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1. ASYMPTOTIC PROPERTIES

We state in Theorems S.1-S.4 the asymptotic properties of the NPMLESs described in Sections
2.2-2.4 of the main paper and provide the proofs of the theorems. For each theorem, it is
necessary to verify that the parameters are identifiable and the information matrices along

all non-trivial parametric submodels are non-singular. We state those intermediate results in

Lemmas S.1-S.8.
1.1 Cross-sectional studies
We impose the following conditions.

CONDITION S.1 If Pape(Y[X, H) = Py 52(Y|X, H) for any H = (h,h) and H = (h,h'),
thena:&,ﬁzﬁ, andfzg.

CONDITION S.2 If there exists a constant vector v such that vV, g¢log Page(Y|X, H) =
0 for any H = (h,h) and H = (h,h'), then v = 0.

CONDITION S.3 If there exists a function a(H) and a constant vector b such that a(H) +
bTD(X, H) = 0 with probability one, then a = 0 and b = 0.

REMARK S.1 Condition S.1 ensures that («, 3, &) are identifiable from the genotype data
while Condition S.2 ensures nonsingularity of the information matrix. All commonly used
regression models, particularly generalized linear (mixed) models with design vectors in the

form of (2.1), satisfy these two conditions. Condition S.3 pertains to the identifiability of ¢.
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This condition holds under all common modes of inheritance for the (;; provided that X is

linearly independent given H.

LEMMA S.1 If two sets of parameters (6, F) and (8, F) yield the same joint distribution of
the data, then 6 = Qand F=F.

Proof. Suppose that

S Pape(Y|X, H)Pyp(X|H)P Z Py & (Y|X, H)Py (X H)Py(H).
HeS(G) HeS(G

Letting G = 2h or G = h + h' and integrating over Y on both sides, we obtain
Per(X|H)Py(H) = Ps 5(X|H) P5(H).

Integrating over X on both sides then yields that Py(H) = Py(H). By Lemma 1 of Lin
and Zeng (2006), v = 7. Thus, Per(X[H) = P; 5(X|H). It follows from the definition of
Pe p(X|H) that

F(X) _ Jeexp{¢"D(x, H)}dF (x)

ex {(C - E)TD(X7 H>} ~ ~T ~ :
! fX) [ exp{¢ D(x, H)}dF(x)

By setting H = (ho, hy)), we obtain D(X, H) = 0, so the above equation reduces to f(x) = f(x)
for any x. It then follows from Condition S.3 that ¢ = ¢. Therefore, Page(Y|X, H) =
P55 (Y[X, H) for any H = (h,h) or H = (h, h'). By Condition S.1, & = &, 3 = 3 and
§=¢.

LEMMA S.2 If there exist a vector pgy = (HE,B@NTWNE)T and a function t(x) with
E[¢(X)] = 0 such that pgle(00, Fo) + g, (00, Fo)[ [ 1 dFy] = 0, where lg is the score function
for 0, and I, [[ ¢ dFp] is the score function for F' along the submodel F, + € [ dFy with

scalar €, then py = 0 and ¢ = 0.

Proof: We wish to verify that if there exist a vector g = (p}, ge, 15, ¢)" and a function
¥(x) with E[(X)] = 0 such that

uglg(eo, FO) + lFo (00, Fo)[/’l/) dF()] = O, (Sl)
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where lg is the score function for 0, and g, [[ ¢ dFp)] is the score function for F along the

submodel Fy + € [ dFy with scalar €, then pg = 0 and 1) = 0. To this end, we set G = 2h

or G = h+ h'. Then (S.1) becomes

HopeV a8.6108 Pog e, (YIX, H) + py Vo log Py (H)
ud [, exp{CyD(x, H)}D(x, H)dFy(x)
Jieexp{¢o D(x, H)}dFy(x)

Jeexp{¢o D(x, H)}p(x)dFy(x) _
[ exp{CTD(x, H) }dFy(x)
Taking the expectation with respect to Pu, g,.¢,(Y|X, H) yields

l"'g fx eXp{CED(X, H>}D(X7 H)dFO(X)

+u DX, H) —

+(X) —

poVylog Py (H) + piD(X, H) — [ exp{¢ID(x, H)}dFy(x)

Jieexp{¢o D(x, H)}th(x)dFy(x)

+(X) — = 0.
[ exp{¢y D(x, H)}dFy(x)
Since D(x, H) = 0 for any x under H = (ho, hj,), we have
p NV log Py (ho, hy) + (X /zp )dFy(x) = 0.

