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APPENDIX

Throughout, we drop the superscript w in the manuscript for ease of presentation. Define
Ni(t) = I1(X; S )0, N(t) = NV Ni(t), () = NP T(XG > ), N (1) =
NTUSDE @iNi(h), w(t) = P(X; > 1), Axce(t) = E{Ni(1)},

ANCC(t) = /0 MLC(U), and G(t) = exXp {—mANCC(t)}

m(u)

We assume that the censoring time C' has a finite support [0, 7], which is shorter than
that of the event time 7" with P(T" > 7) > 0. The marker Y is assumed to be continuous
and bounded with |Y| < ) < oo and the true parameter value /3, is assumed to be an
interior point of a compact parameter space ). Without loss of generality, we assume
that Y > 0. Throughout, unless noted otherwise, the sup over time ¢ is taken over [0, 7]
and the sup over [ is taken over §2. We use the notation < to denote bounded up to
a constant and ~ to denote equivalence up to o,(1). In addition, we assume the joint
density of Y, T" and C' has continuous derivatives.

For sampling probabilities, we note that from similar arguments for the consistency
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of the product limit Kaplan-Meier estimator that

sup IG(t) — G(t)] = O,(N"?) (A.1)

and thus max; |p; — p;| = O,(N2), where p; = 6; + (1 — 6;){1 — G(X;,)}.

A. ASYMPTOTIC VARIANCE WITH FINITE POPULATION SAMPLING

Under a finite population sampling of a NCC design, let U(-) be any given function
of D; such that U; = U(D;) has mean 0 and finite variance, and the total variation
of U(D;) is bounded by a constant. We first derive a generic form of the asymptotic
variance of N~z Zf\il w;U;, where w; = V;/p;. We note that the NCC sampling vari-
ables {V1,---,V,} are weakly correlated and thus the asymptotic variance of weighted
estimators needs to account for such a correlation. We have
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where o2, = E(U?). Following from the arguments given in Samuelsen (1997), it can
be shown that
PO dAnce(t
cov{wU;, w;U; | 7} = —% Uu(t;Xi,@)??u(t;Xjﬁj)%)()
m

where 1, (t; X;,6;) = E{U(X; > t)(1 — p;)/p:}. Therefore, N~z SV @,U; has
asymptotic variance

+ Op(n"?’/z),

0[2] _ E{Z_f} _m/ﬁU(t)de(/t\)Ncc(t) (A.1)

When the controls are selected based on an additional matching variable Z with L
strata, we may obtain p;; accordingly. Following some algebraic manipulation, it can be
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shown that adjustment for variance would be

- E{I(X =3)Ui}* o
Z / T
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where AGtc(t)s = E{I(Xi < 08 | Zi = i} Axee(t) = [y dARge(u)/n¥(w).
70(t) = P(X, >t | Z, = 3) and {31,--- 31} are the unique values of Z among the
cases and o = P(Z; = ).

E
|

B. CONSISTENCY AND ASYMPTOTIC NORMALITY FOR A GENERIC IPW
ESTIMATOR

To derive the asymptotic properties of our IPW estimators, we first note that since the
NCC sampling variables {V7, - - - , V,,} are weakly correlated, and thus the standard con-
vergence theory derived for independent identically distributed (i.i.d.) case does not ap-
ply. Here we use the results on the strong and weak convergence of weighted sums of
negative associated (NegA) dependent variables (Liang and others, 2004; Liang and
Baek, 2006) , to establish the consistency and asympotitic normality of the IPW pro-
cess for NCC design with finite population sampling. The key is to show that U =
Nt Zf\il w,;U; can be viewed as weighted sums of NegA dependent variables, and it
satisfies the conditions required for tightness and weak convergence of the NegA pro-
cess.

If we let Vj;; denote whether the ith subject was selected as a control for the jth
failure time in the NCC sample, then {V};; } are NegA random variables and thus {V;, =
1325 Voji > 0),i=1,---n}and {a;Vo;,i = 1, ..., n} are also NegA for a; > 0 (Joag-
Dev and Proschan, 1983). This indicates that conditional on &, {w; — 1,7 = 1,...,n} are
negatively associated random variables with mean 0. For simplicity, we focus the setting
with no additional matching variables but note that the same arguments can be used to
justify the case with additional matching on Z.

