Web Appendix
Lemmal: c(ze)=E|c (z X)|&(X)=¢| for z0{0j}

Proof: By definition, ¢’ (z, X)=E[Y, |z =1, X]-E[Y, |2 =0,X]. ForzO{og}, let
f(X |Z = z,e(X) = e) denote the conditional distribution of the confdanvectorX given the
treatment grouZ = z and the PS?(X) =e,and f(X |e(X) = e) denote the conditional
distribution ofX given e(X) =e only. By the definition of the propensity sepr
Pz =1 X,e(X)=€e)=e=Pz=1]|e(X)=¢),i.e., ZII X |&(X)=e. Then,
f(X|Z=z¢eX)=¢€)=f(X|e(X)=¢). Moreover,

E[E(Y, 12 =1X)le(x)=¢]

=IE(YZIZ=lX)f(x|e(x):e)dx

= [E(Y,1Z=1X,e(X)=€)f (X |Z =1¢(X) = e)dX
=E[Y,|Z=1¢X)=¢]
Following similar argument, it can be shown that
E[E(Y, |z=0X)|e(X)=¢€]=E[Y, |Z=0,¢(X)=¢].
As a direct consequence, we have proved ¢fie) = Elc’(z, X )| e(X) = .

Lemma 2: Suppose the sensitivity functimﬁz, e) is correctly specified, then the bias correction
term in the SF-corrected estimator will removelifes due to uncontrolled confounding.

Proof: By definition,
Y% =Y - (E[Y, 1Z,e(X)] - E[Y, |¢(x]]

_[Y-(-eX))clre) ifz=1 (1)
Y +¢e(X)c(0,€) if Z=0
We first consider the daily users wi) = , thenY, =Y,,,

Y¥ =Y —(EYLi | Z, :le(xi)]_EYLi |e(xi)])’

L( A } EL(ZTii)E(YiSF'Zi =1e(xi))}

-z {(YIZ =1¢(X,)) H
ox,) |- (EY, 12 =1e(x, |- ElY, 1e(x,))

Ll o )] - T e g )

= E(E[Y, 1e(x))) = E[v]

and
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Similarly, it can be proved that for the periodgews ¢, = 0, Y, =Y,; and

ELi_i )Yisﬂ = E[YO]. Apparently, the bias correction tel(rE[YZ |Z,e(X)]— E[YZ |e(X)])

removes the bias due to uncontrolled confounding.
In addition, forzD{O,]}, by the definition of conditional expectation,

E[Y, [e(X]]
=E[Y, |z =1¢(X)|Pr(z =11 (X)) + E[Y, | Z = 0,¢(X)|Pr(Z = 0] ¢(X)) .

= E[Y, |z =1.e(X)le(x)+EY, |2 = 0,e(X ](1- &(X))

Then, after simple algebra, it can be shown that,

E[Y, 1Z =1.¢(X)] - E[Y, | (X)] = (1~ &(X))c(t.)
E[Y, 12 = 0.e(X)] - E[Y, [e(X )] = —e(X)c(0.e)

Furthermore, for any given sensitivity functicﬁz, e), o

the unknown PS usinf&(X, )i =1,...,n}.

can be easily obtained by replacing