This implies that ¢ (x) is constant over x, so 1 = 0. Thus, (S.3) reduces to

u$v7 logP‘yo(H) + ILCD(X H) f eXp{CgD(X H)}dFQ(X)

pl [ exp{$oD(x, H)}D(x, H)dFy(x) _

By Condition S.3, pt, = 0. It then follows from Lemma 1 of Lin and Zeng (2006) that p., = 0.

Hence, (S.2) reduces to p}, g¢Va,s.el0g Payp,e,(Y|X, H) = 0. By Condition S.2, p, = 0,

g =0, and p, = 0.

THEOREM S.1 Under Conditions S.1-S.3, |8 — 8| + sup,, |F(x) — Fy(x)| — 0 almost surely.

In addition, n'/?(@ — @) converges in distribution to a zero-mean normal random vector whose

covariance matrix attains the semiparametric efficiency bound.

Proof. We first prove the consistency of 0 and F. Because 0 is bounded and F is a distribution

function, it follows from Helly’s selection theorem that, for any subsequence of 0 and F , there
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exists a further subsequence, still denoted as 0 and F , such that 0 — 60 and F — F*in
distribution. It suffices to show 0 = 0, and I* = F,. Since F maximizes the likelihood

function and its jump sizes are positive, there exists a Lagrange multiplier X such that

(V.IX. , 17\ exp{C D(Xi,H)} exp{C D(Xy,H)}
1 N zn: ZHES(Gi) Pa7B7E(YZ|X“ H)PAY(H) [/ exp{C D(x,H)}dF (x)]2 — X =0

F{X ; (Y IX, % exp{¢" D(Xi,H)}
Xep 5 ZHGS(Gi) F aﬂ,s(YAX“H)P“’(H) [ exp{C D(x,H)}dF ()

where F{X} is the jump size of F at X;. Due to the constraint that > F{X;} =1, the
above equation implies that A\ = 0. Define F as a distribution function with jumps at the X;’s

such that the jump size is proportional to

-1

n exp{¢3 D(X;,H)} exp{¢d D(Xy,H)}
> > nes(Go) Peopoo (YilXas H) Py, (H ) = e iR o

exp{¢g D(Xi,H)}
i1 Poo.pyeo (YilXi, H) P,y (H) T CXP?COT%)(X7H)}(1FO(X)

By the Glivenko-Cantelli theorem, F uniformly converges to Fy. In addition, Fis absolutely
continuous with respect to F , and dF / dF converges uniformly to some positive function g.
Finally, since n~"log{L,(0, F)/L,(60, F)} > 0, we can take the limit as n — co. Thus, the
Kullback-Leibler information for (68, F*) is non-positive, so the density under (6%, F'*) is the
same as the true density. It then follows from Lemma S.1 that 8" = 6y and F* = F;. This
establishes the consistency of (6, F ). The weak convergence of F to Fy can be strengthened
to the uniform convergence since Fy is a continuous distribution function.

To derive the asymptotic distribution, we consider the score equation along the submodel
(0 + ev,dF + e(yp — fwdﬁ)), where v is a vector with norm bounded by 1, and v is any
function with [dF, = 0 and with total variation bounded by 1. The score equation takes

the form

Vi (v, ) (0 - ) + Vi / (v, )d(F = Fy) = G, {Igv + L[]} + 0,(1),

where G,, denotes the empirical measure, lg is the score function for @y, [ is the score operator
for Fy, (21,€2) is a linear operator of the first-order Fredholm-type which maps (v, ) to the

same space as (v,1)), and o,(1) means a random variable converging in probability to zero
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uniformly in v and 1. By some algebra, (€24, )[v, 9| = 0 implies that the Fisher information
along the submodel is zero, so v = 0 and ¢ = 0 by Lemma S.2. Thus, (£2,€)) is invertible.
We then verify all the conditions in Theorem 3.3.1 of van der Vaart and Wellner (1996). Hence,
\/ﬁ(g — 0y, F— Fy) weakly converges to a mean-zero Gaussian process.

