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1 Proof of Maximum a Posteriori Genotypes by Searching the
Distribution C

Lemma 1 Given o > 0, Pr(D|G) decreases monotonically with ||D — G||3.

Proof
log(Pr(DIG)) = 3 log(Pr(Di[Gy)
M=
= Cgl)z— P> (D - Gi)?
= -Gl
where cf,-l) and 05,2) depend only on ¢ and 05,2) > 0. |

Lemma 2 Given o > 0 and Dy < Ds, the genotype assigment G = g = (91,92, 93,94, - - -, 9n) where
g1 = f1,92 = po St 1 > po is less likely than genotype assignment G = g' = (g1, 95, 93,94, -, 9n)
where g} = i, gy = pi1.-

Proof
Pr(D|G) = [][Pr(DilGi)
= Pr(D1|G1) Pr(Do|Gs) [] Pr(DilGy)
1:9>2
argmax Pr(D;|G1) Pr(D2|G2) H Pr(D;|G;)
(G1,G2)€{(91,92),(91,92)} i6>2
= argmax Pr(D;|G1) Pr(D2|G2)

(G1,G2)€{(91,92).(91.95)}

because [[,.;-, Pr(D;|G;) > 0.

By Lemma 1, Pr(D;|G1) Pr(D2|G3) decreases monotonically with ||(Dy, D2) — (G1, G2)||3.
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= 2(D1(p1 — po) — Da(p1 — o))
= 2(m — po)(D1 — D) <0

Therefore, PT(D1|G1 = Ml)PI‘(D2|G2 = ,U()) < PI‘(D1|G1 = /1,0) PI‘(D2|G2 = ,U1) and PY(D|G = g) <
Pr(DIG=¢) 1

Lemma 3 Given the number of individuals with each genotype C; = |{i : g; = p;}|, the search space
of consistent genotype configurations is {g : C} = {g € {ui, ph, ... p }" : C} where {pg, phs .- ph } =
{pj: 7€{1,...k},C; >0}.

Proof
Cj :OHVigi#Mj

Therefore, {g: C}={p;: je{1,...k},C; >0:C}". |

Lemma 4 Given ploidy P = p, 0 > 0, data and labels ordered so that D1 < Dy < ... < D, and
po < py < ... < s, and genotype counts C' (where ), and C are defined in Lemma 8), then in the most
likely genotype configuration g* = (97,93, - - - g,) = argmax, Pr(D|G = g), g7 =

Proof By Lemma 3,
argmax Pr(D|G = g)
g€{mo,uo,...up}m:C
= argmasx Pr(D|G = g)
g€{pgut,epf, }:C

Vg i g1 = Wj # o, there must be some i’ > 1 for which gi = pg (because Cp > 0 and the p;
are unique for a given ploidy). Given that the D; are sorted in ascending order, then D;; > D; and
po < p. By Lemma 2, choosing ¢" such that g; = po and g;, = ) does not change the genotype
counts, but increases the probability. Therefore, any configuration with g; # p is suboptimal. Hence by
contradiction, in any optimal configuration g*, gi = py. |

Theorem 5 Given ploidy P = p, 0 > 0, data and labels ordered so that D1 < Dy < ... < D, and
po < py < ... < s, and genotype counts C' (where u; and C are defined in Lemma 3), then the unique



most likely genotype configuration is given by

* /

91 = Mo

* _ !

92 = Mo

* _ /

9dco, = Mo

* _ /

9co+1 = M1

* _ I

gC’0+C’1 - Ml

* _ /

9co+Ci+1 = M3

_ /

9Co+C1+C2 = M3

* _ I

9Co+C1+Co+..4Cpr_1+1 = Hrr—1

* _ !
9Co+C14+Co+..4Cr = M

Proof By Lemma 4 if ¢* = argmazg.c Pr(D|G = g), then gf = pj. Then g* = (9{79(2)*) and g* =
argmazg.c,gr . Pr(D|G = g) = argmax,e).c@ Pr(D|G = g®) where C® = (Cy — 1,C1,...C).
Inductively, this creates a series of maximization problem of the same form. For maximization problem
i in this series, the smallest remaining ,u; for which C](i) > 0 is assigned to g;. For this reason, uf is
assigned to g7, ... g¢, because they correspond to the smallest Dy, ... D¢, . After g7,... g7, are assigned,

