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1 The volumeflow rate dueto a conically rotating tilted
cilium protruding fr om a surface

Below we usetheresistive force theoryof GrayandHancock(1955)to derive anex-
pressionfor theaveragevolumeflow rateproducedby a tilted, conically rotatingcil-
ium. Weusetheformulafor thevolumeflow ratedueto apoint-forcenearacell surface
boundarygivenby Liron (1978),whichcanbederivedfrom thefar-field expressionof
Blake (1971,1972).

1.1 Parameterisationof the cilium beat

Theslenderbodyor cilium of lengthL will bedescribedat a time t by X
�
s� t � , where

s is the arc-length,with 0 � s � L. If the cilium is taken to be straight,androtates
aboutthez � x3 axiswith semi-coneangleψ andradianfrequency ω thenwehave the
parametricrepresentation:

X1 � ssinψcosωt �
X2 � � ssinψsinωt �
X3 � scosψ � (1)

Thisdescribesaclockwiserotationviewedfrom above.
We shalltake thex � x1 axisto bethe‘left/right’ axisof theembryo,with positive

x correspondingto the ‘left’ andthey � x2 axis to betheanterior/posterioraxis,with
negativey correspondingto theposterior. Hencethenetfluid flow will bein thepositive
x directionandthetilt is in thenegativey direction.Theplanez � 0 representsthecell
surface,andz � 0 is theextracellularfluid compartment.This is shown on the left of
Figure1.

Applying theposteriortilt with angleθ it is straightforwardto show that thepara-
metricrepresentationnow becomes:

X1 � ssinψcosωt �
X2 � � ssinψsinωt cosθ � scosψsinθ �
X3 � � ssinψsinωt sinθ � scosψcosθ � (2)
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Figure1: Theconicalrotationmodelfor anembryonicnodalcilium, with semi-cone
angleψ andposteriortilt θ. Positivex correspondsto the‘left’ of thenodeandnegative
x to the ‘right’; positive y correspondsto the anterior, negative y to the posterior, as
indicated.(a) indicatesthecilium motionwith zerotilt, (b) indicatesthecilium motion
with non-zeroposteriortilt.

The tilted rotationis shown on the right of Figure1. From the above expressionwe
calculatethepartialderivatives∂X 	 ∂t and∂X 	 ∂sfor usein theforcedensityexpression
of Section1.4.

1.2 Stokesflow equations

Weusethemathematicalmodelof Stokesflow, whichisappropriatedueto theReynolds
numberbeingverymuchsmallerthanunity. If theradianfrequency speedis estimated
to be2π 
 10rad	 s, thecilium length3 µm andtheviscosityno lessthanthatof water,
0� 001Pa s, then the Reynoldsnumberis no larger thanapproximately5 
 10� 7, so
Stokesflow is anexcellentapproximation.TheStokesflow equationsare:

∇p  µ∇2u �
∇ � u  0� (3)

whereu is thevelocityfield, p thepressureandµ thedynamicviscosity.

1.3 Slenderbody theory

Slenderbody theoryexploits the linearity of theStokesflow equations(3) in orderto
describethefluid flow aroundamoving bodyby replacingit with acentrelinedistribu-
tion of point-forcesor ‘Stokeslets’Si j , weightedby forcedensity f j � s� t � :

ui � x ��
L

0
Si j � x � X � s� t ��� f j � s� t � ds� (4)

TheStokesletkernelSi j � x � X � denotesthe i-componentof theflow velocity at location
x dueto a unit point-forcein the j-direction locatedat X. In an infinite fluid this is
well-known to be

S∞
i j  1

8πµ

δi j�
x � X

��� � xi � Xi � � x j � Xj ��
x � X

�
3 � (5)
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Cilia protrudefrom a cell surfaceon which the no-slip, no-penetrationboundary
conditionsui � 0 for i � 1� 2� 3 mustbesatisfied.Thisis achievedby employing theim-
agesystemfoundby Blake(1971),consistingof anequalandoppositeimageStokeslet
combinedwith higherorderderivativesandthe potentialflow sourcedipole solution
locatedat the imagepoint � X1 � X2 ��� X3 � . This ‘singularity combination’allows the
representationof fluid flows in the semi-infinitedomainx3 � 0, andso we denoteit

by S∞� 2
i j . Although the nodemay alsobe coveredby an additionalmembranesome

distanceabovethecilia tips,thedominanteffectontheflow in theciliatedregionis the
cell surfaceboundary. For a recentreview of slenderbodytheoryfor cilia-drivenflows
andfurtherdevelopments,seeSmithet al. (2007).