In light of the above derivation, the influence function for 0 is a linear combination of
some lgv + [p[t)]. Thus, the influence function lies on the tangent space spanned by the score
functions and thus must be the efficient influence function. This means that 8 is asymptotically

efficient in that its limiting covariance matrix attains the semiparametric efficiency bound.
1.2 Case-control studies with rare disease

We impose the following identifiability condition.

CONDITION S4 If a + BYZ(X,H) = a + B Z(X, H) for any H = (h,h) and H = (h, hi),
thena:&’andﬁzé.

LEMMA S.3 If two sets of parameters (8, F) and (8, F) yield the same joint distribution,
then @ =6 and F = F.

Proof. Suppose that

{ S nesic) expIBYZ(X, H)} Pe,p (X|H) Py (H) }Y {

1-Y
[ exp{BT 2(x, H)} P p(x|H)Py(H)dx > P;F(XIH)P,,(H)}

HEeS(G)

~T
_ {ZHes(G) exp{B Z(X, H)}Pz x(X|H)P3 } {
o ~T
fx Yonexp{B Z(x, H)}PZJ;(X|H)P.~,(H)dx
Setting Y=0and G=2horG=hHh + hT in (84), we obtain

> P p(X|H) P~(H)}1_Y. (S.4)
HeS(G)
Per(X|H)Py(H) = Ps 5(X|H) P5(H).

Integrating over X on both sides yields Py(H) = Py(H), so v = 7. Thus, P p(X|H) =

PZ,F(X|H)' By the arguments in the proof of Lemma S.1, f = fand ¢ = E Letting Y =1



and G = 2h or G = h+ hi in (S.4), we see that exp{(8 — 8)TZ(X, H)} must be a constant.
It then follows from Condition S.4 that 8 = B

LEMMA S.4 If there exist a vector g = (g, pry, pre )" and functions ¢ (x) with E[t)(X)] = 0

such that
1810(80, Fo) + Lr(80, Fy)| / W dFy) =0,

where lg is the score function for 0, and [r[[ ¢ dFp] is the score function for F along the

submodel Fy + € [¢) dFp, then pg = 0 and ¢ = 0.

Proof: We wish to show that if there exist a vector pg = (ug, p), ug)" and functions v (x)
with Ei)(X)] = 0 such that

pole(00, Fy) + ZF(GO,FO)[/?/) dFy] =0, (S.5)

where lg is the score function for 6, and [p[[ ¢ dFy| is the score function for F' along the
submodel Fy + € [¢) dFp, then pg = 0 and ¢ = 0. To this end, we choose Y =0 and G = 2h
or G = h+ hf. Then (S.5) becomes
ué [ exp{CyD(x, H)}D(x, H)dFy(x)

S exp{¢o D(x, H)}dFy(x)

[ exp{CID(x, M)} (x)dF(x)
) I, bR ()

With H = (ho, hf)), (S.6) reduces to utV-log Py (ho, hy) + (X) — [ (x)dFy(x) = 0. This

poVylog Py (H) + ptD(X, H) —

implies that ¢ (x) is constant, so it must be zero. Thus, (S.6) reduces to

nd [ exp{¢oD(x, H)}D(x, H)dFy(x)
[ exp{CTD(x, H) }dFy(x)
By Condition S.3, p, = 0, so (S.6) further reduces to uVylog Py (H) = 0. By Lemma 1

po Vo log Py (H) + puD(X, H) —

of Lin and Zeng (2006), g, = 0. Setting Y = 1 and G = 2h or G = h + h', we see that

psZ(X, H) must be a constant. By Condition S.4, pg = 0.

We provide a mathematical definition of rare disease in Condition S.5 and state the asymp-

totic results in Theorem S.2.



CONDITION S.5 Pr(Y; = 1|X;, H;) = anexp{8; Z(Xs, H)}/[1 + a, exp{Bs Z(Xs, H;)}],

i=1,...,n, where a, = o(n"'/?).

THEOREM S.2 Assume that Conditions S.3-S.5 hold and n;/n — ¢ € (0,1). Then |§— 00|+
sup, |F(x) — Fy(x)| — 0 almost surely, and n'/2 (5 — 0)) converges in distribution to a zero-
mean normal random vector whose covariance matrix attains the semiparametric efficiency

bound.

