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1 Relationship between n and g(<)2>

In this section we derive a relationship between measured correlation his-
tograms and the underlying statistics of photon emission. Without loss of
generality, we can begin the calculation at the first pulse after the correlator
card has finished a single recording. This source will emit a random number
n of photons, with a probability distribution p(n). There are a number of
possibilities:

1. Start and stop occur during this n-photon emission pulse. Stop can
actually occur slightly before start because an electronic cable delay
was set up to allow recording of negative start-stop times.

2. Start occurs during this pulse. Stop does not occur in this pulse.

3. Stop occurs during this pulse but start does not.

Option 1 leads to a count at the center peak. If option 2 occurs and a
stop pulse is detected at the next pulse, there will be a count at the +t,.,
side peak. Option 3 can only lead to counts at negative-time. We focus on
the center peak and the +t,¢, peak.

The probability of start and stop occuring during the same n-photon pulse
is the probability that at least one photon is detected at the start APD and
at least one photon is detected at the stop APD. Let N, and N be random
variables representing the number of photons detected at the start and the



stop.

P,(center) = P(N,>1&Ng>1)
— 1-P(N, =0orNs =0)
— 1-P(N,=0)— P(Ns=0)+ P(N, = 0& Nj = 0)
— 1 (l-a) (B (1 -a B

where a and (8 are the detection probabilities of an emitted photon at the
start and stop channels. These probabilities include all losses from the point
of NC emission to the detectors. Importantly, they include the beamsplitter
in the detection arm, so that o+ 3 can never be > 1. To compute the size of
the side peak we note that the probability of start occuring at the n-photon
pulse and the stop occuring at the next is the probability that at least one
photon is detected at the start APD and no photon is detected at the stop
multiplied by the probability that at least one photon is detected at the stop
APD at the next pulse. Let Pg equal this last probability. Then:

P,(side) = P(N,>1&Nz=0)P;3
[P(Ng =0) — P(N, =0& Nz =0)] Ps
[(1=8)" = (1 —a—=p5)"] Ps

where

Py=Y pm)P(Ny=1) =3 p(m)[1l—(1-p)"]

By adding the contributions from all possible values of n weighted by
their probabilities, we get the total intensities at the center and the side
peak:

center = Z D

side = Zp n) P, (side)



1.1 Low detection efficiency limit

The expressions are simplified in the limit where o and § are < 1, typical
of most experiments.

l-1-a)"—1=08)"+(1—-a—-05)" = n(n—1)ap
1-8—(1—a-B) ~ na
1-(1-p5)" = mp (1)

The center and side peak intensities become:

center = a8 Z n(n — 1)p(n) side = af Z np(n Z mp(m

And the ratio is therefore:

9 center - 2_< (n—1))
W' = <Z”(”_1 ) (an )—W

n=2

2p(2) +6p(3) +
(p(1) +2p(2) +3p(3) +...)°
If the probability distribution of n changes over time, as in the case of

nanocrystal blinking, the histogrammed counts at the center and side peaks
are still accumulated separately, so that:

center = af3 <Z n(n —1)p(n, t)> side = af3 < (Z np(n, t)) >

n

Therefore,
2 <<n<n - 1)>>t <2>

YTy,

where (-); denote time averages.



2 Nanocrystal emission

A colloidal NC can absorb a random number N of photons from the excitation
pulse. Each step in the resulting N-length recombination cascade can occur
radiatively or nonradiatively. &,, is a random variable that takes the value
1 if the decay of the m-th multiexcitonic state to the m — 1 multiexcitonic
state is radiative, 0 otherwise. Then, the emitted photon number from an
NC is given by:

Ndot = E SmINZm
m

Where Iy>,, is an indicator variable equal to 1 if N > m. We compute
the random variable in the numerator of g(()z):

ndot(ndot - ]-) =2 Z ]NZm Z Smgm’

m/'<m
Where we have made use of the fact that In>pIn>m = IN>m When
m > m’ and that £2, = ¢,,. Taking expectation values:

9(2) _ <nd0t(ndot - 1)) _ 2 Zm PNEm Zm’<m<£m£m'>
’ (1dor)* (o Prvom(€m))’

Here Py>,, is the probability that at least m photons are absorbed by the
NC. In our experiments the excitation wavelength is well above the exciton
energy so the absorption process can be treated as Poissonian, with Py—,, =
™ exp(—(N)). In the limit of low power,

) . 2Pn>2(&&)  (§&)

lim = lim =
0T T NS PEL(E)2 T (6)?