We next provide justifications for the convergence of U= N1 Z 1 sz — 0
in probability and N2U — N(0, O'U) To this end, we write U U + U,, where
U=N"'"N U;andt, = N2V (@; — 1)U;. Obviously, U and U4, are indepen-
dent given Z. By the standard law of large numbers and central limit theorem, U—0
almost surely and N2U — N(0,02,). On the other hand, conditional on Z, U,, is a
weighted sum of negatively associated random variables. Since U;’s are bounded and p;
are bounded away from 0, it is straightforward to see that lim sup_,., N~ S8 U2 <
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0. On the other hand, |@; — 1| < ¢, = 2 + 1/{1 — G(r)} and P{exp(hc,) <
exp(2he,) < oo} — 1asn — oo for any positive constant h < oo, where ¢,, =
2+ 1/{1 - G (7)}. This implies that conditions (2) and (4) of Liang and Baek (2006)
are satisfied. Thus, by Corollary 2.2 of Liang and Baek (2006), Z:iw — 0 almost surely
and thus U — 0 almost surely. On the other hand, by Theorem 3.1 of Liang and oth-
ers (2004), a central limit theorem for NegA random variables (CLTeg4), along with
the variance calculation given in Appendix A, N 5Z/A{w, conditional on &, converges in
distribution to N (0, o2 — 02;,). It follows that Nz U — N(0, of).

C. ASYMPTOTIC PROPERTIES OF PROPOSED ESTIMATORS
C-1 Asymptotic Properties of 5

We first establish the consistency of 3 . To this end, we note that N _12(6) is a concave
function and the limiting partial likelihood function, £y(/3), is uniquely maximized at

Bo. Thus, from Theorem 2.7 of Newey and McFadden (1994), the consistency of B

can be established if NV *12(5) — Lo() in probability for any given (. To show this
convergence, we write

N
NTE(B) = NS @ {Yi — losTO(x;, 5) )

where TI®(t, ) = N-'S°N %,1(X; > t)ePiY}*. We next show that for any given
b e, R
sup [I®) (¢, 8) — O® (¢, B)| — 0,  in probability. (C.1)
t

where I1%)(t, B) = E{I( Z 2 £)ePYiYY. To this end, we note that |[I®) (¢, 3) —
0® (B < U0, ) — T® (L B)] + [0, §) — TN (2, )], where IO, 5) =
Nt El g I(X; > )eﬁYZYk From a uniform law of large numbers (Pollard, 1990),
sup, [TI®) (¢, B) Itk ( 3)| = 0 in probability. Thus it remains to show that II®) (¢, ) —

W (¢, 8) = NUSON (@ — 1)I(X; > t)eP'Y}} — 0 in probability, uniformly in ¢.
Noticing that conditional on 7, {(w; — 1)e’YiY}F i = 1,.., N} is a sequence of NegA
random variables and E(w; — 1 | Z) = 0, we may sort the sequence based on the order
X, such that {(@; — 1)65Y<i>Y(’§),X(1) < X < ... < X(,)} remains a sequence of
mean zero NegA random variables. This sorting will allow us to use the maximum in-
equality for partial sums of NegA random variables given in Theorem 2 of Shao (2000)
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Esup
t
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where {@Eki)’ i =1,..., N} is a sequence of independent random variables conditional on
2 such that @E‘i) and w; have the same distribution given Z. The independence among
{wpy,i=1,..., N} allows us to invoke the standard law of large numbers and the domi-

nated convergence theorem to show that &£ ’N -1 va (@ — 1)ePYi Y»k‘ — 0. Therefore,

sup, |II® (¢, B) — I® (¢, B)| — 0in probability and hence (C.1) holds.
To derive the large sample distribution for 6 by Taylor series expansion we have