Proof. Let P, be the probability measure generated by the likelihood function given in (2.8)
and let P, be the true likelihood function. Since a,, = o(n="/?), we have log P, /Pro =5, or P
1. By LeCam’s lemma, ﬁn and P, are equivalent. Thus, the asymptotic properties under the
true likelihood is equivalent to those under the the approximate likelihood given in (2.8). In
other words, we can assume that data are generated from (2.8). Hence, the conclusion of the

theorem follows from the arguments in the proof of Theorem S.1.
1.3 Case-control studies with known disease rate

LEMMA S.5 If two sets of parameters (0, F) and (8, F) yield the same joint distribution,

then @ = 0 and F = F.

Proof: Suppose that

Y Pap(YIX,H)Pe p(X|[H)Py(H) = > Py 5(Y[X, H)Ps 5(X|H)Py(H).
HeS(G) HeS(G)

Letting G = 2h or G = h + h', we have

Pap(Y|X, H) P p(X|H) Py (H) = P, 5(Y|X, H)Ps o(X|H)Py(H). (S7)
Set Y =0 or 1 in (S.7). The summation of the two resulting equations yields
Per(X|H)Py(H) = Ps 5(X|H) P5(H).

By the arguments in the proof of Lemma S.3, v =7, f = f, and ¢ = E Then (S.7) reduces
to exp{(a — @) + (8 — B)TZ(X, H)} = 1. By Condition S.4, a = & and 3 = §.
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LEMMA S.6 If there exist a vector pg = (o, g, p7y, ¢ )" and a function ¢ with E[(X)] = 0

such that
Mgle(eoa Fo) + lF(907F0)[/¢ dFy) =0,

where lg is the score function for 0, and [p[[ 1 dFp is the score function for F along the

submodel Fy + € [ ¢dFy that satisfies the constraint Pr(Y = 1) = py, then pg = 0 and ¢ = 0.

Proof: We wish to show that if there exist a vector prg = (o, g, p5y, ¢ )" and functions ¢
with E[i)(X)] = 0 such that

pele(00, Fy) + ZF(GO,FO)[/?/) dFy] =0, (S.8)

where lg is the score function for 6, and lp[[ ¢ dFy| is the score function for F' along the
submodel Fy + € [ ¢dF, that satisfies the constraint Pr(Y = 1) = p, then pg = 0 and ¢ = 0.
With G = 2h or G = h + h', (S.8) becomes

exp{ag + By Z(X, H)}

T _
o a2 X 1)) Y = e T BTZ(X, )}

+ piValog Py (H) + pi DX, H)

 pé [ en{¢oD(x, H)}D(x, H)dFy(x) LX) [ exp{¢iD(x, H)}(x)dFy(x)
JSeexp{¢o D(x, H)}dFy(x) Jeexp{Co D(x, H)}dFy(x)

The difference of the two equations under ¥ = 1 and Y = 0 yields pq + pgZ(X, H) = 0. By

=0.

Condition S.4, y1, = 0 and pg = 0. It then follows from the arguments in the proof of Lemma

S.4 that p. =0, p, =0, and ¢ = 0.
THEOREM S.3 Under Conditions S.3-S.4, the results of Theorem S.2 hold.

Proof. First, we prove the consistency. Since 6 is bounded and F is a distribution function, for
any subsequence of (5, ﬁ), there exists a further subsequence, still denoted as (5, F ), such that
0 — 0", and F weakly converge to F*. The consistency will hold if we can show that 8" = 6,
and F* = Fy. We abbreviate 1(x, xo, (h, 1), (ho, hy)) and P, g(Y|x, H)P,(H) as n(x, H) and

q(a, B,v,%x, H,Y), respectively. After differentiating the log-likelihood function with respect



to the jump sizes of F', we see that there exist some Lagrange multipliers Xl and /)\\2 such that,

fork=1,...,n
Zzﬂes@ (@, 8.3, X, H,Y:)n(Xs, Hyn(X, H)/{ [ n(x, H)dF (x)}?
F{Xk} i=1 ZHES(G (a 13 77XZ7H Y) (XivH /f 77 X, H)dF(X)
5 3 9(@, 8,7, X, H, )n(Xe, H)  0(Xy, H) [, (@ B4, x, H,1)n(x, H)dF(x) 5 _o
—A2 = —A1 = U
H [ n(x, H)dF(x) {[.n(x, H)dF(x))}?

