 51 (0)
PP(CV) 30.008 (0.050) 50 (1)
Example 7 (V(do) = 30.044)
l1-PLS 30.042 (0.002) 7(7)
OLS 29.797 (0.053) 51 (0)
PP 29.840 (0.051) 49 (1)
Example 8 (V(do) = 33.275)
1,-PLS 32.227 (0.426) 4(2)
OLS 31.252 (0.219) 51 (0)
PP 31.359 (0.251) 42 (3)
TABLE S.2

Comparison of the l1-PLS based method with the OLS method and the PP method
(examples 5 - 8): Medians and MAD (in the parentheses) of the Value of the estimated
decision rules (left) and the number of variables needed for treatment assignment
(including the main treatment effect term, right) based on 1000 replications (n = 500).
(The Value of the optimal treatment rule for each example is given as well. Note that in
example 5, all decision rules should produce the same Value. The small differences in
Value observed in example 5 are due only to Monte Carlo error.)

Fix n. If @ = 0, then on the event 1 N Q3(0) we have

JYL
0 <2Ep[(R — ©,0)0,0,] — 2F,($,0,)° — A > _ 650051
j=1

S (RS 21+9),
<2 max, |B[(7 - 2,0) 2] (;“j’%') - 3An;"j")nvj‘
JIn,
§27;1An20j|én,j! <0.

J=1

Since 7 € [0,1/2), 8,, = 0. Thus (A.8) and (A.9) hold.
Otherwise, for any fixed 8 € ©,,\{0}, the index set M), (@) is non-empty.
Following (S.1), on the event 2 N 23(0), we have
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0<2 max
Gj=1,....Jn

A D 6il0ns 051+ A > &5(165] = 16n,51)
JE€EMpr,, (6) JE{L, o, I\ M, (6)

2y +5 A
<X il — 05l + pIMn, () 1)
jeMPAn(e)

An > 010nj| — 2B, [®,(0,, — 0)).
je{lv"'v‘]’n}\M/»\n(e)

B, [(R—2,0)%] ’(iaj\éw ~0]) — 25,0,(0, - 0))
i N

1—2v
3

This implies

- 2v4+5 A
> 05]0n,;] < 1_27( > Uj|9n,j—9j!+P|MpAn(9)l/\n>
je{lv'“an}\MpAn(o) jEMpkn(e)
A %y +5 X
and E,[®,(0, — 0)2 < =L )\n< S oyl — 051+ p\Mp,\n(B)\)\n>.
jeMPAn(e)
(5.2)
Define the sets
©1(0) = {é e R/ : Z ;16;]
j€{1,~~-,Jn}\Mp)\n (9)
27+ 5 ~
< 1W_ 5 ( > oo — 05+ p!MpAn(e)Mn) }
7 jerton, (0)
@2(0):{§€RJ”: Z Uj|9~j—9j‘
jEM/J)\n(a)
- [10(2y +5) + 3(21 — 27) Bup]| My, (0)| \n }
3(19 + 27v)0, ’
- - 10| M o)\,
05(0) = {0 eR N il — 0] + p| My, (0)[ A > ”?5()’}
jEMPAn(e) "

Thus 6,, € ©1(0) on the event Q1 N Q3(0). In addition, on the event 4 N
Q2(0) N Q3(0),

Jn Jn
_ swp 2E,[(R — 2,0)®0(0 — 0)] + An > 61651 — An > &j\ejy}
6€01(0)NO2(0) j=1 j=1
2% +5 -
< sup 73 )\n< > ojlf— 0+ PIMpAn(B)\/\n)

 6c0,(0)n01(0) JEM,, (6)
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+ 2 max

e, (B~ B) (ﬁ’f,’j)((ZW o)
RV CNUR) S D DR

jG{l,...,Jn}\Mp)\n (0)

2v+5 =
< sup { ’Y3 An< Y. oyl6 -6+ P|Mpkn(9)|)\n)
0€01(0)NO2(0) JEM,»,, (6)
2ﬁn n 2
+ 2B0p° | My, (0)| N — m( Z ;|05 — 9j|>
PRI jeM,n, (0)
(1 B 2'7)2671
+ o;10; — 0;] +p 0|0, —
60| M, (6)] ( ,GM%: ® 1% M )(Z 319 )

+ 1_327[2((;_,)21)(@;\ (; o316; = 631) = 2] ( 2 l%)}

je{l 7777 JN}\MP)\n (0)

< sup {27;5)\”,( Z Jj|§j—9j\+P|MpAn(0)|)\n>

§01(0)n2(0) JEMp, ()
, o 2B j ?
+ Q,Bnp ’Mpkn(e)’)‘n - m( Z Uj‘aj N 9]|)
PAn €My, (8)
+%( ST il0; — 051+ pl My, (8) 1A )2
T0[Mp, Q)] \ = 777 e
1—2y 30n j
a;10; = 051 + p| M, (0)[An ) = An
3 [10\Mm(9)\ <j€M§: o ’ )]