N2(B = fo) = N2 ZwlUm + 0,(1), (C2)
where W)
IT (¢t
-1
= A(%o) / {Y; - H(O—)(t)} dM;(1), (C.3)
N i @) (x (0) 1) 2
A(B) = %ﬁ — N, @ { TRCLORRCGO IO (1) = Ni(E)
A;(t) and A;(t fo X; > eﬁoy ‘dA\o(u). Here and in the sequel, for the ease of

notation, we let K (¢) = I®(¢, By) and TIR)(£) = TI®(¢, By). We next show that

W(t) = N~2 32N @;M;(t) converges weakly to a zero-mean Gaussian process. To
this end, we first note that the finite dimensional weak ik convergence follows dlrectly

from CLTyega. To establish the tlghtness of the process W( ), we write W( ) = W(t)+
Wt (£) = Was (1), where W(t) = N=2 S Mi(8), Wan(t) = N72 300 (@i~ 1N (8),
and W,(t) = N2 SV (@; — 1) A;(t). The functional central limit theorem (Pollard,
1990) ensures that the process WV (t) is tight. By Theorem 8.4 of Billingsley (1962) along
with the fact that { (W) — 1)), X(1) < X(2) < ... < X()} is a sequence of mean zero

NegA random variables, the tightness of W, (t) holds if for any € > 0, there exists a
constant ¢y and an integer Vy such that for every N > N,

—2
cON2} ecy”.
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The above inequality can be established with (1.10) of Theorem 3 of Shao (2000) by
setting © = colNV 2and @ = = cgN2 2 /48. The same argument can be used to show that
N=2 SN (@; — 1)I(X; > t)e™Y: is tight, which implies the tightness of sz( ) =
fOt{N_l ZN (w; — D) I(X; = u)ePYi}dAg(u). It follows that the process W( ) is tight
and thus in view of Theorem 15.1 of Billingsley (1962), we have the weak convergence

of W( ) to a zero-mean Gaussian process. It then follows from a CLTega that Nz (B -
Bo) is asymptotically normal with mean 0 and variance

05 = E(U/pi) + E{Ncov(@;, @; | 2)UsUs;} = E(Uj;/pi) — mR,
where for any random variable U,

dANCC ( )

RE = [ (.0

(C4)

C-2 Asymptotic Properties ofg(t | )

We first obtain asymptotic properties for the baseline cumulative hazard estimator KO (t) =
t_dN(t)
0 T (1,5)"

of N (t) that N'(t) — E{N;(t )} in probab111ty On the other hand, from the consistency
ofﬁ and (C.1), we have sup, |1 (¢, 3) — TIO (¢, Bo)| < |8 — Bo| + sup, [TIO(¢, By) —
O)(t, By)| = 0,(1). This, together with Lemma Al of Bilias and others (1997) , implies
the uniform consistency of /A\O.
To derive the limiting distribution of 74 (£) = N2 {Ao(t) — Ao(t)}, we note that

v e [ B0 i [ TR T,

N
Z’&} UA@

dM;(u)—Ug; M (w)dAo(u

given in C-1 that I/, (¢) is asymptotically normal with mean 0 and variance E{U2, /p;} —
mRE, .

We next derive the asymptotic properties of S (t |y =e The uniform
consistency of AO( ) and the consistency of 3 implies that SUDy 1y|<yp | 108 S (t |y —

It follows from Corollary 2.2 of Liang and Baek (2006) and the monotonicity

| Z

IZ
I\J\r—l

. It then follows from the same arguments as

Aot )eﬁu
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log S(t | y)| is bounded by

(1) sup |e'§y — Y| = g,(1).
ly|<Vo

sup )K0<t) WOIE

Now, by a taylor series expansion and the asymptotic expansions given above, we have

N
%{§(t|y)—5(tyy}~fv%z iUsi(t | y) (C.5)

where
Usi(t | y) = =S(t | y) {e™Uni(t) + No(t)e™yUs; } . (C.6)

It follows from the CLTnega that IV 2 {§ (t|y)—S(t|y)}is asymptotically normal with

mean 0 and variance E{Us;(t | y)?/p:} — mRUS (tl)"

C-3 Asymptotic Properties of S (t,c)