In addition, Xl and /)\\2 satisfy the constraint equations
n
Y F{X}=1,
k=1

- a/\/\ (Xk7H)
> q(@,B8.7.X )fandF()

k=1 H

It follows that Xl = 0. Thus,

{Xk} = D1

~

{2": S tesicn 4@ B3, X, H (X, Hn(X, H)/{ [ n(x, H)dF (x)}?

py Y nescn) 4@, B, Xa, H,Y:)n(Xi, H)/ [ n(x, H)dF (x)

_'_/)\\2 Z [(J(a, B>%7Xk>Ha 1/)\77(Xk>H) i U(Xk, H) fxC.I(a7//6\7$>X7£—[> 1)77(X7 H)dﬁ’(x)
Jen(x, H)dF(x) {fen(x, H)dF(x))}?

—1

and each denominator on the left-hand side should be positive. This equation for /):2 has a

H

unique solution satisfying the above constraints. In addition, we can show that /):2 /n is bounded
with probability one. Thus, we can choose a further subsequence such that X2 /n— XS

We construct a discrete distribution function F' such that F — F uniformly. The sequence
can be constructed along the lines of Lin and Zeng (2006, §A.4.6). Although F is a distribution

function, it may not satisfy the constraint that
/ Pao,5,(Y = 1x, H) Py (H) Pe, p (x| H) f(x)dx = pr.

Thus, we modify the jump size of F at Xy, as [F{Xy} 4 ¢&/n]/(1+¢€) for some constant & such
that £ satisfies the above constraint. It can be shown that the solution exists and & — 0. The

modified distribution function F' then satisfies all the constraints. By the Glivenko-Cantelli



theorem, F' is absolutely continuous with respect to F, and dF /dF(x) — ¢(x) uniformly in
x for some positive function ¢(-). Since n~* log{Ln(a, F)/L, (09, F)} > 0, we take limits. We
conclude that the Kullback-Leibler information for (6, F*) is non-positive. Hence, Lemma
S.5 entails that 8* = 0y and F* = Fj.

We now derive the asymptotic distribution. We obtain score functions by differentiating
log L,,(0, F') with respect to 0 along the direction v and with respect to F along submodels
with tangent direction v satisfying all the constraints and with the total variation bounded
by 1. The linearization of the score functions around the true parameter value, together with
the Donsker theorem, yields

nt? | Q4 (v, ¢)T(§ —0) + / Qo (v, )d(F — FO)] —n /2 Z (Ve + Lp[W]) + 0,(1),

i=1

where € = (€21, €)5) corresponds to the information operator and has the form of the first-order
Fredholm type, and lg and [ are the score operators for @ and F', respectively. According
to Lemma S.6, €2 is invertible. Thus, the weak convergence follows from Theorem 3.3.1 of
van der Vaart and Wellner (1996). In addition, 6 is an asymptotically linear estimator for 6,
with the influence function in the score space, so it follows from Proposition 3.3.1 of Bickel
et al. (1993) that the limiting covariance matrix of n'/2(6 — ;) attains the semiparametric

efficiency bound.
1.4 Cohort studies

We impose the following conditions:

CONDITION S.6 There exists a positive constant dy such that Pr(C' > 7|X,G) = Pr(C =
71X, G) > &y almost surely, where 7 corresponds to the end of the study.
CONDITION S.7 The true value Ay(t) of A(t) is a strictly increasing function in [0, 7] and is

continuously differentiable. In addition, Ag(0) = 0 and Aj(0) > 0.

LEMMA S.7 If two sets of parameters (6, F, A) and (5, F, K) yield the same joint distribution,
thenezé,F:ﬁandA:K.
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Proof: Suppose that

Z [A/(i})eﬁTZ(X,H)Q/(A(?>eﬁTZ(X,H))] exp{—Q(A(Y) BT 2(X,H) )}PCF(X|H)  (H)

HeS(G)

T — —  ~T A ~ ~ =T
-y [M?)eﬁ 2 Y (A(Y)eP Z<X7H>>] exp{ ~QUA(Y)e 2D\ L P (X H) P3(H).

