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I. PROPERTIES OF (7). DERIVATION OF EQUATIONS 1-4 IN THE ARTICLE

PrROOF OF EQ. 1 IN THE ARTICLE.— Consider a system S that interacts with a bath B.
Denote the total density matrix of the composite object as piora;, and the reduced density
matrices for the system and the bath as p and pg, respectively. That is, p = Trg ptotal, Where
the trace is over the degrees of freedom of the bath, and similarly for pg. Assume that the

initial state of pyoia is @ tensor product form,

ptota1<0) = ,0(0) & pB(O), (Sl)

where pp(0) is always

p(0) = pales)(esl, (S2)
5

for every initial state p(0) of the system, with pg > 0 and ZB pg = 1. At time T, the total

state is a unitary evolution of the initial total state,
proa(T) = U(T)p(0) @ pp(0)UN(T). (53)

Here, U(T) = T (e Iy Hiowar(*)d") ig the propagator for the entire object, 7 is the time-ordering
operator, and

Hiota = Hs + Hp + Hgp, (S4)

where Hg, Hg, Hsp are terms in the Hamiltonian that depend only on degrees of freedom of S,

B, or both, respectively. Taking the trace of Eq. S3 with respect to the states of B yields

p(T) = psEas(T)p(0)E} 4(T) (S5)
af
where
Eop(T) = (ea|U(T)les), (S6)

is a Kraus operator and Eq. (S5) is known as the operator sum representation |1, 2|.

By identifying:
Xabed(T) = Y [Bap()aclELs(D)]a

af
= " palea alU(D)les. e, iU (Tlea,b) (57)
afB

we have proven the equivalence between Eq. S5 and 1 in the article. An important caveat which
is clear from the derivation is the following: pp(0) must be the same for every initial state in S
for x(7T') to be well-defined. Also, different states pg(0) will obviously yield different processes.
O



PROOF OF EQ. 2 IN THE ARTICLE.— Manipulating Eq. S7, it follows that

Xbadc(T) = Zpﬂ 6omb|Uv ’65, ><€5,C|UT(T)’€O”G>

— (Zpﬁ<ea,a\U<T>|eﬂ,c><eg,d|U*<T>|ea,b>)
af

= XZbcd(T)‘ (88)

Eq. 2 in the article preserves the Hermiticity of the density matrix.

pba Z Xbadc pdc
= Z Xabcd pcd

= [Z Xabea(T)pea(0 ]

= pan(T). (89)

*

PROOF OF EQ. 3 IN THE ARTICLE.— Using Eq. S7, and exploiting the fact that U(T)UT(T) =
UNTYU(T) = Is ® Ip, the identity on the whole space, we get:

ZXaacd Zpﬂ ea7a|U |657 ><€5,d|UT(T)’6a,a>
a aaf
=Y psles, diUN(T)ea, a){ea, alU(T) es, ¢)
aaf3
= Zpﬁ<eﬁv dles, c)
B
= Ocq. (S10)
0
Eq. 3 in the article preserves the trace of the density matrix:
Z Xaacd pcd
acd
- ZCScdpcd(O)
cd
= Tr(p(0)). (511)
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PROOF OF EQ. 4 IN THE ARTICLE.— Again, manipulating Eq. S7:

Z ZZchbcd<T)Zbd = Z Z;C Zp5<€a7 CL|U(T)‘€5, C> <€57 d‘UT (T) ’60&7 b>Zbd

abed abed afs
= ZpﬁCaCZZ
af
> 0,
where we have defined (, = ). 2} (€q, a|U(T)|es, c). .

Suppose p(0) is Hermitian positive-semidefinite (HPS), so that we may write p.(0) =
> 2 Ui.qiUxkq where U is a unitary transformation that diagonalizes p(0), and ¢, > 0 for all
k. Is the HPS condition maintained for p(7")? If so, it must satisfy >, ¥ pa(T)ys > 0 for an

arbitrary vector y. Eq. 4 in the article guarantees this:

D vipaDye = D YiXabed T) Uit Uraty
ab abedk

= > > A Xabea( D)2

k abcd
> 0,

where we have identified the vectors z*) with elements zés) = /@ Urayp-

II. TRANSITION DIPOLES OF THE COUPLED DIMER MODEL

Since we are concerned with the interaction of the chromophores with electromagnetic radi-
ation, we make some remarks on the geometry of the transition dipoles (see Fig. S1). Let the
independent site transition dipole moments from the ground to the single exciton be d4 and
dp, respectively. The transition dipole moments for the relevant eigenstate transitions are (see

for example, [3]):

Pog | cosfl sinéd da
Hg, —sinf cosf dg
sinfl  cosf d
o 4 (S12)
Ktp cosf) —sinf dg

To simplify notation, we assume that J # 0 and the components of d4 and dg are all
real, which imply that p,; = p;, for all 4,5 € {a, 3, f}. For a coupled heterodimer, the four

dipoles in Eq. (S12) are located in the same plane, but in general have different magnitudes
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Figure S1: Parameters of the coupled heterodimer. (a) Dipole vectors d4 and dp for each chromophoric
site. The angle between them is ¢. (b) Transition dipole moments between the different eigenstates
of Hg; angles are referenced with respect to p,. (¢) Energy spectrum of Hg and allowed dipole

transitions.

and directions. We label the magnitude of p,; with f;; and the angle between p,; and p,,, with
¢ij, so that the reference is with respect to 6,, = 0 (Fig. S1).

The different transition dipole moments can be easily expressed in terms of the angle ¢
between d, and dp, and the mixing angle #. We present these functional dependences for
completeness. We define our coordinate axes so

dy = daz,

dp = (dgcos¢)z + (dpsin¢)z. (S13)
We can expressing the components of the transition dipole moments,

Mo, = (dpsin@sin @) + (dacos + dpsinf cos d)z,

dpcosOsin @)z + (dasinf + dp cosf cos @)z,

(

Mg, = (dpcosfsin@)s + (—dasind + dpcostcos )z,
l’l’foz = (
(

pys = (—dpsin@sing)z + (dacosf — dpsinfcos¢)z. (S14)

The angles between the different transition dipole moments can be calculated as

l"l’ag ' l“l”bj
cos(¢yj) = ———,
! Maglij
| Hag X Hij]
sin(gy;) = —oL T4 (S15)
! Mag/llij



where p;; denotes the norm of the respective dipole. For a homodimer with 6 = 7, d4 = dp
and iy, = Mo, Bg = —Hg,, yielding only two independent directions for the four transition

dipoles [4]. For a homodimer with 6 = 27, the conclusion is similar.

