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1 Thevolumeflow rate dueto a conically rotating tilted
cilium protruding from a surface

Below we usethe resistize force theoryof Gray andHancock(1955)to derive an ex-

pressiorfor the averagevolumeflow rate producedby atilted, conically rotatingcil-

ium. We usetheformulafor thevolumeflow ratedueto apoint-forcenearacell surface
boundarygivenby Liron (1978),which canbe derivedfrom thefar-field expressiorof

Blake (1971,1972).

1.1 Parameterisation of the cilium beat

The slenderbody or cilium of lengthL will be describedatatimet by X(s;t), where
s is the arc-length,with 0 < s < L. If thecilium is takento be straight,androtates
aboutthez = x3 axiswith semi-coneangley andradianfrequeng w thenwe have the
parametriacepresentation:

X1 = ssinycosut,
Xo = —ssinysinat,
X3 = scosy. (1)

This describes clockwiserotationviewedfrom above.

We shalltake the x = x; axisto bethe'left/right’ axisof theembryo,with positive
x correspondindo the‘left’ andthey = x, axisto be the anterior/posterioaxis, with
negativey correspondingo theposterior Hencethenetfluid flow will bein thepositive
x directionandthetilt is in thenegativey direction. The planez = 0 representshecell
surface,andz > 0 is the extracellularfluid compartmentThis is showvn on the left of
Figurel.

Applying the posteriortilt with angle® it is straightforvardto show thatthe para-
metricrepresentationow becomes:

X1 = ssinycosut,
X2 = —ssinysinwt cosO — scosysind,
X3 = —ssinysinwt sinB 4 scosycosh. 2
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Figure1: The conicalrotationmodelfor an embryonicnodalcilium, with semi-cone
angley andposteriottilt 0. Positve x correspondso the'‘left’ of thenodeandnegative
X to the ‘right’; positive y correspondso the anterior negative y to the posterior as
indicated.(a) indicateghecilium motionwith zerotilt, (b) indicateghecilium motion
with non-zeroposteriortilt.

Thettilted rotationis shovn on theright of Figurel. Fromthe above expressionwe
calculatehepartialderivativesoX /dt andoX /dsfor usein theforcedensityexpression
of Sectionl.4.

1.2 Stokesflow equations

We usethemathematicanodelof Stokesflow, whichis appropriatalueto theReynolds
numberbeingvery muchsmallerthanunity. If theradianfrequeny speeds estimated
to be 2 x 10rad/s, thecilium length3 um andtheviscosityno lessthanthatof water
0.001Pas, thenthe Reynolds numberis no larger than approximately5 x 107, so
Stokesflow is anexcellentapproximation.The Stokesflow equationsare:

Op = pO%u,
O-u = 0, 3)

whereu is the velocity field, p the pressureandp thedynamicviscosity

1.3 Slenderbody theory

Slenderbody theoryexploits the linearity of the Stokesflow equationg3) in orderto
describehefluid flow arounda moving bodyby replacingit with acentrelinedistribu-
tion of point-forcesor ‘Stokeslets’S ;, weightedby force densityfj (s,t):

L
Ui (x) = /O Sj(xX(st))fj(s,t)ds. (@)

The StokesletkernelSj (x, X) denoteghei-componenbf theflow velocity atlocation
x dueto a unit point-forcein the j-directionlocatedat X. In aninfinite fluid this is
well-known to be

Sj = (5)

i( 5ij (>q—xi)(x,-—x,-)>
8 \ [x— X X XJ® '



Cilia protrudefrom a cell surfaceon which the no-slip, no-penetratiorboundary
conditionsu; = Ofori = 1,2,3 mustbesatisfied.Thisis achiesedby emplgying theim-
agesystenfoundby Blake (1971),consistingof anequalandoppositeémageStokeslet
combinedwith higherorderderivativesandthe potentialflow sourcedipole solution
locatedat the image point (X3, X2, —X3z). This ‘singularity combination’allows the
representationf fluid flows in the semi-infinitedomainxs > 0, and so we denoteit
by S"T/Z. Although the node may also be coveredby an additionalmembranesome
distanceabovethecilia tips, thedominanteffectontheflow in theciliatedregionis the
cell surfaceboundary For arecentreview of slendetbodytheoryfor cilia-drivenflows
andfurtherdevelopmentsseeSmithetal. (2007).