HeS(Q)
We choose A =1 and integrate Y from 0 to y on both sides to obtain the equation

> [1 - exp{—Q(A(y)eﬁTZ(X’H))}} Per(X[H)Py(H)

HeS(G)

P [1—eXp{—Q(K(y)GBTZ(X’H))}]Pz,ﬁ(XIH)P:r(H)- (S.9)

HES(G)

We obtain a second equation by setting A = 0 and Y = y. The summation of the two

equations yields

> Pp(X[H)P Z P; 5(X|H)P5(H).
HeS(G) HeS(G

By the arguments in the proof of Lemma S.1, v = ¥, f = f and ¢ = Z By letting G = 2h or
G =h+ hin (S.9), we have A(y)eP ZXH) = K(y)eﬁ Z(X.H) which entails A = A and 3 = 3

under Condition S.4.

LEMMA S.8 If there exist a vector pg = (g, b, )" and functions ¢(x) and ¢(t) with
E[Y(X)] = E[¢(Y)] = 0 such that

,ugle(eo,Fo,Ao) + ZF(OO,FO,AO)[/¢ dFo] + 1A(8y, F07A0>[/¢ dAo] =0,

where lg is the score function for 0, I[ [ ¢ dFy] is the score function for F' along the sub-model
Fo+e [¢ dFy, and [z[[ ¢ dAg] is the score function for A along the sub-model Ag+¢€ [ ¢ dA,
then pg =0, ¢ =0 and ¢ = 0.

Proof: We wish to show that if there exist a vector py = (pj, pt, wf)" and functions 9(x)
and ¢(t) with E[(X)] = E[¢(Y)] = 0 such that

1216(00, Fo, Ao) + lF(OO,FO,AO)[/¢ dFy) + lA(GO,FO,AO)[/gb dA) = 0, (S.10)
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where lg is the score function for 6, [p[ [ ¢ dFy] is the score function for F' along the sub-model
Fo+e€ [ dFy, and 15[ [ ¢ dAo] is the score function for A along the sub-model Ag+¢€ [ ¢ dA,,
then pg =0, ¢ =0 and ¢ = 0. With A =1, (S.10) becomes

A’ ﬂgz "(Ag(Y POZY oxnd — Ao(Y P2 exp{COTD(X, H)} fo(X)
ch e p{ @) )}P‘YO(H)IxeXp{COT,D(XvH)}dFO(X)

@ (A0(V)ef12) — (@' (Ao(V)e2)) | AoV 2 2
52+ =
Q' (AolY)eH2)
o LTI @] etrire
Q' (AolY)eH2)
1é [ exp{CyD(x, H)}D(x, H)dFy(x)
J xp{C3 D(x, H) }dFy(x)
S exp{¢o D(x, H)}(x)dFo(x) } _

+ pul V. log Py (H)

+u{D(X,H) —

+(X) -

[ exp{¢TD(x, H)}dFy(x) (S.11)

In the above equation, we integrate Y from 0 to 7. We also let A = 0 and ¥ = 7 in (S.10).
The summation of these two equations with G = 2h or G = h + h' yields
¢ [, exp{CoD(x, H)}D(x, H)dFy(x)

[ exp{¢y D(x, H)}dFy(x)

[ exp{¢ID(x, H)}ob(x)dFy(x)
U e {CTD(x, H)JdFy(x)

It follows from the arguments in the proof of Lemma S.2 that p., = 0, g, = 0, and ¢ = 0.

poNylog Py (H) + piD(X, H) —

=0.

By letting G = 2h or G = h+h' and Y = 0 in (S.11), we obtain ugZ(X, H) + ¢(0) = 0. It
then follows from Condition S.4 that ug = 0 and ¢(0) = 0. Thus, (S.11) reduces to
@) Z) — (@ (A7) )] ) ot ()e 2
oY) +
Q’(Ao( Y)ePi2)

for H = (h,h). Since @ is strictly increasing, we conclude that ¢(y) = 0 for any y.

=0

THEOREM S.4 Under the conditions of Theorem S.3 and Conditions S.6-S.7, \5 — 0| +

sup, | F(x) — Fo(X)[+supsepo 1] IA(t)—Ao(t)| — 0 almost surely. In addition, n1/2(5—00, A—Ao)

12



converges weakly to a zero-mean Gaussian process in R? x [*°([0, 7]), where d is the dimension
of 8y, and [*°([0, 7]) is the space of all bounded functions on [0, 7] equipped with the supremum

norm. Furthermore, the limiting covariance matrix of @ attains the semiparametric efficiency

bound.