ITI. STATE PREPARATION. DERIVATION OF EQUATION (9) IN THE ARTICLE

The second order density matrix in A that results after considering the components of the

first two pulses at —k; and 4k, can be calculated in Liouville space as (see [5]),

Peres(ta +T)
to+T ~
( ) / dt”/ dt'Go(ty + T, ")V ("G (1" V() p(—o0), (516)
where p(—o0) = |g)(g|, or alternatively, in Liouville space notation, p(—o0) = |gg)), is the

state of the system before the perturbations. We are interested in the situation 7" > 30, that

is, after the action of the two pulses has practically ceased. The perturbation superoperator is
V(t) = 32 Vi(t), where Vi(t) = [V, ], and

Vi(t) = —\a~ - e  E(t —ty)ert=t) (S17)
Vo(t) = =M~ - e EB(t — ty)e 2(t-t2)
Vs(t) = =\~ - egE(t — tg)e ws(t=ta),

These expressions conveniently adapt Eq. 6 in the article to account for the phase matching
direction of kpp and to consider the RWA, where i~ = D o<y Mpg|P)(q| Promotes emissions

from the ket or absorptions on the bra, and i~ = (#~)" induces the opposite processes.

A. 'Well separated pulses 1 and 2

We can simplify Eq. S16 by considering that: (a) if 7 > 30, the pulses are well separated,
and we can perform the substitution V(') = Vi(#') and V(t") = Vy(t"); (b) we focus only
on the dominant contribution due to the resonant transitions. As mentioned in the text, this
calculation can be easily grasped by analyzing the double-sided Feynman diagrams in Fig. 2a—
d. Since we are looking for signals only in the direction —k; + ko + ks, the first pulse must
interact via the operator 1, so it can only act on the bra to produce optical coherences |gp)).
We assume that these coherences evolve unitarily together with a constant dephasing rate (this

assumption is not necessary, but it simplifies our analysis):
gl(t//,t/> — g(t// _ t/)
= Gt — ') |mn)) ((mn], (518)



where G, (7) is given by Eq. 11 in the article. The second pulse can act on the ket to create
the coherence |pq)) if p # q. However, in case the frequency component of the second pulse is
the same as that of the first pulse, it can excite the ket to form a population |gq)) or de-excite
the bra to go back to —|gg)) (with opposite sign due to the commutator). For the evolution in

the waiting time, we use the following identity:
Golta +T,t") = x(T)G(ty — "), (S19)

where we have formally introduced the process matrix x(7') acting as the propagator after time
ts. Altogether, we have in Liouville space a perturbation, a free evolution, another perturbation,
and free evolution. The effective second order density matrix associated with the perturbations

at —kq + ko is given by:

Peries (b2 +T)
_>\ 2 b2t T . "
— () S| [ @ {Gutta - ) (st e ol - e
pq -

t”
< [ et~ ol (19 ola, - e B ) )

—00

to+T
[ ) { Gt - )

— 00

t/l
% / dt/ggp(tl/ . t')]g)(g[ <‘g><p’upg . elE(t/ o tl)elw1(t’_t1)>

—0Q0

% (1aMglty, - e2B(t" — t)emx"12) }} (520)

This calculation is a double integral over all the possible times ¢' and ¢” in which the perturba-
tions due to the pulses at —k; and +k; can act due to their finite width . The time-ordering
consideration is unimportant for 7,7" > o, and in fact, both integrals can be extended to the
entire real space: fng dt” fio dt'(-) = [72_dt” [7_dt'(-). As discussed in the next subsection,
the approximation 7" > o is needed (so that the pulse envelopes are nearly zero at time to+7),

but the 7 > ¢ assumption is unnecessary. We then rewrite

= () St et e

pq

X /OO d(t’ _ tl) <ggp<t1 _ t/)E(t/ . tl)eiwl(t’—t1)>

D) [ dts = )Gt — VEW — t)e G0 — b))
~b0(Gaglts — 1) E(F" = tr)e™ 200G, (¢ — 1,)]g) (g]) } (521)



The length of the pulse ¢ is much shorter than the dynamics induced by the bath. Therefore,
0 < #—, and dephasing contributions can be neglected within the integral so that G, (t; —t') ~
e“"”(tl ) Gt — )Gy (1" — to) m emwar(la=t") giwng(t2=t") — g=iwag(t2=t") “and G (1" — t,) ~
e~wra(t"—t2) G (" —ty) a2 e~™as(t"~t2) However, the dephasing terms are non-negligible in the
free evolution between the pulses if 7 > o, and the term G,,(7) in the final expression cannot
in general be simplified to e~ 7. Then we have

'\ 2 [e's) . , o
- (T> Z(”pg w€1) (Mg - 62)/ ds'e”" " B (s")e™1* / ds"erss”

pq —00 —0o0

XX(T){E(S”) (1) (pl = dal9) (9]) }

Q

- {Zcp Cq 'u’pg 1>(“qg ) 62)ggp(t2 —t1)(lg)(p| — 5pq|g><9’)} ) (522)

The final result has a clear physical interpretation: Each of the transitions depicted in the
diagrams in Fig. 2a-d is controlled by the frequency components of the pulse at the given
transition (terms CE and CZ ), as well as the alignment between the transition dipole and
the pulse polarization. Free evolution of the optical coherence between the perturbations is
given by G,,(7). Once the state |q)(p| — dpq|g)(g| is formed, the superoperator x(7") acts on it,

encoding both coherent and dissipative processes.

B. Overlapping pulses 1 and 2

We now consider 0 < 7 < 30. Eq. (9) in the article rigorously holds for this more general case.
For the contribution due to the original diagrams in Fig. 2a—d, we carry out the same double
integral of Eq. (S20), but we keep it time ordered as [ dt” ff;o dt'(-). Additionally, each
diagram in Fig. 2a—d corresponds to another diagram where the pulse at +k5 acts before the one

—k1, but yields back the same state after the two pulses (for example, the one corresponding
to Fig. 2b would be gg — g — Ba). Their contributions to [p(_2,)chk2]:11;:22 (to +T') can be easily
shown to be ffooo dt” ftio dt'(-), where the integrand and the dummy variable convention are the

same as before. The sum of the two contributions yields back the double integral as in Eq.

(S21).

