
Bistability of cell adhesion in shear flow 
Artem Efremov and Jianshu Cao 
 
Supporting Material 
 

1. Force balance: the total tension of bonds in the rupture area. 
The total tension Qtot is determined by the load F and torque M created by the blood flow. In 
the simplest case when a rolling cell has approximately the shape of a sphere (with the radius 
r), the load F and torque M can be found using the following equations (1, 2): 
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Here S is the flow shear rate; δ (δ << r) is the size of the gap between the rolling cell and the 
wall (see Fig. 1); η is the blood viscosity. To derive eq.A1, we assumed that the average 
velocity of the cell during steady-state rolling is v = rω (here ω is the cell angular velocity), 
as was shown (3). I.e. there is no slip between the rolling cell and the wall, because adhesion 
bonds in the contact area restrict the motion of the cell membrane relative to the wall. To 
express the total tension Qtot through the load F and torque M, one needs to solve mechanical 
equilibrium equations similar to those in ref. (4): 
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Here P is the normal reaction force acting on the rolling cell, which is created by compressed 
bonds in the contact area excluding the rupture area; α and β are angles shown on Fig. 1. 
Taking into account that cos(α) = a/2r, it follows from eq.A2 that: 
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Approximate formula in the right part of eq.A3 has more than 95% precision for a ≤ r. 
Therefore, from eq.A1 and A3 it follows that: 
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2. Kinetics. Bond rupture. 

As mentioned in the main text, in order to find out how the average life time of an adhesion 
site τ changes with the tension Q applied to it we adopted a simple kinetic scheme depicted 
on Fig. 3 with kinetic rates given by the Bell-Evans’ model (eq. 10). 

Parameters x# (binding potential width) and koff (unstressed rupture rate) in eq.10 for 
different adhesion proteins can be experimentally determined in AFM (atomic force 
microscopy) or BFP (biomembrane force probe) experiments. Their typical values are x# = 
0.13-1.2 nm and koff = 0.000005-9 s–1 (see table T1). Interestingly, from this table it is easy to 
see that shear flow experiments give x# approximately ten times smaller than AFM/BFP 
experiments. Such apparent small value of x# may result from the single bond assumption, 
which is frequently used to process data from shear flow experiments. I.e. during the data 
processing it is frequently assumed that in shear flow experiments only rupture of a single 
bond is observed. But simultaneous rupture of several bonds also may take place in these 
experiments. As mentioned in ref. (5), apparent x# for a multiply bonded system could be 
significantly less than the physical value of x# for the underlying individual bonds. Thus, the 
single bond assumption may lead to highly underestimated values of x#. To avoid this 



problem, in our model we used x# of a single selectin bond rupture obtained in AFM/BFP 
experiments. 

The value of the binding rate kon can be estimated knowing the local concentration of 
proteins in adhesion sites. Taking into account that the typical length of adhesion proteins is 
30-50 nm (6), simple estimations give the value of this concentration about ~ 10-30 µM. For 
the most protein-protein interactions the second order binding rate is ~ 105-108 M–1s–1 (7). 
Thus, the bond formation rate between two proteins in an adhesion site is ~ 1-3000 s–1. It 
should be noted here that rates k+ and kon correspond to different kinetic processes. k+ is the 
rate for the initial diffusive binding of two proteins/protein clusters. This rate corresponds to 
the process of first bond formation between two proteins/protein clusters. At the same time, 
rate kon is related to the subsequent formation of additional bonds between the two clusters. 
This is a much faster process due to the cooperative effect caused by proteins clustering – 
unbounded proteins in the adhesion site find their binding partners much quicker since they 
do not need to diffuse over a large distance in search of them. 

 

 
Figure S1. Schematic picture of a single adhesion site consisting from two protein clusters, N 
= 5. 

