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Web Appendix

Technical conditions for Theorems 1 and 2 To establish the asymptotic distributions

of (β̂, θ̂) and Λ̂, we need the following conditions, where any subscript 0 means the

true values.

(C.1) For any constant α and a deterministic function µ(t) satisfying α 6= 0 or

µ(t) 6= 0, P (αTXij(t) + µ(t) = 0, j = 1, ..., ni) < 1.

(C.2) The true parameter H0(t) = Λ0(t) + G(t; θ0) is a right-continuous increasing

function and satisfies H0(τ) < ∞ and P (Cij ≥ τ, for some j = 1, ..., ni) > 0.

(C.3) The true parameter θ0 belongs to a known bounded set Θ. Moreover,

E

{
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)∇θQ(t, s; θ)dtds

}

is non-singular in a neighborhood of θ0, where ∇θQ(t, s; θ) denotes the derivative of

Q(t, s; θ) with respect to θ.

(C.4) The cluster size, ni, is bounded and independent of Yij,Xij and ∆ij. Addition-

ally, the censoring time is assumed to be independent of Tij and ξi given Xij.

Conditions (C.1) and (C.2) imply that the matrix

n−1
∑n

i=1

∑ni

j=1

∫ τ

0
Yij(t){Xij(t)−X(t)}⊗2dt is positive definite when n is large enough.

Thus, β̂ is well defined. This also implies that Σ is invertible. Otherwise, suppose

αTΣα = 0 for some constant vector α. Then with probability one, αT{Xij(t) −

µ(t)} = 0 for any t and j = 1, ..., nk. However, from condition (C.3) this im-

plies α = 0. Thus, Σ is positive definite. Additionally, condition (C.2) gives
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n−1
∑n

i=1

∑ni

j=1
Yij(t) is bounded away from zero. On the other hand, condition (C.3)

ensures that the estimating equation for θ has a solution which is a consistent esti-

mator for θ0.

Asymptotic expansion of θ̂

To obtain the asymptotic distribution for θ̂, we perform the first-order Taylor

expansion at θ = θ0 on the left-hand side of (7). It yields

Pn

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s) {dǫ̂ij(t)dǫ̂il(s)−Q(t, s; θ0)dtds}

]

−

[
E

{∫ τ

0

∫ τ

0

Yij(t)Yil(s)∇θQ(t, s; θ0)dtds

}
+ op(1)

]
(θ̂ − θ0) = 0.

Note

Pn

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s) {dǫ̂ij(t)dǫ̂il(s)−Q(t, s; θ0)dtds}

]

= (Pn −P)

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s) {dǫij0(t)dǫil0(s)−Q(t, s; θ0)dtds}

]

−E

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)
{
dĤ(t)− dH0(t) +Xij(t)

T (β̂ − β
0
)dt

}
dǫil0(s)

]

−E

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)dǫij0(t)
{
dĤ(s)− dH0(s) +Xil(t)

T (β̂ − β
0
)ds

}]
.

Thus, from equations (A.1) and (A.2), we obtain

θ̂ − θ0 = (Pn −P)Sθ(Oi) + op(n
−1/2),

where

Sθ(Oi) =

[
E

{
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)∇θQ(t, s; θ0)dtds

}]−1

×

{
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s) {dǫij0(t)dǫil0(s)−Q(t, s; θ0)dtds}

−E

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)
{
dSH(Oi; t) +Xij(t)

TSβ(Oi)dt
}
dǫil0(s)

]

−E

[
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)dǫij0(t)
{
dSH(Oi; s) +Xil(t)

TSβ(Oi)ds
}]}

.
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Consistent estimation of asymptotic variance. Clearly, the asymptotic covariance of

(β̂, Ĥ, θ̂) is given by the covariance of the corresponding influence function (Sβ, SH , Sθ).

Thus, a consistent estimator of the asymptotic covariance can be obtained from the

empirical covariance of (Ŝβ, ŜH , Ŝθ), where the latter are the consistent estimators of

(Sβ, SH , Sθ). Particularly, we can choose

Ŝβ(Oi) =

[
n−1

n∑

i=1

ni∑

j=1

∫ τ

0

Yij(t){Xij(t)−X(t)}⊗2dt

]−1 ni∑

j=1

∫ τ

0

Yij(t){Xij(t)−X(t)}dǫ̂ij(t),

ŜH(Oi; s) =

∫ s

0

∑ni

j=1
Yij(t)dǫ̂ij(t)

n−1
∑n

i=1

∑ni

j=1
Yij(t)

−

∫ s

0

X(t)TdtŜβ(Oi),

and

Ŝθ(Oi) =

{
n−1

n∑

i=1

ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)∇θQ(t, s; θ̂)dtds

}−1

×

{
ni∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Yij(t)Yil(s)
{
dǫ̂ij(t)dǫ̂il(s)−Q(t, s; θ̂)dtds

}

−n−1

n∑

k=1

[
nk∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Ykj(t)Ykl(s)
{
dŜH(Oi; t) +Xkj(t)

T Ŝβ(Oi)dt
}
dǫ̂kl(s)

]

−n−1

n∑

k=1

[
nk∑

j 6=l,j,l=1

∫ τ

0

∫ τ

0

Ykj(t)Ykl(s)dǫ̂kj(t)
{
dŜH(Oi; s) +Xkl(t)

T Ŝβ(Oi)ds
}]}

.
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