In this calculationwe shallbe concernedvith thevolumeflow ratein thex; direc-
tion dueto a point-forcein thex; direction,definedas

[oe]

thj(Xs) 1= /

/ /2%, X) dxz dea. (6)
Xo=—00 X3:0

By conseration of massqyj is independenof x; and Xy, andsinceS’}’/Z dependsn
x2 and Xz only throughtheir difference,is alsoindependenof X,. It is alsoclearby
conserationof massthatthe far-field form of gy is all thatis requiredto computethe
flow rate. Blake (1971)shovedthatfor j = a = 1,2 the far-field flow dueto a unit
point-forceneara boundaryhasthe ‘stresslet’form (seealsoBlake, 1972):

/2 1 [ 12X3X1X%aX3 1
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This decayswith inverse-squaref distance andhencethe integral remainsfinite for
large |x|. By symmetryit is clearthatin factqi» = 0, whereaghe doubleintegral of
X2x3/|X|° ~ 2/3 yields 11 = X3/ () (seealsoLiron, 1978,Eqn. (3.4)). By contrast,
thefarfield of Si°3/ 2 decayswith inverse-cubef distanceandhenceby taking|x| to be
largewe seethatthevolumeflow rateq; s is zero.

Hencethevolumeflow rateattimet dueto aforcedistribution fj(s,t) for0<s<L,
with heightXs(s,t) abose ano-slipboundaryatz = 0 is givenby

/0 - % fi(st) ds ®)

1.4 Resistveforcetheory

In orderto pursueananalyticexpressiorfor thevolumeflow ratewe applytheresistive
forcetheoryapproximatiorto slendemodytheory asfirst usedby Gray andHancock
(1955).Fromresistve forcetheory theforce densityis approximatedy
o _ 0Xj 0Xic\ 0X

fi=Cr (Véjk(y 1)EE> ot 9)

wherewe have usedthe summatiorcorventionanddjk is theKronecler Deltadistribu-
tion (Blake,1972). TheparameteCr is theresistanceoeficientfor tangentiamotion,



andy is theratio of thenormalandtangentiatesistanceoeficientsCy /Cr. Consider
ablework hasbeendoneon improving the valuesandratiosof thesecoeficients,see
for exampletherecentwork of GueronandLevit-Gurevich (1999,2001)who consider
a modelwhich combinesthe efficiency of resistive force theorywith the ‘non-local’
effectsin amannersimilar to a slendetbody model. Neverthelessthe precisevalueof
Cn will notaffectour conclusionsegardingthe configuratiorfor optimaladwection.

We shall derive the ‘leftward’ flow in the x = x; direction, which arisesfrom the
integral of f1(s,t) alongtheflagellum.Expandingequation(9) for f; we have

(g OX: [0X 0X1 0% %  0Xs 0%
fl_cT("at OV=U3s |35 & " s o  as atD' (10)

Thetermsin equation(10) aregivenby:

0X1

S = —wssingsinat, (11)
% = sinycosut, (12)
%% = —wssin’Pcosut sinat, (13)
%% = ws(sir’ Ycog Bsinwt coswt
+ siny cosysindcosdcosut), (14)
%%—f = ws(sir? Psir? Bsinwt coswt

— sinycosysinBcosb cosut ). (15)

It canbeseerimmediatelythatthetermsin sinycosi sinB cosb cosut in equationg14)
and(15) cancel.Usingtherelationsirn? 8 + cos 8 = 1 we additionallyfind thatthe re-

mainingtermsin equationg13) to (15) cancel. RecallingthatCy = yCy, we areleft

with simply

fi = —Cywssinysinwt. (16)

1.5 Mean volume flow rate

To calculatethe meanvolumeflow rateQ we integrate(8) overonebeatcycle0 <t <
21/wanddivide by the beatcycle durationT = 211/ w:

1T b Xs(s )
Q = ¢ /O /O o sy st 17)

Usingthedefinitionof X3(s,t) andequation(16), we obtainthe simpleexpression

CnwL3

= sirf Ysin®. (18)

Q=




This leadsto valuesfor the Nonakaet al. (2005)experimentaktudyof

Q = (1/8muCnwl3sin®@ fory=60" and (19)
Q = (1/12m)Cnwl3sin® for Y = 45°, (20)

Theformulafor Q definesanon-neyative,non-decreasinfunctionof ¢ and6 in the
domain®, Y > 0 andB+ P < 90°. Thisimpliesthatthe maximumlies ontheboundary
of thedomain,i.e. on 8 + Y = 90°—the configuratiorreportedoy Okadaet al. (2005).
We notethatthis correspondso the cilium centrelineactuallytouchingz = 0 andso
cannotoccurpreciselyin therealsystemput ratherthatthevalueof 6+ will bevery
closeto 90°.

Returningto themathematicabroblemof maximisingQ, we substituted = 90° —
and differentiatethe resultingexpressionwith respectto . We hencefind that the
maximumvalue occursfor semiconeangley = arctany/2 = 54.7° andtilt angle8 =
35.3°.
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