IV. STATE DETECTION. DERIVATION OF EQUATIONS 14-16 IN THE ARTICLE

The techniques to derive these equations are the same as the ones used for the previous
section. However, the proliferation of terms makes the full exposition of the derivation unwieldy.

Therefore, we only illustrate how some sample terms arise.



A. Well separated pulses 3 and 4

Let us start by noting that, using Eq. (9) in the article, the element ij of §51'¢2(ty +1') can

be expressed as:

(il peyes (b2 + T)35)
<' —x(T) {Z%ﬁ&(um-61)(qu~62)ggp(7)(\Q><p! —5pq!9><9!)} j>

pa
= Z O, O, (g - €1)(Hgg - €2)Ggp(T) (Xijap(T) — Opgdijdig)- (523)

We define [p(_g,)chk%kg]“gll::j;;? (t3 + t) analogously to the way p¥1¢2(ty 4+ T') was defined in Eq.

€e1,e2

(S16), that is, the third-order in A density matrix due to the perturbations corresponding to
the phase-matching direction —k; + ko + k3. For t > o, we can easily calculate the matrix
elements of [pf’,lhkz,ks]g;;g;;g;(t3 +t) that yield an optical dipole, say ag, and can then find the

contribution of the latter to the polarization via trace with respect to fu (see Fig. 2e and h):

Tr(u{a| [0, jy po )22 (85 + )] 9) ) g])
= - TI' H’Z Op Cq I’l’pg 1)(l’l’qg ' 62)g9p(7—>

_ t3+t

X <—) / A Gog(ts +t — ) E(t' — tg)e s’ ~10)

%A (g - e3l) (g1) (€7 (yqn(T) = 5,0) 19) (9]
= (e (Tl ) () (gl1ta - €3)
= (7 (Dl )(B1) (18) (gl - €3) ]
Zcp Cl, (g - €1) (Kgq - €2)Ggp(7)
L by €5)Gas(®) XarT) — S0 — (7))

_ng (l’l’ﬁg : 63)ga9 (t)Xaﬁqp(T)}Naga (524)

ZZ

where, just as before, we have used the fact that 0 < F%g to approximate that Gn4(t5+t—t') ~
Gug(t)e™s' %) and the integrals have been extended to the entire real axis. The third pulse
at +ks can excite the ket or de-excite the bra of the output state at the waiting time. The
calculation above simply enumerates the resonant transitions gg, aa, a5 — ag due to the laser
components associated with C¢_, C7 , and Cfs, respectively, and takes the trace of the optical
coherence with respect to the dipole operator: Tr(ft|a)(g|) = p,,- Recall that we have chosen

the dipole elements to be purely real.

10



The detection of the polarization due to the ag coherence occurs through heterodyning.
The fourth ultrashort pulse interferes with the coherence oscillating as e™es*"~%4)  yielding a

contribution to the time integrated signal encoded by:

/ dt//eiw4(t”7t4)E(t// N t4)€7iwo‘g(t”7t4)

o0

— iV2ro2e " Waamwn)*/2
x C2. (525)

In words, the Fourier components of the fourth pulse filter the optical coherences of the
polarization associated sample. In our case, the polarization due to the coherence ag will be
detected as Cg , that is, proportionally to the frequency component of the fourth pulse at weqy.

Altogether, the calculation reads:

/ i —t8) (41 _ 1) iwoslt'—t0)

o0

xeq  Tr(E(a| [P, o, ] 05255 (5 + t)]g)]a) (g])
x C2 eq- Tr(fufalp" kl,kQ,kg]ﬁi,’Zﬁ,’ZS(t3+t)|9>|04>(9|)
- Zcp Oq “pg 61)(ng €2)Ggp(T)

{0330& (Nag : e3)<l"’ag - €4)Gag(t) (Xggap(T) — 0pg — Xaagp(T))
—0530& (l‘l’ﬂg : e3)(l"’ag : 84)gag (t)Xanp(T)}' <S26>

This exercise can be repeated for the rest of the optical coherences which occur in the echo

time and yield detectable dipoles: B¢, fo, f8 (Fig. 2-e,f,g,h). The total signal is

[Spuleiesene: (1, T,1)

€1,€2,€3,€4

— Z / dt// fwaq ( t”—t4 E(t” o t4)6—iwij(t”—t4)

uv=ag,8g,fo,fB"
xea - Te(f{ul[p), g, w5062 (b5 + )]0} u) (v]), (527)

which yields Eq. 14 in the article. That equation has been rewritten by grouping the terms in
the forms of Egs. 15 and 16 in the article, and their analogues upon the o, 3 — [, o substitutions
in order to classify the processes corresponding to the frequencies of the transition due to the

third pulse and the heterodyne detection.

11



B. Overlapping pulses 3 and 4

We now consider 0 < ¢t rather than 30 < t, to consider overlapping pulses 3 and 4. Eq. 14 in
the article must be slightly modified when the overlap in time between the third and the fourth
pulses is significant. As opposed to Section ITI-B of this Appendix, where the first pulse can
act on the system before the second pulse and viceversa, in the detection stage, the third pulse
must act on the system to yield a polarization before the fourth pulse (which does not interact
with the system) can detect it. Hence, the LO cannot be regarded on the same footing as the
other three pulses.

First, we state the solution to the relevant integral:

o0 tl/
/ dt” / dt' ™ B — ) G ()it —t8) (¢ ) ot (t —ts) g it (1 —ts)
= <v 7r026_(“’3_(wuv—%))?oZ/Q) (\/ﬁe—(w—(wrww)?)

X (1 + Erf (% G wg) T w“”)o)) Guo(t), (S28)

which applies to the 17 — wv transition caused by the third pulse at +k3, followed by an effective
free evolution G, (t) for the echo interval ¢t = t4 —t3, and the detection of the optical coherence
uv via the LO. Importantly, the upper limit of the integral over t’, associated with the action
of the third pulse, cannot be taken to oo, since the LO may interfere with the transients of the
polarization before the envelope of the third pulse is effectively over. There is no contribution
from the complementary integral going from ¢” to oo since the LO is assumed not to interact
with the system and, hence, does not contribute to the polarization of the sample.