In this calculationwe shallbeconcernedwith thevolumeflow ratein thex1 direc-
tion dueto apoint-forcein thex j direction,definedas

q1 j � X3 � : � ∞

x2 "! ∞

∞

x3 0
S∞� 2

1 j � x � X � dx2 dx3 # (6)

By conservationof massq1 j is independentof x1 andX1, andsinceS∞� 2
i j dependson

x2 andX2 only throughtheir difference,is alsoindependentof X2. It is alsoclearby
conservationof massthatthefar-field form of q1 j is all thatis requiredto computethe
flow rate. Blake (1971)showed that for j � α � 1� 2 the far-field flow dueto a unit
point-forceneara boundaryhasthe‘stresslet’form (seealsoBlake,1972):

S∞� 2
1α $ 1

8πµ
12X3x1xαx3%

x
%
5 & O

1%
x
%
3 # (7)

This decayswith inverse-squareof distance,andhencethe integral remainsfinite for
large

%
x
%
. By symmetryit is clearthat in factq12 � 0, whereasthedoubleintegral of

x2
1x3 ' % x % 5 $ 2' 3 yieldsq11 � X3 ' � πµ� (seealsoLiron, 1978,Eqn. (3.4)). By contrast,

thefar-field of S∞� 2
13 decayswith inverse-cubeof distance,andhenceby taking

%
x
%
to be

largewe seethatthevolumeflow rateq13 is zero.
Hencethevolumeflow rateattimet dueto aforcedistribution f j � s� t � for 0 ( s ( L,

with heightX3 � s� t � aboveano-slipboundaryat z � 0 is givenby

L

0

X3 � s� t �
πµ

f1 � s� t � ds# (8)

1.4 Resistive forcetheory

In orderto pursueananalyticexpressionfor thevolumeflow rateweapplytheresistive
forcetheoryapproximationto slenderbodytheory, asfirst usedby GrayandHancock
(1955).Fromresistive forcetheory, theforcedensityis approximatedby

f j � CT γδ jk �)� γ � 1 � ∂Xj

∂s
∂Xk

∂s
∂Xk

∂t
� (9)

wherewehaveusedthesummationconventionandδ jk is theKroneckerDeltadistribu-
tion (Blake,1972).TheparameterCT is theresistancecoefficientfor tangentialmotion,
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andγ is theratioof thenormalandtangentialresistancecoefficientsCN * CT . Consider-
ablework hasbeendoneon improving thevaluesandratiosof thesecoefficients,see
for exampletherecentwork of GueronandLevit-Gurevich (1999,2001)whoconsider
a modelwhich combinesthe efficiency of resistive force theorywith the ‘non-local’
effectsin a mannersimilar to a slenderbodymodel.Nevertheless,theprecisevalueof
CN will not affectourconclusionsregardingtheconfigurationfor optimaladvection.

We shall derive the ‘leftward’ flow in the x + x1 direction,which arisesfrom the
integralof f1 , s- t . alongtheflagellum.Expandingequation(9) for f1 wehave

f1 + CT γ
∂X1

∂t / , γ / 1 . ∂X1

∂s
∂X1

∂s
∂X1

∂t
0 ∂X2

∂s
∂X2

∂t
0 ∂X3

∂s
∂X3

∂t 1 (10)

Thetermsin equation(10)aregivenby:

∂X1

∂t
+ / ωssinψsinωt, (11)

∂X1

∂s
+ sinψcosωt, (12)

∂X1

∂s
∂X1

∂t
+ / ωssin2 ψcosωt sinωt, (13)

∂X2

∂s
∂X2

∂t
+ ωs, sin2 ψcos2 θsinωt cosωt

0
sinψcosψsinθcosθcosωt . , (14)

∂X3

∂s
∂X3

∂t
+ ωs, sin2 ψsin2 θsinωt cosωt

/ sinψcosψsinθcosθcosωt . . (15)

It canbeseenimmediatelythatthetermsin sinψcosψsinθcosθcosωt in equations(14)
and(15) cancel.Usingtherelationsin2 θ 0 cos2 θ + 1 we additionallyfind thatthere-
mainingtermsin equations(13) to (15) cancel.RecallingthatCN + γCT , we areleft
with simply

f1 + / CNωssinψsinωt 1 (16)

1.5 Mean volumeflow rate

To calculatethemeanvolumeflow rateQ we integrate(8) overonebeatcycle0 2 t 2
2π * ω anddivideby thebeatcycledurationT + 2π * ω:

Q + 1
T

T

0

L

0

X3 , s- t .
πµ

f1 , s- t . dsdt 1 (17)

Usingthedefinitionof X3 , s- t . andequation(16), we obtainthesimpleexpression

Q + CNωL3

6πµ
sin2 ψsinθ 1 (18)
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This leadsto valuesfor theNonakaet al. (2005)experimentalstudyof

Q 3 4 15 8πµ6 CNωL3sinθ for ψ 3 60o and (19)

Q 3 4 15 12πµ6 CNωL3sinθ for ψ 3 45o 7 (20)

Theformulafor Q definesanon-negative,non-decreasingfunctionof ψ andθ in the
domainθ 8 ψ 9 0 andθ : ψ ; 90o. This impliesthatthemaximumliesontheboundary
of thedomain,i.e. onθ : ψ 3 90o—theconfigurationreportedby Okadaetal. (2005).
We notethat this correspondsto the cilium centrelineactuallytouchingz 3 0 andso
cannotoccurpreciselyin therealsystem,but ratherthatthevalueof θ : ψ will bevery
closeto 90o.

Returningto themathematicalproblemof maximisingQ, wesubstituteθ 3 90o < ψ
anddifferentiatethe resultingexpressionwith respectto ψ. We hencefind that the
maximumvalueoccursfor semiconeangleψ 3 arctan= 2 3 547 7o andtilt angleθ 3
357 3o.
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