X ( > Uj\éj!)}

je{lr"'v‘]’ﬂ}\MP}\n (0)

§~ sup {( Z Uj‘éj_9j|+P‘Mp/\n(9)‘)‘n>
9691(9)0@2(9)093(9)0 jEMp)\n (0)

2y +5.  21-2y (19 +29)Bn 10, -0,
X ( 3 An + 10 BrpAn — 10[M,,. (8)] Z JJ|0] _aj‘)}
" ]EMﬂxn(e)

+ sup { > ailf =61+ p’MpAn(e)’)‘”>
6c01(0)NO2(0)"O3(0) ~ " jeM,,, (0)

x (15736np)‘n - 5“\;{\3:(@’ > olf - 9]'\)}

jEM/JAn (0)
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<0,

where the second inequality follows from Assumption A.3 and the definition
of 25(0), the third inequality follows from the definition of ©;(8), the fourth
equality follows from the definition of ©3(€) and simple algebra, and the last
inequality follows from the definition of ©2(6), ©3(0) and the assumption
that pB, < 1.

Since 6, satisfies inequality (S.1), we have 8,, € ©1(0) N O2(0)C on the
event (01 N Q(0) N Q3(6). Algebra suffices to show (A.8).

Following (S.2) and the fact that 8, € ©5(8)C, we have

[ (6, — 0)]2 < 5(12p8n + 27+ 5)(2y +5)

2
< g M)

n:

on the event Q1NN (0)NQ3(0). Suppose (A.9) does not hold, i.e. E[®,(0,,—
0)2 > 130(12p8, + 27y + 5)2| Mz, (0)| A2 /[9(19 + 2v)283,]. Then

~ 2
(E = Bn)[@0(00 — 0)2 _ (1—29)°B, (Z;]ll 0;510n,; — Hjl)
E[®,(0,-0)2 ~ 120|M,, ()]  E[®,(6, —6))?

<3
13

where the first inequality follows from the definition of {23(0) and the second
inequality follows from (A.8). This implies

. 1 R 13(12p8,, + 2 2
Ed, (6, — 0 < 25, 0,6, — 6)2 < 212050 +27 +5)

My, (0)|\:

which contradicts the condition. Thus (A.9) holds on the event ; NQ2(6) N
03(0). O

Proof of Lemma A.2.

Consider fixed n and fixed 8 € O,,. Since E[(I)f) (X, A)7|X] =0 as., we
have E(¢;¢j) = 0 for any j € {1,.. .,Jr(Ll)} and j' € {JT(LI) +1,...,Jp}. On
the event Q1 N Q2(0) N Q3(0), we have

Ep[(,6 — ©,0,)(229,” — 0P6())

—(E — E,)[(®.60, — ©,0)(228) — 220®)] - E[0(6,” - 6?))]’
PN (N~ o 14 p. ST
G2 [ N o)
J=JIn

~ B - o)

n
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J
(1 —29)(128,p + 27 +5) Zn ; @p?® _ o212
- 6(27 + 19) A”( 0]‘97%] 0]|> E[(I)n (en 0 )] )

j=aD+1

where the last inequality follows from the definition of 3(6) and Lemma

A.1. Note that (S.1) holds for (OAS),HQ)). Thus

Jn Jn
0< 2B [(R—8,0,)02 (0 6™+ x, S ail05l-A S 6516l
j=J5+1 j=JM 1

If 8® = 0, then on the event Q1 N Q(0) N Q3(6),

J"/
0<2 =10 S oyl + 2B, (.6 - @,8,)06,” |

3
j=J50+1
J,
(27 — 1)(14 — 128,p) n A s
=T 3@y 1 19) " Y 0il0nl —2E[®206,7] <.
j=a 41

This implies 02(12) = 0. Thus (A.10) and (A.11) hold.
If 6@ £ 0, then M} (6) is non-empty. On the event Q1 N (8) NQ5(8),
we have

0 <2E,[(R—2,0,)820 —0D) + 5, S 6500 A S 6506l
j=J5M+1 j=J5 1
J, J, J,
4’}/_'_ 1 n N n . n . R
<—3 An< > Uj|9n,j—9j|> +A Y 0= Y 60l
j=IM 41 j=I+1 j=IV 1
J,
(1 —29)(12Bpp + 27 +5) - 5
)\n< A—y )
* 3(2y + 19) > oilfng — 6]
j=I 41

— B[P (0 - 9@)]?

n

<12(1 = 27)Bnp +20(2y +5)

M il — 051+ oM O)1A)

- 3(2y +19) s
]EMP)\n(G)
2(1 —29)(7 — 68np) 5

. 2
JE(IV 1 I M) ()
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n

—2E[6@ (67 - 9®)]2,
This implies
(1= 29)(7 = 68up) | >

3(2v + 19 "
@ ) GtV 41, WM P (6)

PAn
6(1 — 27)Bnp + 10(2y + 5) 5 2)
< n j1Yn,g — Yj M 0 n
]EMPAH(O)

A 5(2) 2
05l0n 5] + E[®2(0, — 0@)]

Using similar arguments as those in Lemma A.1, we obtain

i @) 10(128np + 27 +5) |, (@)
D ylbag =051+ pIMY (0) P € 3 1M (6)
JEM,S,(0)
Algebra suffices to show (A.10) and (A.11). O

To prove Lemmas A.3, A.4 and A.5, we first introduce the following Bern-
stein’s inequalities that will be repeatedly used.