 
The average lifetime of a single adhesion site can be obtained by calculating the mean 

turnover time (8, 9) for the chain reactions depicted on Fig.3: 
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Exact eq. A5 for the average lifetime of an adhesion site can be further simplified for N > 1 
by taking into account that typically kon >> koff. Thus, if the bonds tension Q is not very high, 
then ki,i+1 >> ki+1,i, where i = [1, N–1]. Hence from eq. A5 it follows that the average lifetime 
of a single adhesion site under the tension Q can be approximated by the following formula: 
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Eq. A7 is exact for N = 1 and gives reasonable values of the average adhesion site lifetime for 
N > 1 and tension Q < kBT/x#×ln[kon(N–1)2/koff]. Eq. A7 agrees very well with the results 
acquired in ref.(10) – the average lifetime τ in the general case scales proportionally to 
(kon/koff)N–1. 

 
3. Stability of the shear rate-velocity curve. 

After finding all stationary solutions for a system, it is frequently necessary to establish their 
stability (11). In order to do that usually one should consider the sign of the variables time 
derivatives that govern the system changes. In our case using simple arguments, it is easy to 
show that a part of the stationary solution S(v) that have a positive slope (dS/dv > 0) is a 
stable stationary solution branch, otherwise (dS/dv < 0) it is an unstable one. 

To show that, let’s first consider some point A on the curve S(v) at which dS/dv > 0, see 
Fig. S2. To find out if this point is a stable one, we need to check how other points in its 
neighborhood (for example, points A1 and A2) behave with time (how the cell velocity 
changes) under the condition of a constant shear rate (frequent experimental condition). If 
these points move to the stationary point A, then it is stable one. Otherwise, if they go away 
from this point, it is unstable. 

 

 
Figure S2. Example of a stable stationary solution branch. 
 
For that purpose it is useful to consider the other two points (B and C) on the curve S(v), see 
Fig.S2. Point A1 is above point C. Therefore, to maintain the rolling velocity corresponding to 
point A1 one needs the shear rate corresponding to point C which is smaller than one at point 
A1. I.e. in other words at point A1 the force created by the flow pushing the rolling cell is 
greater than the dynamic strength of the adhesion bonds. That means that a rolling cell 
starting from point A1 has a positive acceleration and will increase its velocity until it reaches 
the velocity at point A. Quite similar arguments can be used for point A2. It is located below 
point B. Hence, to maintain the rolling cell velocity corresponding to point A2, one needs the 
shear rate corresponding to point B which is higher than one at point A1. I.e. at point A2 the 
flow force pushing the rolling cell is smaller than the dynamic strength of the adhesion bonds. 
That means that a rolling cell starting from point A2 will decrease its velocity until it 
coincides with the velocity at point A. Thus, we can conclude that point A is, indeed, a stable 
one. Since this is true for any point at which dS/dv > 0 then the whole branch of the stationary 
solution curve S(v) with a positive slope is a stable stationary solution. 
 



 
Figure S3. Example of an unstable stationary solution branch. 
 

Similarly, it is easy to show that if the curve S(v) has a negative slope (dS/dv < 0, see 
Fig. S3) at point A, then it is an unstable point. As can be seen from Fig. S3, this time point 
A1 is below point C. I.e. the flow pushing force is weaker than the dynamic strength of the 
adhesion bonds. Hence, a rolling cell starting from point A1 will decelerate (move away point 
A). At point A2 the situation is opposite – dynamic strength of the adhesion bonds is not high 
enough to resist the flow pushing force and a rolling cell starting at point A2 will accelerate 
(and again move away from point A). Therefore, since this is true for any point at which 
dS/dv < 0, the whole branch of the stationary solution curve S(v) with a negative slope is an 
unstable stationary solution. 
 

