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Web Appendix A: Conditional independence of the gene and environment
given the sufficient statistic for parental mating type

Here we drop the subscript ¢ from our notation, and partition P into P°* and P™9, the
genotypes of the observed and missing parents, where P°” can be null. The independence
of X and Z given S follows from two properties of the sufficient statistic: it depends only
on observed genotype data and the distribution of X given S and P™® does not depend on

P™s We assume

(1) X and Z are independent given P.

(2) S is solely determined by X and P°bs,

A formal argument can be given as follows. Because S is a function only of P°* and X, we

can write
Pr(X,Z,P) x Pr(X,Z,S, P™)
but by assumption 1,
Pr(X,Z,S, P™) = Pr(X|S, P™®)Pr(Z|S, P™)Pr(P™|S)Pr(S)

because S and P™S together give P. Additionally, by definition of the sufficient statistic,
Pr(X|S, Pms) = Pr(X]S), hence summing of the above equation over the P™# and dividing

by Pr(S) gives Pr(X,Z|S) < Pr(X|S)Pr(Z|S), and hence Pr(X,Z|S) factors.
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Web Appendix B: Further details of the TX method

Here we fill in the missing details for the derivation in Section 2.1. A detailed derivation of
the likelihood for the log link proceeds as follows. Continuing from equation 3 in the paper,

the retrospective likelihood is given by

LI = Pr(X;[Y; =1,Z;,S))

Pr(Y; = 1\Xz,Zl,S)Pr(Xz,Z 15)
Zx*es PT( = 1|X*,Z;, S;) Pr(X*, Z;]S;)

Hoffmann et al. (2009) and Web Appendix A show that conditional independence of the
genotype and exposure given the parents (P) implies conditional independence of the geno-
type and exposure given the sufficient statistic for parental mating type (i.e. X L Z|P =
X 1 ZI|S). Using this result, and the assumption in equation 2, we have

{I1, Prvi; = 11Xi5, 235, S0) } Pr(Xils:)

ZX*ESi {H PT(Y = 1‘X;, Z”,Sl)} P?"(X*|S7,)
eBie 225 Xsei iy +B85 25 Xis pr(X,|S;)
ZX*GSZ- Pre g Ko 1 Zia+Bg X5 X5 PT(X*|S)

TX _

Then the log-likelihood is given by equation 4. Then the test statistic is computed as
described in Section 2.1 following after equation 4. For the test statistic, we need a few

derivatives that we present here now. The derivative of ¢; rx is given in equation 5, where

X ei'Zi‘

FE Z sy Y1:17ZZ7SZH8

J Xz‘j
X*e Zz *
v Uy ge.j <1 ePie X5 Ko, 25485 3, %] pr(X*| ;)
X*eS; J xX*
B S o KT B K (X [S)

X*eS;

Lastly, to compute W;, we need the following second derivatives. Let

®a
Zab - Z <Z Xg6] ) {(Xge]X*)(@b} ﬁgez XECJZUJ"BT Z] XJ PT(X*‘S)

g*€S; J
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where we define M®° =1, M® = M, and M®? = MM?". Then we have

0

AillAiOO - AilOAi01

0 pee(gy = Auradioo = Airodin )

aﬂnuis ! (/8) A%OO ( )
0_y5() - Hnsthon~ (Ap)” 2)

aﬁnuls AZZ’O,U .

Web Appendix C: Distribution of W;

From a Taylor series expansion, we have that
n_1/2 Z Uige<13g67 /Bnuis) - n_1/2 Z Uge(/Bge7 IBnuis)

n~Y
12ZE{8B

_1/2 Z Unuls IBge7 /Bnuls - TL_I/Q Z Unuls ﬂge’ IBHUIS)

nuis

UE (Bge: Bnms>} (Buis = Buie) + (1)

_ / nuis z _
1/2 E E {aﬁnuls U (Iggeaﬂnuis)} (ﬁnuis /GnuiS> + Op(]')
a A~
o ’I’L_1/2 E E { 818 Unulb(/@ge”@nuis)} (/Bnuis - IBHUiS) + Op(l).
Hence n™'/2 3", U (B, Bris) =

71/2 Z Uge(ﬁgea /Bnuis)

— e 8 nuis nuis
1/2 ZE {a/Bnms Ug (IBgeHBnuis)} E {algnms Uz (IBgeHBnuis)} Uz (/Bge”@nuis)

+op(1). (3)

It now follows from the central limit theorem that W; follows an asymptotically multivariate
normal distribution, with variance that can be consistently estimated by the right hand side
of the expression in web equation 3, replacing 3

s With B, The test has rank (3, W, W)

degrees of freedom.
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Web Appendix D: Further details of CLR-1J

Here we fill in the missing details in the derivation in section 2.2.2. We continue from equation
7 in the paper. Calculations follow Chatterjee et al. (2005), but use the more general sibship.

We have
LY = Pr{Y;avy =1, Yiurv) = 0, Xi|Yis, Si, Zi, Ci; B}
= Pr{Yiaxy =1, Yiur,) = 0Xi, Yiy, S5, Zs, Ci; By Pr(X;|Yiy, Si, Zi, Ci; B)
= cong,
where LU is the likelihood from conditional logistic regression (Witte et al., 1999; Siegmund
et al., 2000; Weinberg, 2000). The term £} may resemble the term in £]* except that the

latter only includes affected offspring, whereas the former used here includes all offspring.