then the new smallest value of y’; s.t. C](.CO) > 0 will be p}; therefore, ) will be assigned to the next Cy

genotypes ey 41 - - - YCo+C s w5 will be assigned to the next Cy genotypes, 9O+ Cy 410 - - - Co+C1+Cs» €EC.
until all genotypes have been filled.

Corollary 6 Given a distribution prefic CP¢f = (Cy, Cy, . .. C;) with total sum nPrel - for all suffizes
C*f | the optimal genotype configuration must include the optimal genotype configuration must include the
genotype assignments resulting from the subproblem on CPTel gPref npPref where gPrl = (gy, g2, . . . Gppres)
are in sorted order. Call this prefix configuration g’c’f;i{f.

Proof For any distribution configuration C' = (CPr¢f, C*%f), Theorem 5 defines the optimal genotype
configuration by sorting the unassigned individuals after the smallest Cy, Cq, ... are assigned. Any geno-
type configuration that violates this ordering for a smaller problem will necessarily violate for any suffix
C*%; therefore, in the optimal configuration, the order must be applied in CP"f to achieve optimality.

Theorem 7 Let the prior on G be uniform (not all configurations will be weighted equally because
configurations yielding a more probable distribution C will be weighted more). Given ploidy P = p,
sigma > 0, and the theoretical distribution T, the genotype configuration that maximizes the posterior
is given by g* = {g& : VCPr(D|G = g§)Pr(C|T) = f*}, where f* denotes the mazimum value of
Pr(D|G = g) Pr(C|T) and g¢ is defined by Theorem 5 for the given genotype counts C.

Proof Denote the genotype counts for a given configuration as c(g). Let f(g,c(g)) = Pr(D|G =



g) Pr(C = c(g)|T).

o= mng(M(Q))

= max f(g,c)
gt emc(g)
= max max f(g,c)

c’:3g,¢'=c(g) g:c'=c(g)

= max max f(g,c)
¢ groi=elg)

because every considered genotype count is attainable from some genotype configuration.

Theorem 5 states that for a given ¢/, g} attains the unique maximum maxg..—.g) Pr(D|G = g). For
any fixed ¢/, Pr(C' = ¢|T') is a postive constant, and so g}, also maximizes f(g,c’).

Therefore,

f*=max max f(g,¢') =maxf(g,c)
¢ gic’=c(g) c’

If f(g,c(g)) = f*, then g must attain the maximum for that c(g), maxg.c.—q(4) f(9,¢'). Because maxg...—q(4) f(9,¢’)
has a unique optimum g, for any ¢/, then any optimal ¢* must be in the set {g} : Vc¢'} and must attain
the maximum f*.

By Theorem 7, the optimal genotype configuration can be found by searching all C' and choosing
the g& that maximizes Pr(D|G = g ). Given that genotype configurations have uniform prior (before
being weighted by the distribution C' = ¢(g) that each produces), then the configuration that maximizes
Pr(D|G = g) will maximize Pr(G = g|D).

2 Branch and Bound

Lemma 8 The multinomial probability

n\(n==Co\(n=C\ (n=Co—Ci—-=Ch)\ ¢, i ¢
Co c c Ch Py D2 Py

s bounded above by

n n—CO TL—CO n—C’o—C'l—-~—C’i_1 %
C() Cl Cl Cz

Co, C C; —Co—Cy—...—C;
PPyt pi(L=pr—pa— - —p)" T
for any i < k.