Repeating the derivation of Eq. S24 by not taking the upper limit of the ¢” integral to oo, it
can be seen that the only modification to Eq. 14 in the article is given by Eq. 17 in the article.
That is, the amplitudes of the third transition and the action of the LO are correlated by an

error function. In the limiting case when ¢ > o, Eq. 17 recovers C, C

o, since Brf(x) — 1 as

V. OVERALL MULTIPLICATIVE CONSTANT

OVERALL MULTIPLICATIVE CONSTANT. Eq. (14) in the article is defined up to a propor-
tionality constant which depends on many factors such as the concentration of the molecules in
the experimental sample and the efficiency of the mirrors in the optical setup. This factor may

be determined by performing the extraction of x(7") up to that constant, and then normalizing

12



it by enforcing the trace preservation condition of Eq. 3 in the article to hold for population

initial states, ¢ = d.

VI. ISOTROPIC AVERAGES

The probed sample is an ensemble of isotropically distributed molecules in solution. The

isotropic average (-) for a tetradic (w, - €1)(wy, - €2)(p, - €3)(p, - €4) is given by [6]:

(g - e1) (1 - e2) (e, - e3) (g - €4))iso

_ E 7@
ejegeseq;mimomsmy

mimomsmy

X[(g - 1) (1 - M) (12 - M3) (11 - T4))] (529)

where the isotropically invariant tensor is given by,

74

€e1€2€3€4;M1M2M3M4
1
% [5616256364 5616356264 5616456263]

4 -1 -1 OrmymaOmamy
X | =1 4 =1 | | SpymyOmams | - (S30)
- ]. - ]- 4 5m1 myq 5TTL2m3

Here, e; and m; are the polarizations of the pulses in the lab and the molecular frame, re-
spectively. The isotropic average consists of a sum of molecular frame products [(g, - m1) (8, -
mo) (. - ms3)(p, - my)| weighted by I§f22@3e4;m1m2m3m4. Via this procedure, Eq. 14 in the article
becomes:

([Speleiczeet(nTot))iso = Y C8,C8,CLC5 (PRI, o (T, T, 1)) o (531)

€1,€2,€3,€64 €1,€2,€3,€4
p,q,T

Due to the structure of Eq. S30, there are signals which vanish in isotropic conditions even
though they are finite otherwise. An interesting consequence of this fact is that QPT is not
fully realizable for homodimers, since coherence to population and the reverse processes cannot

be detected under isotropic conditions [4].

VII. ERRORS IN STATE PREPARATION AND DETECTION

Nontrivial bath-induced dynamics during the coherence or echo times could decrease the

robustness of the QPT. Such dynamics manifest as deviations from Eq. (11) in the article and

13



could be diagnosed by analyzing the signal [Spplei¢2@sw4(, T, t) collected as a function of 7,
with fixed T and t values, or alternatively, by varying ¢ with 7,t fixed. A detailed study of this
possibility will be presented elsewhere. Similarly, if the bath evolves away from its equilibrium
configuration during the coherence time, with dynamics dependent on the excitonic state, then
the initial state for QPT will not be well-defined. This problem can be avoided by taking

7=t =0 (TD/TB experiments) as described in the article and in the next point.

VIII. DISCUSSION OF THE FACTORIZABLE CONDITION AT 7T'=0

The factorized initial condition assumption in Eq. S1 requires some further discussion. Does
it hold for excitonic systems? At ¢t = —oo, we can safely assume that pya(t = —o0) =
|9)(g| ® pB.eq, Where pp., is an incoherent ensemble of phonons at thermal equilibrium, and
the system state is in the ground electronic state. However, this is not the initial state we are
concerned with for a QPT in the single exciton manifold. The state we shall worry about is
the one after two pulse perturbations.

First, consider the 7 = 0 case (TB and TD experiments). The discussion in Sections III and

IV on overlapping pulses is particularly relevant for this situation. Denote [szaz ey ey b2 (g

e1e
T') the total second order density matrix corresponding to the perturbations at the —k; and +k-
directions, such that its trace over the bath yields the object psl'¢2(t, + T') defined in Eq. 9 in
the article. We are interested in the quasi-impulsive limit of the light-matter interaction, where
oK %, where o is the duration of the pulses and \ is the characteristic reorganization energy
scale of the bath. As mentioned in the article, in accordance with the Franck-Condon principle,
we assume the electronic excitation occurs much faster than any nuclei rearrangement, and
0t oy a2 (t + T) & 222 (8 + T) @ ppeqs S0 that Eq. S1 holds.

For 7 > 0, the situation needs to be more carefully analyzed. If 7 <« %, a similar scenario to
the one in the previous paragraph applies (the bath is not given enough time to evolve far away
from pp ;). Another useful case to consider is 7 > 1, after which B relaxes to a stationary or
quasi-stationary state pp sqs, Which may or may not be equal to pp .. In order to preserve the
factorizable condition, this state pp st must be the same for every electronic population and
coherence of interest, so that [pgzalﬁkm]:;;g; (to +T) = pere2(ty + T) ® pp,star- The simplest
example of this situation is a Markovian bath, for which B relaxes to pp ., after a timescale on
the order of %, which is short compared to the dynamics of the system.

For cases beyond the ones described here, factorizable initial conditions might not apply,
and a reexamination of QPT protocols for initially correlated states must be advocated [7-9].

We are currently pursuing this line of research.
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In conclusion, in order to get consistent results for QPT, TD/TB seem to be the most
promising experiments. The standard PE experiments with finite 7 provide a QPT if the bath

is sufficiently “well-behaved,” as described above.

IX. TRADING FREQUENCY CONTROL FOR TIME DELAY

Several properties of the pulses can be exploited to selectively manipulate the excitons.
These include frequencies [10], polarizations [11-13], and time delays [14-16]. In the article,
we have only exploited the former to make a transparent connection between a PE and a QPT
experiment. However, the case of polarizations and time delays has also been addressed in
our recent work [4/. In this section, we address the use of time delays to substitute frequency
control.