Now, working with just the second term, we have

Pr(Yi+|X’i75’i7Zi7Ci;B)Pr X’L|S7 Z)Ci716>

* (
£ \Pr(X:15,. 2, Cr, B)
(
P

T > oxres, Pr(Yii| X5, 8i,Zi, Ci, B
 Pr(Yo X, S, Zs, Cs, B) Pr(Xi|S))
 Yoxees, Pr(Yi X5, S5, Z;, Ci, B) Pr(X;|S;)
by the assumption that X L Z|P (which implies X 1 Z|S as shown in Hoffmann et al.

(2009) and Web Appendix A). Next, assuming phenotypic independence of the sibs and

using equation 1 we have that Pr(Y,|X;, S;, Z;, C;; 3)

= Z Pr(Y; =Y"X;,Z;,C;; B)

Y Y=Yy

= Z H PT _1|XZ]7 zyacij;/B) H PT —0|Xz37 z]acij;/B)
Y Y =Y | jeA(Y*) JEU(Y*)
i o1 (Xi5,Z35,Ci5308)

= ) jeacys e

o h(Xs3,Zi3,Cis
Y*IYTF:YH— HY*5Yi:yi+ {1 _|_ HjEY* eQie ( ijs4ij ©ig ﬁ)}

~ E H e%i oM(Xi5,2i5,Ciji)

Y*:YiZYZ’Jﬁ jGA(Y*)

under the rare disease assumption, where

h<Xij? Zij’ Cl]’ 6) = IBgeXge,jZij + ﬂnulsm(X* ZZ]? C )
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Then we have that
{ZY*:YiZYi+ H]EA(Y*) eh(Xijzzz’j:Ciﬁﬁ) } PT(Xllsl)

> x+es; {ZY*:Y;:YH_ JEA(Y™) eh(x”’z”’c"j;ﬂ)} Pr(X;]S;)

Putting these two back together leaves us with
{HjeA(Yi) eh(Xij,Zij,Cijﬁ)} PT(X’L|S’L)

> xes, {ZY*;Y;:YH JEA(Y™) eh(xij’z”’ciﬁﬂ)} Pr(X;|S:)
eLIEANY)) h(xij’z”"c"j;ﬁ)Pr(Xi]SZ-)

r*

(2

CLR-1J _
LOMRT —

- ; *y h(Xi5,2:5,Cij; ’

D XS Y=Y eaeacen M 2. CuiB) pr(X| ;)
Then the log-likelihood is given by equation 7 in the paper. Then the test statistic is computed
as described in section 2.2.2, with the derivatives given here. The derivative of the log-

likelihood is as given in equation 11, where

Xge,ij Zij
jeAYy) | m(Xy5, Zij, Cij)
D, QAP T T
Z Z ge,j <] ezjeA(Y*) Bgexge’jZij+,3nuism(x;»zij,Cij)PT(X*|Si)
X*eS;, JEA(Y™) * L ij
Y Y =Yy m<XJ’ ZU’ CZ])
_ T ~* 3T ii,Cis
Z €Zj€A(Y*) Bgexge,]’ ZZJ +'6nuism(X;’Z” ’CZJ)PT(X*lsi)
X*Esiv
Y YL =Yy

For the second derivatives, redefine

®a b T
Ajap = Z (Z XgeJZij) {Z m(X;, Zij, Cij) }
J J

X*eS;,Y* :Y:_ =Y,

. T
x e2icac) PoeXie j 2ii 8y X] pr(X*| S,).

Then the second derivatives are given by web equations 1 and 2.

Web Appendix E: Additional type I error simulations

Web Figure 1 shows further simulation results looking at type I error under the log link by
population prevalence in Web Figure 1(a) and when there is arbitrary phenotype correlation

in Web Figure 1(b).
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(a) Simulation study to assess type I error for a dichotomous (b) Simulation study to assess type I error for the effect of ar-
exposure with strong main effects for 500 families under the bitrary phenotypic correlation in DSP (failure of assumption
log link. Based on 100,000 simulations. The gray line is drawn  2) under the log link. Based on 100,000 simulations.

at 0.05.

Figure 1. Type I error and phenotypic model robustness simulations under the log link.

Web Appendix F: Further power results

In Figure 2 we show the effect of varying the environmental exposure prevalence. The case-
control power approaches and surpasses the TX approach for trios as the environmental

exposure prevalence increases.
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Power by Environmental Exposure Prevalence
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Figure 2. Power of the test for a dichotomous trait by environmental exposure. Based on

10,000 simulations; approximate SE < 0.0025.

Web Appendix G: Additional dataset information

In Web Figure 3 we show the SNPs that had joint test p-value < 0.15, that is the SNPs

presented in Table 2.
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Serpine2

rs6734100 rs729631 rs975278 rs7605945  rs6712954  rs6738983 rs36034130 rs1371028

e

[ 1

T T T T T 1
224550 224560 224570 224580 224590 224600 224610

Figure 3. Plot of the SNPs in the Serpine2 gene with joint test p-values < 0.15, as shown

in Table 2.
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