Which is the key result used in the paper. If the NC blinks, we apply
Eqn. 2, to obtain:

@ _ (&8 _ (na(t)mea(t))s

lim gy’ = =

(N) =0 (&)%) (n2(t)?)e
Where 1, (t) and ny,(t) are the time-varying X and BX quantum yields.




2.1 Approximation of X-BX independence

In the main manuscript, the following approximation is made:

<§1§2> <§2> _ Mz
(€1)? <51> Nz

We justify the approximation (£1&5) = (£1)(&,) as follows. Because & are
either 0 or 1, we can write (§1&3) = (£2) - (€1)|e,=1. Both possible sources of X-
BX quantum yield correlation are not expected to play a big role. If the BX
emits there is no local energy release to modify the subsequent X emission
(&1)]ep=1 =~ (&1). If a hidden stochastic variable like surface quality controls
& and & we expect them to be positively correlated so (&1)|g,=1 > (&1)-
However, for our experiments the relevant (£;) is already ~ 1. Therefore,
during bright periods, which contribute almost the entirety of the intensity
in the measured ¢(®(7) histogram, (£,&) ~ (&1)(&).

(3)

3 Background effects

The results calculated in 1 can be extended to the case where there are two
types of photons. n = ng is the photon number from the source of interest
and n’ is a background source, which has detection probabilities o and " at
the start and stop detectors. Then,

center = > puw [n(n — Daf+n'(n' = 1)/ B +nn'(af' + o/ B)]
side = Y puw(na+n'a)>  puw(nf+n's)
and
& = af(n(n —1)) + /B (n'(n — 1)) + (nn')(af’ + o/f)
(ma+ (n)a’)((n) B + (') ')

We use the facts that (n(n—1)) = g{3_ (n)2 and (n'(n/—1)) = g(()2}))ackg<n>2

and assume that n and n’ are independant. The fraction of the signal from
o’ (n’)

the extra source in channel 1 is given by y; = Tyl and similarly y, =
B’
W ThllS we find:



96" = (1= ) (1 = Y2)9 hor + Y1200 g + (L =912 + (L= 1o)yn (4

For the case where n' is simply a Poissonian background, as would be the

case for laser scatter, etc., then gé2gackg = 1 and we obtain:

g =1+ (1= 0)(1 - ba) [gf7h — 1] (5)

Where b1 9) = 912 are the background to total signal ratios. If instead
n’ is due to another NC, which we assume for simplicity has an identical

gézﬁackg = géﬂot, then we obtain:

2 2 2
0 = 5400 + (a2 + 2a9) [1 = 600 (6)
where 719 = 1 —y; 2 and y; » are the signal fractions of the dot of interest
and the additional NC in each channel. The results in Eqns. 5 and 6 can be
combined, and if the signal fractions from background or other NCs is small
one obtains:

9(()2) ~ 9(()22101; +b1+y1 +ba+ys (7)

By examining intensity time traces of each channel we could estimate
an upper bound on the total signal fraction from extraneous sources in the
start and stop channels, Y7 = by + y; and Yo = by + 3. We found that
Y1+ Y, < 0.015, significantly lower than most of the g values we measured.

4 Calculation of Radiative and Auger rates

In the main text we computed the evolution of 982) for an NC using a sim-
ple model to estimate the multiexciton quantum efficiencies n,, = (£,,). We
note that n,, = kf;}dTm. We assume that the multiexciton lifetimes are dom-
inated by the Auger mechanism. By counting the number of possible trion
recombination pathways and assuming every trion’s recombination occurs
with the same rate, one finds that the Auger rate for multiexcitons scales as
km oc m?(m — 1) (“Statistical” case in Ref. [1]).