Eq. 14 in the article can be rewritten as:

[Spplarerenes(r Tit) o« Y 8 CL O O3 Gop(T)Gag () PLITS, . (0,T,0),  (S32)

€1,€2,€3,64 e1,es,es,eq
p,q,T,s

For simplicity, we have made the approximations: G, (t) ~ Gg,(t) and Grz(t) &= Gu4(t). Notice
that in Eq. S32, the frequency w,, appears both in the coherence time propagator G,,(7) as
well as in the frequency amplitude of the first transition C¥ . A similar observation follows for
Wsg in the echo time in Gy, (t) and CJ, . The frequency redundancy in the propagators and the
transition amplitudes is the key to understand trading of frequency control for time delays.
Upon the collection of the signal along many values of 7 and ¢ for a fixed T, a double

one-sided Fourier transformation yields the 2D-ES [4]:

S(w,, Tyw;) = / dre " / dte ™ [Spglereeses(r, T, ) (S33)
0 0
D Lep(we)le (@) Spa(T) (S34)
ps=a,8
The spectrum consists of a sum of four resonances at (w,,wy) €

{(Wags Wag)s (Wag: Wag)s (Wags Wag)s (Wag, wag)}, which correspond to the frequencies of the
optical coherences at the coherence and echo times. These resonances are modulated by

lineshape functions of the form,

1
lrp(wr) = - : , S35
olr) i(wr — wpg — i) (835)
1
l s = ’
ta(wi) i(—wp + wsg — ily) (836)
and the amplitude of each peak is given by
= ZCP ca.Cr Cs Prars,  (0,T,0) (S37)
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In our original example for QPT, we considered sixteen possible four-pulse-combination
experiments, which can isolate each of the PL%),  (7,T,t) terms for p,q,r,s € {«, B} for a
fixed polarization setting (ey, es, €3, e4), which in turn yield enough information to invert the
elements of x(7"). The pulses were assumed to be chosen from the toolbox in Eq. 13 in the
article. The same sixteen experiments can be extended to the 2D-ES domain by collecting data
from many 7 and ¢ values, so that P22 (0,7,0) oc PR3 (7,7,t) can be extracted
from Eq. S37, provided that the amplitudes S,,(7") can be obtained through a fitting procedure
of the 2D-ES to a sum of the four lineshapes. However, we can get away with many fewer
experiments. The amplitude S,;(7") only contains information of the Feynman diagrams where
the first pulse is centered about wy, and the fourth pulse about w,,. Frequency control over the
first and the fourth pulses is redundant, as it will yield 2D-spectra with only one peak at a time.

This is unnecessary as each of the four peak amplitudes can be determined independently via a

fitting procedure. Instead, a waveform that excites both |a) and |3) with the same amplitude

Watwg
2

(e.g., a pulse with carrier frequency in between the excitons, & = , and the same o as
before, or shorter) for these two perturbations will, in general, expose the four resonances in
a single 2D-ES, so that C? = C for all p,s. However, selective waveforms, such as the ones
described for the original QPT, must still be used for the second and third perturbations, as
Sps(T') still contains a sum over g, r, which needs to be distilled.

The conclusion is that one can trade frequency control for time-delays for the first and fourth
pulses, but not for the second and third pulses. For this trade to work, it is essential that no

bath-induced coherence transfers occur during the coherence and echo times, so that we can

write an optical propagator like Eq. 11 in the article.

X. SECULAR REDFIELD MODEL FOR MARKOVIAN DISSIPATION

The free evolution of the system S and bath B is generated by the total Hamiltonian

Hiota =Hg + Hp + Hgp (S38)

where Hg, Hp, and Hgp are the Hamiltonian for S, B, and the interaction between S and

B, respectively. We model the bath as being constituted by two independent and identically
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distributed Ohmic bosonic baths, each linearly coupled to a site of the dimer.

i=a,f
Hsp = Fula)(a| + Fp|B)(B] + (Fa + F3)| f){f]
F; = ZAM byi + b1) (S39)

where b, ;, b;fi are the anhilation and creation operators of the bath mode z coupled to the site
@ with frequency wg;, A\;; is a coupling strength, and the spectral density is the same for both

sites:

Ji(w) = Zwi,iAi,ié(w — wg)
= Zew/we, (540)

We take w, = 120 cm™! and A = 30 cm™!, which are typical energy scales for biomolecular
chromophores. By applying second-order perturbation theory on Hgp, tracing over the degrees

of freedom of B, and invoking the Markov and secular approximations, one can arrive at the

Redfield equation [17],

p(T) = —ilHs, p(T)] = Rp(T), (S41)
The Redfield tensor R [18] for T = 273 K is shown in Table S1. Table S2 shows the explicit

expressions of x(7') in terms of R.

TABLE S1. Values (in ps™!) of non-zero rates of the (secular) Redfield tensor at T = 273 K

Rgpaa 2.15

Raass = e /"L Rys 0.467
Rapap = Rpapa 6.91

Ragag = Rgaga = Rfafa = Rafaf 6.95
Rpgpg = Ropgp = Rypps = Rpypay 6.11
Rygrg = Rgggy 17.9

TABLE S2. Analytical expressions for the nonzero elements of x(7") involving single-exciton states

Xaaaa(T) e~ RepaaT
Xggaa(T) 1 — e~ RssaaT
xpp8(T) e FRaapsT
Xaaps(T) 1 — e—RaassT
Xagap(T) = (Xpapa(T))" ¢~ wapT g=RapapT
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XI. RECONSTRUCTION OF x(7)

We divide the numerical reconstruction of x(7) into two steps.

A. Reconstruction of the values (PYL7%(7,T,t))iso from  the  signals

<[SPE]‘;,1Z’,QZ)%NS’M4 (7-7 Ta t)>iso
Eq. (14) in the article can be arranged into a matrix equation,
SPE(T, T, t) X CP(T, T, t) (842)

where Spp is a vector of the sixteen measured signals ([Spp|?152223“4 (7, T, t))iso, P(7,T,t) is

the vector consisting of the sixteen values (P222°  _ (7,T,t))iso which are to be extracted, and
C is a matrix of known pulse related coefficients CE C¢ C7_CZ . An important issue to address
is the stability of the inversion of P(7,T,t) subject to errors in Spg(7,T,t) upon changes in
the ratio Cy/C (see Eq. 13 in the article). Denote the spectral norm of a vector or a matrix
with || - |[[. We can bound the errors in the numerically extracted P from Eq. S42 in terms of
the errors in the signal Spg [19],

|AP] | ASpg |
S K¢ )
1P| | Spe ||

(S43)

where AP and ASpg are errors in P and Spg, respectively. The condition number k¢ is given
by
ke =[ C(T) |l [T ], (544)

yields a measure of the amplification of the relative errors on the inverted vector due to the
relative errors in the experimental data. The lowest possible value for a condition number is 1.
When both waveforms of the toolbox excite |a) and |5) with the same amplitude (C"/C” = 1),
there is no selectivity in the preparation and detection of states in the energy domain, and
ke = 00, yielding the worst scenario for reconstruction. The best scenario occurs for the MDC
case (C'/C” — o0), where C is proportional to the identity matrix, and ¢ = 1.