LEMMA S.1. (Bernstein’s inequalities; Massart [2]) Let (i, ...,(, be
independent and square integrable random variables such that E[(;] = 0 for
alli=1,...,n.

(a) Assume there exist some positive numbers b and v such that (; < b
almost surely for alli=1,...,n and > | E¢? <wv. Then for any s > 0,

2

P(;Q > 3> Sexp(— 72(1/—&)3/3))'

(b) Assume there exist some positive numbers b and v such that > 1| E[(¢})4]
< Wwbt=2/2 for all integers | > 2. Then for any s > 0,

2

P<;§i>s) Sexp(—m)

Proof of Lemma A.3.

Foreachj =1,...,J,, we apply Lemma S.1(a) with (; = ¢;(Xj, Ai)2/o]2-—
1 and s = (7 —27)(1 — 2y)n/9. By Assumption A.2(a), we have ¢; < U2 — 1
and Y | E¢? < n(U2 —1). Thus

. L 22-9) (7T—27)*(1 = 29)*n
P("j =3 Uj) < exp < T UZ—1)RI+3(7T—2y)(1— 27)]>
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25(1 — 279)%*n
< — .
= %P < 6(27U2 — 107y — 22))

Similarly, applying Lemma S.1(a) with {; = 1 — @(Xi,Ai)Q/J]Z and s =
(5+27v)(1 — 2v)n/9, we have

2(1+7)

(5+27)%(1 = 29)%n

O'j) <exp < S 6R7T(U2—1)+ (5+27)(1 — 27)])
25(1 — 29)2n

6(27U2 — 10y — 22) )

P(5; <

Sexp<—

Using union bound argument and condition (A.6), we have

o 25(1 — 27)%n 13(1 — 2v)%n
P < 2/nexp (_6(27U,% 107 — 22)) < exp <_6(27Ug — 107 — 22))'
Proof of Lemma A 4.

Note that [|¢;ér/(j01) = Elpion/(0j01)]llec < 2Up and E[¢;ér/(0j0%)])* <
Ug for all j, k. Applying Lemma S.l(a) with (; = i[¢j (Xz‘, Az)(ﬁk(XZ, Al‘)/(O'jUk)
—E(¢;¢r)/(ojor)] and s = (1 — 2v)28,n/[120|M,,, (8)|] and using union
bound argument, we obtain

P({22(60)})

4 02
<Jn(Jn + 1) exp ( (1 —29)"fn

 160U2[180[ My, (0)[2 + (1 — 27)28,| My, (0)I])

1
Sg exp(—t),

where the second inequality follows from the definition of ©,, in (A.4). O

Proof of Lemma A.5.

For any 0 € ©,,, thereis a 8° € [6;] such that max; |[E[®,,(0°—0)¢;/0;]| <
YAn. Since 8° minimizes E(R — ©,0)?, we have E[(R — ©,0°)¢;] = 0 for
j=1,...,J,. Thus

mjax )E[(R - <I>n0)fﬁ = mjax ‘E [(«bneo - @,ﬂ)iﬂ ‘ <.

This implies

ma ‘En [(R - @na)fﬂ ‘
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<max ‘(En —FE) [s@} + max ‘(En —F) [(Qo - @nG)ﬁ} ‘ + Y.
J j j oj

For j =1,...,Jy, by Assumptions A.1 and A.2(a), we have E(e;¢;/0;) =
0 and Y. | E|(ei9j(Xs, Ai)/0;)!| < Uno?(cU,)!=2/2 for all integers [ > 2.
Applying Lemma S.1(b) yields

. _ _ 242
P(‘(E” - B [52” > 1227A”) < 2exp ( - 28802(13243(71)—)\7213)Un>\n>'

Similarly, the definition of ©,, together with Assumption A.2 implies that, for
any 0 c @n andj = ]-a ceey Jna | (QO*(bne)qu/o'j*E((Q0*¢n0)¢j/0j) Hoo <

2(7771,1 +"7n,2)Un and E[(QO _q)n0)¢j/0j]2 < (7771,1 +77n,2)2- Applying Lemma
S.1(a) yields

p((i5 - B0 202> 1 200)

(1—-29)*X%n )
288("71,71 + 772,71)2 + 16(1 - 2’7)071,71 + 772,n)Un)\n ‘

<2exp ( —

The result follows from the union bound argument and condition (A.5). O
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