To estimate the radiative rates we ignore fine structure effects and use
the simplest model of the band edge electronic structure in CdSe-like NCs.
The conduction band states are spatially the same but have the minimum
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S = % spin degeneracy. The four valence states have mixed spin and orbital
angular momentum F = L, +J = 2 [2]. The spontaneous recombination
rate of an electron and hole is proportional to the square of the transition
dipole |(¢p,|fi]1e)|* which can be computed by straightforward application of
the Wigner-Eckart theorem. The nonzero matrix elements for recombination
with a m, = 1/2 electron are:

2
‘<3/2,3/2 e 1/2,1/2> = prad
> 9
‘<3/2,1/2 e 1/2,1/2> L
> ]
‘<3/2,—1/2 e 1/2,1/2> = gk

Where k"% is some constant. An average over all four hole states therefore
gives k¢? = k™4/2. To compute the BX rate we add up all possible e-h
recombination pathways and find that all configurations have k7l = 257,
For m > 2 states like the TX, we note that in our experiment we observe
chiefly the band-edge fluorescence, so the radiative rates that apply are the
rates of 15,1535 emission only. Assuming Aufbau configurations at the band
edge of 2e-3h and 2e-4h for m = 3 and m > 4, we compute k7% = 3k and
k‘”ﬁl to = 4k Combining this with the Auger rate scaling, we can estimate

the band-edge emission quantum yields of all higher multiexcitons from the
biexciton QY:

2min(m, 4)
| S 8
m2(m — 1)% ®)

We show in addition that the BX radiative rate is unaffected by fine
structure effects. The results above were obtamed using [¢%") and [¢7) in
the occupation number basis derived from the S = 3 electron and F= 3 hole
single particle states. When fine structure effects hke e-h coulomb exchange
are included, the true eigenstates [¢}") and |¢F) are a superposition of the
occupation-number states. The radiative rate of any of the BX states is
proportional to:

Bt = > gl P =Y Wl Pl b

B m=-1,0,1 m=—1,0,1



Where P, is the projection operator onto the X subspace. If we choose
the occupation number basis to represent ufn) we note that each of the three
matrices M(I)PM&) are diagonal because any of the ,ufn) connect any of the
1) to at most one [¢)?). Therefore, the matrix p* = 3 p) Py i
also diagonal in the {|¢bx)} basis, with all the diagonal elements = 21{;’"‘“1 as

discussed previously. Writing be) ZC]|¢M>

B o = 3 ches (P le) = 23 ey P = 2k
4.’ J
This proves that fine structure effects play little role in BX radiation at
any temperature. The result holds as long as the Wigner-Eckart theorem
holds (i.e. there is not too much anisotropy) and as long as it is fair to
assume that no other higher conduction or valence band states are involved.

5 Disaggregated g((f) data on individual NCs

We show in the Fig. 1 the average 90 ) for all NCs we measured. The only
data point we have excluded from our report was a single measurement on a
dot from sample (e) which showed an extremely short X lifetime of ~ 6 ns,
poor, multi-state blinking, and low emission intensity.

6 CW Antibunching on NCs

Consider the three level system formed by ground, exciton and biexciton
states. The photon absorption rate is v and the decay rates of X and BX are
k1 and ko respectively. Then:

d 09 —/{52 Y 0 09
@ o1 | = ky —y—k 01
00 0 k1 - 0o

The system has three eigenvectors, the first of which corresponds to equi-
librium:

1 72/]{:2
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Figure 1: Plot of measured g((]2) against the X lifetime 7, obtained from fitting
the shape of the peaks in ¢'® (1) for the individual dots we measured in each
sample. The ensemble BX lifetime of samples (a) through (e) are 60, 130,
s. We observe that, in general, 7x does not account for

330, 420, and 920 })3
(2

the variation in

90

within any of the samples



The measured photon cross-correlation g (t) is proportional to the prob-
ability density of detecting a photon at time ¢ given that a photon has been
detected at time 0. If photons can be attributed to either X or BX emission,
g (t) can be decomposed as follows:

gP(t) o P(detect hv at t|detect hv at 0)
Ix

= P(hv at t|X hv at 0) x

total

I
+P(hv at ¢|BX hv at 0) x —2X

total

Each one of the possible t=0 events prepares the system in a particular
state. If an X photon is detected, the system is in the ground state, while if
BX photon is detected, the system is in the X state. The light intensity is
described by:

I(t) = [ ks nok1 0] -o(t)
At steady state o (t) = oy

I | = nbm72 + nmklfy
R R R R R
I;X f)r(
Then,
0 0
92(0) o Ipx [ mwks ok 0| 1| +Ix [ mowks noks O] | 0
0 1

Dividing by ¢ (00) o (Ipx + Ix)? for proper normalization, we find:

(o Ipxn.k , i+
92(): BXT) 12:77LX k1 kalzznifor7<<k:1
1 N

The condition v < k; is readily satisfied in most experiments. The result
that ¢®(0)/g®(00) = e/, under weak CW excitation is analogous to

our earlier result that gé2) = My /M. under weak pulsed excitation. In either
scenario, biexciton luminescence limits the depth of antibunching.
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7 BX lifetimes and QY from ensemble tPL

We determined the characteristic BX lifetime of each sample by transient
photoluminescence spectroscopy of ensembles of NCs. Hexane dispersions
of nanocrystals were excited with 400nm pulses derived from a 1kHz am-
plified Ti:sapphire laser. The photoluminescence was collected, directed to
a monochromator, and dispersed onto a Hamamatsu C5680 streak camera.
Samples were stirred and kept at room temperature in air.

Figure 2 shows representative PL decays under high excitation fluence
for each of the five samples studied. The fitting method follows that de-
scribed in our previous work [3]. Decays at high power are fit to a functional
form apxe *8xXt + ax f(t), where the X dynamics, f(t), is an exponential
or biexponential fitted to PL decays obtained under weak excitation. As in
our previous work, to reduce the influence of faster decay components from
higher multiexcitons on our estimated 7py, we fit only times ¢t >~ Tpx /2.
We have shown that this procedure results in values of 7gx that are consis-
tent across an excitation power series [3]. The BX lifetimes averaged over
several measurements for samples (a)-(e) are 60, 130, 330, 420, and 920 ps
respectively.

The ensemble BX QY of the QDOT655 sample that was later used in this
work was found to be 7, ~ 0.11 by Fisher et al.[4] We also obtain 7, ~ 0.12
for this sample using our ensemble value of Tpx &~ 920 ps, the average single

NC 7y =~ 30 ns which is &~ 754 since 7°" ~ 1 and the relationship k7% ~

4kred. (3]

8 Effect of Auger lifetime inhomogeneity on
ensemble BX decays

Our experiments show that individual nanocrystals from an ensemble exhibit
slightly different biexciton quantum yields. We attribute this to dot-to-dot
inhomogeneity of the BX lifetimes. However, ensemble BX decays are ap-
parently well fit by single exponential decays. We discuss here that this is
related to the type and extent of the inhomogeneity.

The BX QYs measured for single NCs were always within a factor of
two or less of the average BX QY for the ensemble. Then, the distribution
of the BX decay rates (we use rates instead of lifetimes for computational
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Figure 2: (a)-(e) Fits of representative ensemble transient PL data collected
for each of the five samples studied in this work under strong 400nm pulsed
excitation. Black lines are experimental decays, normalized at long times.
Red solid lines are fits to the form agxe*8x! +-ay f(t), where f(t) represents
the X dynamics as described in the text. The dashed red lines are the
ax f(t) component of the fit. The BX lifetime estimated, Ty = kpk, is
shown in each plot. Fits begin at ¢t &~ 75x/2 to avoid artifacts from higher
multiexcitons.
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convenience) in the sample can be modeled as a uniform distribution: !

0 if k <ky— Ak
pra(k) = 3 shp if [k = kol < Ak (9)
0 if k> ko+ Ak

The corresponding ensemble photoluminescence decay s(t) is given by:

s(t) = / e oy (k) = bt SN(AKE) (10)

Akt

The decay differs from a single exponential by a multiplicative factor
f(Akt) = Sing(ﬁkt. This is nearly = 1 for ¢ < (Ak)™! and only increases
by 20% for ¢t ~ (Ak)™! (Fig. 3(a)). The inhomogeneity in decay rates only
affects the long tail of the measured decay. Figures 3(b-c) illustrate this for
a population in which the full spread 2Ak of decay rates is of the same size
as the average decay rate itself, ky. This inhomogeneity is more severe than
that found from our single dot BX QY data. It is seen that the deviation
from single exponential dynamics only affects the long tail of the ensemble
BX decay. The effect is difficult to observe in tPL because of limited signal
to noise and overlap with the X decay.
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Figure 3: (a) Plot of the multiplicative factor that causes s(t) to deviate
from a single exponential if the distribution of decay rates is uniform with
full width 2Ak. The deviation is small as long as Akt is comparable or
smaller than 1. (b) Plot of a model decay for the case 2Ak = ky. Dashed
line is a single exponential decay without the inhomogeneity. (c) Same as
(b) but on log scale
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