Not surprisingly, k¢ decreases monotonically over the C'/C” € [1, o0] range. Fig. S1 shows
ke with respect to C’/C”. The small values of k¢ imply a robust numerical extraction of

P(7,T,t) over a wide range of obtainable C'/C”.

B. Reconstruction of x(T) from (PYL25(7,T,t))iso
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as

expected, with C'/C” = 1 being the worst scenario of reconstruction corresponding to the case of

equal pulse amplitude at both excitonic energies way and wgy, and C’/C” = oo being the best scenario

corresponding to the MDC.

19



Table S3. A set of experiments which yields x(7")

From the data we can reconstruct the elements which explicitly listed are
((P2eo(r, T,1)) o, | ' Xaaaa(T),
(P2l (1, T, 1) isos (e (T} X8paa(T),
(PLeLP(T, T t))iso; R{Xapaa(T)} = R{Xpaaa(T)},
[ (P22 (T, T t))iso ) [ S{Xagaa(T)} = =S{Xsaaa(T)} )
((P220(T, T ))ison | ( Xaass(T); ‘
(P2I2P (T, T 1)) isor Cos(T)} xpa8(T),
(P22IR(T, T, t))isor R{Xapps (1)} = R{xpass(T)},
| (PO2P(T, T ))iso ) [ S{xapss(T)} = —S{Xpass(T)} )
[ (P22ee(r, T, )i, [ R{Xeaas (1)} = R{Xeasa(T)},
(P22 (1, T,1))isor S{Xaaas(T)} = —S{Xaapa(T)},
(P22l (1, T 1) isos Ri{xssas(1)} = R{xpssa(T)},
(P2l (1, T, 1)) iso, Dises(T) = Cuasa(T))) S{xssas(T)} = —S{xpssa(T)},
(POLA(T, T ) isor R{Xapas(T)} = R{Xsasa(T)},
(PLELLP(T,T,t))iso; S{Xapas(T)} = —S{Xpapa(T)},
(PE2LA(T, T t))iso; R{XBaas(T)} = R{Xapsa(T)},
(PeP2AT, T t))iso [ S{Xasas(T)} = —S{Xpasa(T)}

Once the (P2275 (7, T, 1)) values have been extracted, a second step to extract x(7") from

them is required. The explicit trace preservation identities,

1 = —Xaaaa(T) = Xspaa(T)),

Xgg88(T) =1 = —Xaass(T) — xps8(1)),

R{Xggas(T)} = —R{Xaaas(T)} — R{xsp05(T)},

S{Xgges(1)} = —S{Xaaas(T)} — S{xssas(1)}, (545)

XggaalT) —

)
)

together with the Hermiticity identities in column 2 of Table S3, can be substituted into Eqs.
14-16 in the article, and their analogues upon the a <> ( substitution. After isotropic averaging,

we can write the matrix equations,
MPX®(T) = PP(T), (S46)

each of them corresponding to an initial state gp. The analytical expressions of the square

matrices M are listed in Tables S4, S5, and S6. The real vectors X to extract contain the
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elements of the process matrix,

X(T) =

X(T) =

whereas the vectors consisting of data from experiments are

Poo(T) =

PY(T) =

POCOZ

zZ,z

PO[OC

Z,2,

POLOé

Z,Z2,

POéa

K
{
{
| (
K
{
{
| (PEY
K
{
{
{
{
{
{
| (

(0, 7,0))is0

2v4

*8(0,T, 0

zZ,z

Ba(o T 0 iSO

zZ,z

zﬂzﬁ(O T 0 180

180

220,70
20P(0,7,0
f

180
150
180

180

aBOTO 150

fﬂOTO
(0,7, 0
5OTOZW
ﬁaOTO,w

Zy24Z

180

)
)
)
)
)
)
,0)
22(0,7,0)
(0,7,0)
z( )
202(0,7,0)
)
(0,7:,0))iso

(0,7,0)

(0,7,0)

)

)i
)i
)i
)i
)i
)i
)i
)i
Viso
)i
)i
)i
)
)
)
)i

2560, T,0

180

(S47)



Construction of the P%(T’) vectors can be done from the values (P2275 (0,T,0));s, stemming

from TD/TB measurements, or alternatively, after factoring the coherence and echo propagators

from the values (P2275 (1,7, t));so given by the general rephasing PE experiment, as in Eq. S32.

2,2,2,%
Table S4. Entries of M*®
ROW COLUMN VALUE
4
1 1 ) Ziag
! 2 55— 15 (cos (2658) +2) usn
1 3 0
1 4 0
2 1 0
2 2 0
2 3 Tlf)”ig (3 cos (95g) Haghgg — (3 cos (0g,) cos (efﬁ) -+ sin (bgy ) sin (9{5)) Mfaufﬁ)
2 4 ?zuag ((3 cos (0g,,) cos (9,»5) + sin (6g,) sin (9 )) Mta it — 3 COS (9£g) ,u,ag,u,ﬁg)
3 1 0
3 2 0
3 3 %uag (3cos (0pg) Haghpg — (3cos (B5) cos (0¢5) + sin (65,) sin (653) ) peatis)
3 4 —%iugg ((3cos (05q) cos (655) + sin (05q) sin (0¢3) ) ptaris — 3cos (05g) Haghtse)
4 1 %yig ((cos (2035) +2) ,u%g — (cos (26¢,,) + 2) M%a)
4 2 % (cos (2034) + 2) uig,u%g
4 3 0
4 4 0
Table S5. Entries of MA8
ROW COLUMN VALUE
1 1 1% (cos (QGBg) + 2) ,uig,u%g
1 2 % ((cos (2035) +2) ,uig — (cos (2 (s — 03g)) +2) V‘?B) ,u%g
1 3 0
1 4 0
2 1 0
2 2 0
2 3 1515 (3c0s (0sg) Hagttsg — (2008 (O1a — O1) + cos (0ra + Orp — 2055)) isaties)
2 4 % ity (2008 (Ora — O5) + 005 (0o + 055 — 205) ) Heatiss — 3c0s (Opg) Haghpg)
3 1 0
3 2 0
3 3 T5 g (3c0s (95g) Hagtisg — (2008 (B1a — O1) + cos (0ra + 015 — 205g)) saies)
3 4 T5 it (3008 (05g) paghsg — (2008 (0ra — 01p) + cos (01 + V15 — 203¢)) fitatiis)
4 1 Ty (3u3, — (cos (2 (0ra — 055)) +2) 17, )
4 2 %
4 0
4 4 0
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Table S6. Entries of M8