4. Physical origin of the adhesion bistability. 
To better understand the physical origin of the adhesion bistability, let’s consider two regimes 
of the cell movement: 1) at low velocities (v << k+aσ0) and 2) at high velocities (v >> k+aσ0). 
In the first case the surface concentration σ of adhesion sites on the trailing edge of the 
contact area is approximately described by the following equation, which is derived from eq. 
6: 
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Thus, at small velocities the surface concentration of adhesion sites at the trailing edge is at 
saturation. Given σ, one can obtain the following expression for the number of bonds which 
cells moving at velocity v must rupture per unit of time: 
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For small velocities approximation from eq. A8 it follows that ΔM/Δt ≈ σ0bv, i.e. the number 
of ruptured bonds per unit of time is proportional to the cell velocity v. In contrast, for high 
velocities: 
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Therefore, ΔM/Δt ≈ k+abσ0
2, i.e. the number of ruptured bonds per unit of time is velocity 

independent. Hence, at small velocities the shear rate-velocity curve S(v) is mostly 
determined by the bond rupture process – the higher the cell velocity the more bonds must be 
ruptured per unit of time. Whereas at high velocities the number of bonds ruptured per unit of 
time is fairly constant and the curve behavior is mostly governed by purely hydrodynamic 
effects including viscous friction between the cell and the wall (the right term in eq. 12). 
Transition between these two rolling regimes is determined by the bond formation process 



(k+aσ0). Thus, the shape of the S(v) curve and adhesion bistability results from the 
competition between the bond rupture and formation processes. 

It is easy to obtain a linear approximation of the S(v) curve for the regime of small 
velocities. For typical experimentally measured values of the model parameters the right term 
in eq. 12 gives very small contribution to the whole expression. Thus, it can be neglected 
under the small velocities approximation, and the S(v) curve linear approximation at small 
velocities is given by the following expression: 
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Here Δv << v0, and velocity v0 (at which the logarithm in eq. 12 equals to zero) is given by 
the following equation: 
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The small velocities linear approximation at two different scales is shown on Fig. S4. 
 

 
Fig. S4, A and B. Linear approximation of the S(v) curve at small velocities. The red curve 
corresponds to rolling cells, which have bonds with the wall. The black line corresponds to 
freely rolling cells, which do not have bonds with the wall. Values of the model parameters 
used in calculations for panels A and B are shown in table 1. 



Table T1. Adhesion proteins rupture parameters. 
Interaction Method x#, nm k0

off, s–1 Reference 
endothelium cells-E-selectin + 
granulocyte 

shear flow 0.031 0.7 (12) 

surface-E-selectin + neutrophil shear flow 0.018 2.6 (13) 
surface-E-selectin + surface-
sLEx 

fiber 
cantilever 

0.034 0.82 (5) 

surface-P-selectin + neutrophil shear flow 0.04 0.93 (14) 
transfected cells-P-selectin + 
CHO-cells-PSGL-1 

shear flow 0.029 1.1 (15) 

surface-P-selectin + neutrophil shear flow 0.039 2.4 (13) 
surface-PSGL-1 + neutrophil BFP 0.24 1.2 (16) 
surface-PSGL-1 + surface-P-
selectin 

BFP 0.23 0.45 (17) 

surface-P-selectin + surface-
PSGL-1 

AFM 0.25 0.022 (18) 

surface-P-selectin + neutrophil AFM 0.13 0.2 (19) 
surface-P-selectin + surface-
G1 

AFM 0.46 0.22 (20) 

surface-L-selectin + neutrophil shear flow 0.24 7 (21) 
surface-L-selectin + neutrophil shear flow 0.111 2.8 (13) 
transfected cells-L-selectin + 
CHO-cells-PSGL-1 

shear flow 0.16 8.6 (15) 

surface-PNAd + neutrophil shear flow 0.02 6.8 (12) 
surface-PNAd + neutrophil shear flow 0.059 3.8 (13) 
surface-C-cadherin + surface-
C-cadherin 

BFP 0.78 
0.78 
0.98 
1.04 

3.93 
0.019 

0.00039 
0.00001 

(22) 

surface-E-cadherin + surface-
E-cadherin 

BFP 0.63 
0.63 
0.82 
1.2 

9 
0.7 
0.01 

0.000005 

(23) 
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