Text S1 Analysisof quenched oscillator system for satisfying thethree conditionsfor Turinginsta-
bility

To obtain parameter constraints for Turing instability, fivst linearize the reaction terms in (6)-(16) at the stedetes

(mc, Po, mro, Pr, ML, br, M1, pr, A, Pra, mrg) and obtain the Jacobian matrix:
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where we use the parameters = pc/Kc, ar = pr/Kr, ar = pr/Kr, anday = A/K 4 to obtain the off-diagonal
entries:

_ kspr
€ = Traao
ag = C9+7a4,
ato = ky(1+aa),
nca(nc—l)
_ c
b2 - VPR VLCKc(l-‘r(xgc)Q ’
(np—1)
_ nrap
b4 - VPLtetO—lNCCKT(1+a”;T)2 )
nToz(TnT71)
byp = VPLtctO—lNICKT(1+Q;T)2 )
(np—1)
_ nLay
be = VPLlucO—lNTOCKL(1+azL)2 )
KRAy(KRA 1t2an
npa(ind) (KA 140 ynna
bio = Vp..Nrq e ra traa

K 1+ .
pr(l+(FEA 54 )R )2

Jose 1S the6 x 6 principal submatrix of/, which corresponds to the first loop — the standard repegesiystemd|-lacl-tetR).
AHL is the only diffusible species, sb = diag{0, 0,0,0,0,0,0,0,dsxr,0,0}.

Condition 1: The oscillator loop by itself would produce oscillation (. is unstable).
The eigenvalues of,,,. are the roots of:

det(A — Jose) = (A +7m0)* (N +1p)® + eceroerbababs. (S.1)
It can be shown [s9] that instability of,,. is achieved when:
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veceroerbabybg. Substituting steady-state expressions and rearrangmgyrive at

wheref = v, /vmo andX = —
the following expression foX:
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where the additional variabler 4 > 0 is defined by the relation:
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Condition 2: The quenching loop ceases oscillations in the full systéns Etable).

The eigenvalues of are the roots of:

det(A] — J) = det(A ] — Jose) A+ v1) (A + ’YmQ)Q[(/\ 4+ ag) (A + a10) — coaio] + FA +vmo)> (N + 'yp)Q, (S.4)

whereF = vserergcegbaabio characterizes the feedback strength. To quench the dsgjllmodes of/,,., £’ must be a value
such that all of the eigenvalues $thave negative real part. Substituting steady-state esjoresand rearranging, we arrive at
the following expression foF":
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Condition 3: Diffusion will weaken the quenching loop’s influence on ttseilator loop for high wave numbers, allowing
spatio-temporal oscillations to emerge A\, D is unstable for somg > 1).

ForQ = [0, L], A\, = —(km/L)? for eigenfunctionsos(*Zx). J + A, D looks identical taJ except for the AHL entry of
the diagonal, which is now defined asig = —cg — va + Axdagr. This leads to:
det(A — (J + X\g D)) = det(A — Jose) A+ 71) (A 4+ 1m@) 2 [(A + @) (A + a10) — coaro] + F(A + Ymo)* (A + )2, (S.6)
which yields unstable roots for large enoughd . This implies that, for diffusion-driven patterning, weetea large

diffusion coefficient, a large wave number, or a small spdtanain. Letd,;,..s;, be the instability threshold for a particular set
of parameters, that is, (S.6) becomes unstable when:

(kTr/L)QdAHL > dthresh~

This expression can be rewritten in terms of the spatial {eaghew,. as:
2 2
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This maximum unstable wavelength is a convenient formutelbecause it applies to any chosen spatial domain size.
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