ROW COLUMN

_ = = e

kR R R R R e R W W W W W W W WY NDNDNNDNN NN =

1

= 00 N O Ot W N = 00O Ut W N = 0O Ot e W N

o N O Ot ks W N

VALUE
3 cos (0pg) Highise
T o (3005 (035) g — (cos (2055 — 05) + 2cos (0p,)) i3y ) spg
0
0
%icos (05¢) “zg/‘ﬁg
— s ittag ((cos (2055 — 05¢) +2c0s (05)) 1B, — 3c0s (0¢) g ) Hpe
0

0
0
0
0

15 tasipg ((cos (20pg) +2) taghpg — (008 (fro — 015 — Og) + 205 (0ra) cos (05 — Og)) peatiss)
0
0
0

Tsinaghsg ((cos (20pg) + 2) tagnpg — (cos (Ora — Oi5 — O5g) +2cos (0ra) cos (0rs — Opg)) praiisn)
0
0

T5kaghss (005 (20pg) +2) paghag — (008 (U1a — Ors — Og) + 208 (05a) cos (05 — O3¢)) 1raties)
0
0
0

T5itaghsg ((cos (208g) +2) paghpg — (cos (Ora — 015 — Opg) + 2cos (0ra) cos (05 — Opg)) fitatiss)
0

T haghag (3cos (0pg) 13, — (cos (20a — O5g) +2c0s (035)) 2,
§ cos (05g) Haghi
0
0
—Tsitaghg ( (cos (20ra — Og) +2cos (03g)) i, — 3cos (03g) 13,
Zicos (0) Pog

0
0
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Table S6 (continued). Entries of M8

ROW COLUMN VALUE
5 1 3 cos (0pg) Highise
T o (3005 (035) g — (cos (2055 — 05) + 2cos (0p,)) i3y ) spg
0
0

_%i cos (035) “Zg/‘ﬁg

Tsittag ((cos (2055 — Opg) +2c0s (635)) 1y — Bos (655) ne) Hs

0
0
0
0

T5Haghpg ((cos (20pg) +2) pagtigs — (cos (ra — Otp — Op,) + 2 cos (0ra) cos (0rs — O3g)) Hra tiss)
0
0
0

T5itagtsg ((c0s (Bra — O — O3g) + 2005 (0fa) cos (065 — Opg) ) Hiasies — (005 (20pg) +2) Haglisg)
0

0
0
0

T5tasipg ((cos (20pg) +2) taghpg — (003 (Bra — 015 — Og) + 205 (6ra) c0s (65 — Og)) ptartiss)
0
0
0

= 00 N O Ot s W N = 0N O Ut W N = 0O Ot e W N

T5itaghsg ((cos (B — Orp — Opg) + 208 (05a) c0s (055 — Opg) ) Htaties — (cos (20pg) + 2) paghisg)
T taghag (3005 (03¢) 1, — (00 (20 — O3g) +2c08 (835)) K2, )
§ cos (05g) Haghi

0

0
Bitagiing ((cos (200 — B3g) + 2cos (955)) 2, — Beos (955) 13,

—%icos (955) Pog g
0
0

o 0 0 0 o W 0 0 N 99 N 9 9 9 9 90 o o o o o o o oot ot otooto ot

o N O Ot ks W N

The matrices M can be easily reexpressed in terms of d 4, dg, ¢, and 0 using the equations

in section I. As in subsection A, we obtain a bound on the relative error of X%(T') [19, 20]:

AX®(T AP®(T
IAXPD)| gl AP(D) | 19
|| Xar(T)] | Per(T) |
The condition number k% is given by,
R =|| M ||| M) | (549)

Fig. S2 shows contour plots of k = max,, x for a set of fixed dipole norm ratios dg/d4 across
the entire range of angles 0 < 6,¢ < m. For dg/da = 1 (panel (a)), there are four stripes

for which the QPT protocol fails. The stripes along ¢ = 0,7 correspond to the absence of

3T

excitonic coupling (J = 0), whereas the ones along 6 = 7, °F correspond to the homodimer
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Figure S3: Contour plots of x vs. € and ¢. The stripes about § = 0,5 correspond to the case of
uncoupled chromophores, and fail to provide a QPT via our suggested protocol. Additional unstable
regions emerge about 6 = I, 3% for dg/ds = 1 (panel (a)), which correspond to the homodimer case.
The 6 = 7 case is equivalent to the # = 0 case. Note that beyond the unstable regions, QPT is very

robust, with condition number k values on the order of 1 to 10.

case. As explained in Ref. [4], isotropic averages of signal denoting coherence to population or
opposite processes vanish for a homodimer. Therefore, QPT is incomplete in those cases and
large condition numbers arise near those critical angles. QPT is, however, quite robust in the
wide range of structural parameters which do not lie in the critical stripes, with x values on
the order of 1 to 10. For dg/d4 = 1.5,10,100 (panels (b), (c) and (d)), there is no possibility
of homodimer, and in fact, the inversion only fails for the uncoupled chromophores situation.
In general, the x dependence on 6, ¢ is seen to be largely insensitive to the ratio dg/d4 # 1.
This phenomenon can be easily understood as follows: as long as there is coupling between
the site excitons, the oscillator strength is fairly distributed between the two eigenstates of the
single-exciton manifold even if their site oscillator strengths differ by many orders of magnitude.

Remarkably, the protocol does not fail for the ¢ = 0,7 cases, when the site dipoles are
aligned or antialigned, except when dg/d4 = 1. For the latter, it happens that Koy = Mg, and
Mg, = Mg, yielding singular matrices M%. For these particular ¢ values and general dp/da
ratios, the four parallel transition dipoles have different magnitude but the same direction.
Since the currently proposed spectroscopic addressing of the states is through frequency space

rather than through polarization, these degeneracies are unimportant.
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C. CHOOSING SIXTEEN MEASUREMENTS OUT OF THE THIRTY-TWO HETERODYNE DE-

TECTIONS

Table S3 explicitly lists all 16 elements of x(7") which are extracted from the QPT protocol.
As mentioned above, there are 2* — 22 = 12 independent real-valued parameters associated
to the dynamics in the single exciton manifold, but we also keep track of four leakage errors
Xggaa(T)s Xgop8(T), and R{xggas(T)} and I{xysas(T)}, yielding a total of sixteen parameters
to extract. The terms associated with these transfers to the ground state are not listed, as they
can be expressed in terms of the rest of the elements using Eq. (3) in the article. The sixteen
experiments described in the article involve thirty-two heterodyne real valued measurements,
twice as many as parameters to extract. Clearly, there must be a way to select only sixteen
measurements out of the thirty-two. We now show that this reduction is feasible and has similar
stability properties as the original set. It is important to emphasize that the thirty-two or
sixteen required heterodyne detections are one-dimensional (1D) measurements, as the signals
([Spelehezesea(r, T,t))iso stemming from a single pair of 7, values suffice for the purposes of
performing a QPT.