To derive large sample properties for S (t,c), we write 8 te) = [ NS S(t |y dFy( ).
By Corollary 2.2 of Liang and Baek (2006) and the monotonicity of Fy, we obtain the
uniform consistency of ﬁy(y) for Fy (y). This, together with the uniform consistency of
S(t | y) and Lemma Al of Bilias and others (1997), implies the consistency of S (t,c).
To derive the asymptotic distribution for S (t,c), we /flrst note that similar arguments

as given in Appendix C-1 for the weak convergence of YW (t) can be used to establish the
weak convergence of

Ur(y) = N {Fy (y) = Fy(n)} = N2 3@ 10V < ) = Fr()}

to a zero-mean Gaussian process. This, together with (C.5), implies that ﬁg(t, c) =
Nz{8(t,c) — S(t, c)} is asymptotically equivalent to

Yoo Yo 1~
[ {1 - st 1w} are)+ [ 8¢ 0d [NHRG) - )
and thus Us(t,¢) = N~z SN @,Usi(t, ¢) + 0,(1), where

Yo
Usi(t,c) = / Usi(t | 9)dFy(y) + St | Y)I(Y: > ¢) - S(t.e)  (C.7)
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It follows from the CLT g4 that Z/AIS (¢, c) is asymptotically normal with mean O and vari-
ance E{Us;(t,c)*/p;} — mR%]S(m. The asymptotic properties of the accuracy measure
estimates follow directly from the above approximations to N %{ﬁy(y) — Fy(y)} and
Us(t, c) as well as applications of delta method.

C-4 Asymptotic Properties of Estimators for ROC Summary Measures

Furthermore, it is not difficult to show that the weak convergence of Us(c, t) and Ux(c)
holds jointly. The asymptotic distribution of the accuracy estimators follows directly

from the joint distribution of Z{s(c, t) and Ux(c). This, together with a functional delta
theorem, implies the following approximations for Ugpg, (¢) = N2 {F/PT{t(c) —FPRy(c)},
Urpr,(c) = N{TPR,(c) — TPRy(c)}, Uppy,(c) = Nz{NPV,(c) — NPV;(c)}, and
Unpv, (c) = N2 {PPV,(c) — PPV,(c)},

aFPRt (¢) ~ Us(c,t) — lg)(}i;(c)as(clat)’ Z;{\TPR,,(C) o TPR, (c)Us (¢ ,f)_*ééf)(c) —Us(c, 15)7

~ — 1}Ur(c) — Us(c, -~ Us(t) — Us(c,t) — U
Uiy, () ~ PPV©) 115 ]f((cc)) SO0 Gppy, (c) = Yl 2 Usle 2 (C)NPVt(C) (9
The same arguments as given above can then be used to establish the weak convergence
for these processes and obtain the asymptotic variance. For example, since UppgR, (¢) =
1 —~ . _ ?
N2 Zf\il wiUFPRti(C) with UFPRti(C) = S(t) 1{U,§¢(C, t)—FPRt(C) Ug,-(cl, t)}, Z/{FPRt (C)
converges in distribution to N (0, opg, (c)), where

o, (€) = Uk () o1} =m0 [ oty (e u)dAnce(w)/n(u),

and UgpR, (c,u) = E{Uppr,i(c)1(X; > u)(1 — p;)/pi}-
To establish the weak convergence of the ROC curve estimator, we first note that the
arguments above can be extended to show that the weak convergences of the two pro-

cesses, ﬁFpRt (c) and ﬁTpRt (¢), hold jointly. This, together with the stochastic equiconti-
nuity of these processes, implies that for u € [u;, u,] C (0, 1),

Nz {ROC,(u) — ROC,(u)} ~ Urpr, {FPR; ! (1)} — ROC, (u)lepr, {FPR; ! (1)},

N

N
~ N~ Z @UROCtz'{FPR;l(U)}a
i=1

where Uroc,i = UTPRti{FPRt_l(U)} — ROCt(U)UFPRti{FPRt_l(U)} and ROCt(U,) =
OROC, (1) /Ou. It follows that N2 {ROC,(u) — ROC,(u)} converges weakly to a zero-
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mean Gaussian process, N (0, 0jqc, ) in distribution, where 03¢, (u) = E{Ugqc,;/Pi}—
m [ mQJROCt (u)dAnce(u)/m(u).
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