Proof (:,)p”' (1- p)”fn, < 1 because it defines a single term in the binomial expansion series (p + 1 — p)"

and each term in the series is nonnegative. The value

n\ (n—-Co\ ¢, ¢ n—Co—C n\ ¢ n—C,
0 11 — 0 1< 0 1— 0
() (" o) = par= e < (2 Yo - )

because a positive constant ((t‘lo) plc0 can be divided out. By induction, extending the series from i to ¢+ 1
must decrease it; therefore, since k > ¢, the series value must be smaller than the series value for i. |



Theorem 9 Given Ty = (po,p1,-..pp) and CP¢f = (Cy,C1,...C;) with Co + C1 + ...+ C; = nPrel,
the joint probability of the best genotype configuration compatible with that distribution is bounded by:

argmax max Pr(D, G = g, (CP"/, C*%/) = ¢(g)) <

g C'suf
n! C. n—npref
—— Py I=po—p1—...—p;
ColChl...Cjl ]1;[] | ! i)
Pr(DPref|Grrel = gg:‘i{f) H max Pr(DAGfuf = 9:)
ismpres 9i:9i E{H 41,1425 Hger }

Proof Corollary 6 states that the optimal genotype configuration given C?"¢/ is g’c’;ﬁ{ ;. Lemma 8 proves

> Pr((CPref, C5%F)|Ty). Lastly, the
greatest suffix likelihood given CP"¢f is the maximum likelihood over all suffixes that can result in CP"¢f.
Since C' = (CPrel CuF) = c(gP"ef) + c(g**f) and CPreS = ¢(gPef), then c(g*“f);» = 0 V5’ < j; therefore,
g*"f cannot contain any genotypes from g, ji1, . .. ptrr, and so the maximum likelihood is the maximum
likelihood over the remaining genotypes. |

n_npref

the multinomial bound chj,(l —Po—p1—-...—Dj)

3 Approximate Posterior Computation
Theorem 10 Given approzimate posteriors defined as follows:

 wimy  Pr(D,G = g;10) Pr(0)
Pr(G = gy| D) = >0 Pr(D,G = g, |0") Pr(0)

and the following criteria for bounding:
mazx, Pr(D,G = g,CP"/0) < §Pr(D,G = ¢'|0)

Then denote B as the set of 8 for which all configurations are eventually bound (and thus do not
contribute to the posterior approximation):

B={0: Px(D,G=g¢;,C§,0) <dPr(D,G = g,0)}

then the mazimum absolute posterior error is < §(|{V0}| — 1).

Proof Denote sy = Pr(D,G = g;|0) Pr(6) then the posterior for # can be defined as —<>2—. Denote

29// Sgrt
the denominator in this computation d and the denominator in the approximated computation d() =
d— > gcn s

Because 6’, by definition, cannot be in B:
d _ dB) + s¢:6| B

dB) d(B)
o 89/(5|B|

=
/6| B
| 4 S091B

Sg/

= 1+4+4|B|



S0 S0 ‘

A BT
d
V@eg < |1 — ﬁ|
because V6 2¢ > 0.
Since d%) > 1,
4, _ 4
1= d(B)l T adB)
< 144|B|-1
= 4|B|
< O({vet —-1)
Because B cannot, by definition, include 6*. |

4 MAP Validity with Replicate Data

Lemma 11 Given r replicate data points for each individual, the genotype distribution C, and o, the
MAP configuration found by using the mean value of these data points for each individual results in the
true MAP configuration.

Proof Denote the replicate data for individual 1 as D™ = (Dgl),Dél), . .D,(al)). The log likelihood of
the genotype configuration g is:

“ DS — gill3
floy+) > =2
1 k

= f(o) + % > lz Dy,?
i k

+rg; =2 Z Dz(j)gi
k

52
Because ) Dl(;) is a constant that does not depend on 6 or g, any g that maximizes the above equation
will maximize the following:

1 e 1 ,
gt =2 D{gi= = > g7 — 29 mean(DY)
i k i
The equation to maximize without replicate data is:
r
po) Z D} + g7 — 2g:D;
i

For fixed r both functions are different by a constant and thus by using the means of the replicate
data, the optimal genotype configuration for C' can be reached using Theorem 5. |