We first make some observations which are easily generalizable. Altogether, the four
terms R{(PE% S, e, (T T ))iso b SUPE e e (T Tot))iso s RAUPE 5, e (T Tot))iso}, and

S{(Pfs  (7.T,t))iso} contain information about the real valued population transfer

terms XYaaaa(I) and xggaa(T). Consider the case where G,,(7)G,s(t) € R (for exam-
ple, taking 7 and ¢ to satisfy wg,T = wyst = 2m). Then, only R{(P&%%2 . (7,1,1))is0o}

€1,€e2,€e3,e4

and R{(PYPB  (7,T,t))is} need to be monitored, as I{(P24%e _(7,T,t))is0} and

€1,€2,€3,e4 €1,€2,€3,€64

S{(P2eBb  (1,T,t))iso} will, in principle, vanish. Conversely, if G,,(7)G,s(t) € S (say, by

e1,62,€3,e4
taking wg,7 = 7 and w, = 27), only the imaginary parts need to be monitored. Finally,
if G,,(7)Gps(t) has both real and complex parts of similar proportions, either the real or the
imaginary parts suffice. Naturally, depending on the ratio between the magnitudes of the real
and imaginary parts of Gy,(7)Gps(t), it will be numerically more favorable to measure the real
or the imaginary parts of the signal.

Consider — now  the  signals  R{(P>L(7,T,t))is0o}, S{UPELAT T ) ) iso}

202,2,% 22,2,%
R{(PLLLP(T, T t))iso}, and S{PLLP(7,T,1))iso}, which contain information about
R{Xapap(T)} and I{xapas(T)}. By proceeding as in the previous paragraph, it can be seen
that either the first two or the last two are good enough to extract information about the
latter two quantities.

The steps above can repeated for the rest of the elements of x(7") in order to select sixteen out

of the thirty-two measurements which yield the desired QPT. Table S7 presents an adaptation
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of Table S3, where, in the first column, we show a possible set of experiments which yields QPT

for the case of G,,(7)G,s(t) being purely real.

Table S7. A set of only sixteen measurements which yields x(7) for the case G,,(7)Gps(t) € R

From the data we can invert the elements which explicitly listed are

([ R{PLE(n T ))iso} | ( Xaaaa(T), ‘

RUPLELP (T, T 1))iso} (T} Xggaa(T),
SUPLLP (T, T 1))iso} R{Xapaa(T)} = R{Xsaaa(T)},

| RUPLELA(T, T 1)) iso} ) l S{Xapaa(T)} = =S{Xsaaa(T)} )

[ RUPIICT T, )0} | ’ Xaass(T), \
RUPLILL (T, T 1) )iso} (T} xss55(T),
SUPZLLL (T, T, 1)) iso} R{Xapss(1)} = R{xpaps(T)},

| RUPZLLL(T,T,))iso} ) S{Xasss(T)} = =S{Xpaps(T)} )

[ R{(PLee (7, T 1))iso}, | [ R{Xawes (D)} = R{Xaasa(T)},
S{UPLEL (T, T, 1) )iso SH{Xaaas(T)} = ={Xaasa (1)},
RUPILL (1, T 1))iso R{xssas(T)} = R{xssa(1)},
S{UPLP (1, T, 1)) iso } Dios(T) = Ouarsa(T))) S{xssas(T)} = —S{xpspsa(T)},
RUPZLLL(T, T, 1)) iso ) R{Xapas(T)} = R{Xpasa(T)},
SUPZLLL (T, T, 1)) iso} S{Xapas(T)} = —S{Xpapa(T)},
RUPZLL(T, Tot))iso R{Xpaas(T)} = R{Xassa(T)},

| SUPILLA (T, T t))iso} [ S{Xapas(T)} = —S{XBasalT)}

The same calculation of Fig. S2 can be repeated for this setting, where M% and P%(T') only
contain the elements in the first column of Table S7. We do not show them because they have
the same coarse appearance as the ones in Fig. S2. We make a numerical comparison between
the matrices of k values calculated in the previous subsection and the ones computed with the
selective measurements of Table S7, where we round large values of x down to be 100. We find
relative differences in their 2-norms of 0.094, 0.12, 0.0023, and 0.0028 for the dg/d4 =1, 1.5,
10, 150 cases, respectively, supporting the qualitative claim that the two protocols are similar

in terms of stability.

XII. SCALABILITY

The QPT protocol can be extended to general aggregates of d chromophores using a pulse
toolbox of d different waveforms (the single exciton Hilbert space is size d). Details will be

provided in a future publication. For now, let us make a comparison between the number of
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1D measurements required for a multichromophoric QPT and the effort involved in collecting
a standard 2D-ES [26]On the one hand, without keeping track of leakage errors, the number of
required QPT 1D experiments is equal to the number of parameters to extract, d* —d?. On the
other hand, the number of grid points in a single 2D-ES, which we take as the effective number
of experiments, is on the order of 7000 [21]. Therefore, within this crude measure, it is only
for d > 10 that a QPT becomes more costly than a single 2D-ES [27] . Clearly, the scalability
of QPT as O(d*) is not favorable asymptotically, although ideas associated with single shot
setups [22]| or compressed sensing [23, 24| could provide significant reductions in the required
physical resources. However, this limit might not even be relevant at present. So far, the largest
multichromophoric system for which spectral lineshapes can be resolved in a 2D-ES consists of
the lowest lying states of the Light Harvesting Complex-II [25], corresponding to d = 14, giving
14* — 142 = 38220 1D experiments, which amounts to an effort of collecting about six 2D-ES.
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[26] Contrasting the number of experiments in two different settings does not necessarily provide a
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