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Supplementary Information 

A theoretical model for the dynamic structure of Hepatitis B nucleocapsid 

Dong Meng, Rex P Hjelm, Jianming Hu, and Jianzhong Wu 

This supplementary material provides the detailed DFT equations and the simulation 

protocol for predicting the structure of Hepatitis B virus (HBV) nucleocapsids during various 

stages of replication.  

A. Density functional theory  

We use a classical density functional theory (DFT) to calculate the radial distributions of 

nucleic acids and the C-terminal domain (CTD) of HBV capsids at the beginning and final stages 

of the replication. The DFT equations and their numerical performance in comparison with 

experiment and simulation results for free and tethered polyelectrolytes have been reported in a 

number of previous publications (1-6). It has also been shown that the DFT accurately accounts 

for the electrostatic interactions and excluded volume effects important for RNA and DNA 

packaging(7,8). Here we reproduce only the detailed equation used in calculation of the density 

profiles.   

In this work, the HBV nucleocapsid is represented by a polyelectrolyte system with the 

density profiles of nucleic acids, CTD, and monomeric ions vary only in the radial direction. The 

DFT predicts that the radial distribution functions of small ions and polyion segments can be 

calculated from the “modified” Poisson-Boltzmann equations, respectively, 
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where 1/( )Bk T  , Bk  is the Boltzmann constant, T  denotes the absolute temperature; subscript 

  stands for a monomeric ion (e.g., cations and anions), p  for a polymer segment in the coarse-

grained representations of RNA, CTD, and ds-DNA; M  is the number of segments for the 

polymer chain, and ( )k r  represents an effective one-body potential for a polyion segment or a 

monomeric ion.  In Eq.(1), the excess chemical potentials of monomeric ions, ex
 , are calculated 

from the mean-spherical approximation (MSA) for the electrolyte at the bulk concentration b
  

(9). In Eq.(2), ( )iG r  stands for a chain propagator function (i.e., Green function), which is 

determined from the recursive relation 
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for 2, ,i M   with 1( ) 1G r  , and p is the segment diameter. In calculation of the density 

profiles for the CTD segments, the propagator function for each polymer segment depends on its 

position along the chain and its identity. In calculating the radial distribution of DNA segments, 

we adopted the method proposed by Woodward and Forsman for semi-flexible chains (10). 

Under the “no chain-end effects” assumption, the chain propagator GDNA(r, r') in Eq.(3) is given 

by 
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where D  represents the bending energy, and 0I  is a modified Bessel function 
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  and the trigonometric functions are given by 
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 The one-body potential accounts for the thermodynamic non-ideality due to 

intermolecular interactions. It depends on the external potential ( )k r  due to the capsid wall, the 

mean electrostatic potential ( )r , and the local excess chemical potential due to excluded 

volume and correlation effects ( )ex
hsc r :   

  ( ) ( ) ( ) ( )ex
k k k hscr r Z e r r      .    (8) 

where kZ  represents the electric valence of particle k, and e  is the unit charge. The mean 

electrostatic potential, in reduced form, is given by 
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The Bjerrum length 0.78Bl   nm is related to the distance between two monovalent spheres 

(small ions or polymer segments) where the electrostatic potential is equal to the thermal 

energy TkB . In Eq.(9), *( 0)r  is evaluated by applying another boundary condition 

( ) 0r   . 

 The local excess chemical potential is obtained from a functional derivative of the excess 

Helmholtz energy with respect to the one-body density:   
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where  ex
hscF   is the free energy due to the particle excluded volume and correlation effects. Within 

the coarse-grained model considered in this work, the excess Helmholtz energy functional can be 

decomposed into three inter-related contributions, i.e., 

 ex ex ex ex
hsc hs ch elF F F F       (11) 

where ex
hsF  is the excess Helmholtz energy functional due to hard-sphere repulsions, ex

chF  

accounts for the effect of chain connectivity on the intramolecular correlations, and ex
elF  arises 

from the hard-sphere and electrostatic correlations. Eq.(11) should include additional terms if the 

solvent-mediated interactions such as hydrophobic or hydration forces are considered.  

 The Helmholtz energy functional due to hard-sphere interactions is represented by the 

modified fundamental measure theory (FMT) (11) or the so-called “White Bear version” (12): 
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where { , 1, 2,3, 1, 2}n V Va a=  are scalar and vector weighted densities that defined in Rosenfeld’s 

original work(13).  

 In addition to the excluded-volume effects, the Helmholtz energy should also include 

contributions due to the intra-chain and electrostatic correlations. The intra-chain correlation 

accounts for the free-energy penalty in constraining the chain connectivity of the polymeric 

segments(14). According to an extension of the first-order thermodynamic perturbation theory 
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(TPT1) for inhomogeneous polymeric systems(15), the excess Helmholtz energy functional due 

to the intra-chain correlation is given by 
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where 2
21 pp nV2pV2pnn  is introduced to account for the effect of local density variation,  

and ),(  ny p  is the contact value of the cavity correlation function (CCF) of the polymeric 

segments.  A key assumption of TPT1 is that CCF can be represented by that corresponding to a 

monomeric reference system(16)  
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where parameters   and pa  are calculated from 

   























,,

2

3

22

0 )1(21

1

pk

kn
k

k
kB n

P
Znl




   (15) 

   
)1(

)1(2
2

3

2

p

pn
pB

p

n

P
Zl

a





















   (16) 

with 

   












 
 ,,

3

3,,

1

1)1(

3
1

1

2

pk k

k

pk k

kk
n

n

n

Zn
P


.  (17) 

Eq.(14) is derived from a modification of the mean-spherical approximation (MSA) theory for 

monomeric electrolyte solutions(9).   

 As for monomeric electrolyte systems, the hypernetted chain approximation (HNC) is often 

sufficient to describe the Helmholtz energy due to the long-range electrostatic 



S-6 
 

correlations(17,18). According to HNC, the excess Helmholtz energy can be derived from a 

quadratic functional expansion with respect to that for a bulk fluid of uniform densities }{ b
i  
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where (1)el
iC  and (2)el

ijC   represent the first-order and the second-order direct correlation 

functions (DCF) due to the electrostatic interactions in the reference system. In this work, we use 

analytical expressions of the DCF form the MSA(9).  

B. Numerical implementation 

 Equations (1) and (2) are solved with the Picard iteration method. The numerical procedure 

starts with an initial guess for the density profiles of polyions and monomeric ions based on their 

bulk densities. The reduced electrostatic potential *( )r , the effective fields for polyion segments 

and monomeric ions, ( )k r , and the Green function ( )iG r  for polyions is then calculated from 

Eqs.(3). Subsequently, new density profiles are updated and mixed with the previous results as 

the new inputs. The iteration procedure repeats until the change in the input and output density 

profiles of polyions and monomeric ions is smaller than 0.01% at all positions. 
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