Proof: First, we show that A is uniformly bounded in [0, 7] as n — oo. Note that A maximizes
Ln(A) = L,(0,A, F)/ [, F{X;}. Clearly,
<ol] ¥ [N (TP 20y (AT 2010 L exp L Q(A(T) e 20000) )
i=1 HeS(G,)
for some constant cg. According to the conditions of this theorem and Appendix B of Zeng
and Lin (2007), L,(A) < ¢ [T, [A’(Y) i(14 A(Y;))~(Aito0) ] for some positive constants ¢;
and dy. By the partitioning arguments in the proof of Theorem 1 of Zeng and Lin (2007), we
can show that if A(7) is unbounded, then the difference between L, (8, A, F) and L, (6o, A, F),
where A is a step function converging to Ay, diverges to —oo. Thus, A( ) must be bounded
with probability one.
Using the above result and the arguments in the proof of Theorem S.3, we choose a
uniformly convergent subsequence from any subsequence of (6, /AX, F ). By the Glivenko-Cantelli
theorem and the property of the Kullback-Leibler information, the limit of the convergent

subsequence must be the true parameters (8¢, Ag, Fy). The asymptotic distribution of 5,7\

and F follows from the arguments used in the proof of Theorem S.3.
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2. NUMERICAL ALGORITHMS

In this section, we present the EM algorithms (treating H as missing data) for all the designs

considered in this paper.
2.1 Cross-sectional studies

Suppose that there are J distinct values of X, denoted by xi,...,x;. Let F'{x;} be the
jump size of I at x;. To incorporate the restriction that } ; F{x;} = 1, we estimate
log(F{x,}/F{x,}) (j=1,...,J—1) instead. Define Djy; = D(x;, hy, ), Zji = Z(xj, hi;, hy),
D.
. T(he = h1) “ (he = ) | 10 f:% e 1og<F{xf}/F{XJ}>

e = hac) -0 =hae) 1G=1-1) log(F (s }/F{x.))
To incorporate the constraint that ), 7, = 1, we define vy, = log (7 /7mx) and v = (14, . . ., vi_1)T,

50 Py(H = (hy, i) = exp(v™ W)/ 22 exp(™Wy). Under X = x; and H = (hy, ),

exp{¢" DX, H)}f(X) _ exp(8" Mju)

fx eXp{CTD(X7 H)}dF(x) Zj’ eXp(5TMj'kl) '

The complete-data log-likelihood is

l,cl = Z I{X, = Xj, Hi = (hk, hl)}{log Pa,,@,E(Yi|Xj> (hk, hl)) + VTWkl —|— (5T./\/ljkl

ikl
—log Z exp((STMj/kl)} —nlog Z exp(TWh).
I k.l

In the E-step, we evaluate E{I(X; = x;, H; = (hy, hl))‘Xi, Y, G;}, which can be shown to be

H{X; = x;, (hie, ) € S(Gi)}Pa,pe(Yilxj, (hi, hy))er Wertd Mo/ 57 8 Mk

Wijkl = T T T g
> hyes (@) Poop e (Yilxg, (g, hur))e? W0 Mawr 57 o8 Myt

In the M-step, we maximize [ with [{X; = x;, H; = (hg, )} replaced by w;jr. The maxi-
mization is carried out by the quasi-Newton algorithm. Starting with a =0, 3=0,0 =0

and vy, = log(m/7k) (K =1,..., K —1), where the m;’s are the MLEs of the 7;’s based on G;
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(1=1,...,n), we iterate between the E-step and M-step until the change in the observed-data
log-likelihood is negligible.

We can estimate the limiting covariance matrix of 0 and F by inverting the (observed-
data) information matrix for all the parameters including the jump sizes of F. The information
matrix is obtained via the Louis (1982) formula. We can also estimate the limiting covariance
matrix of 6 by using the profile likelihood function pl,(0) = maxp log L, (0, F). Particularly,
the (s,t)th element of the inverse covariance matrix of 6 can be estimated by —e,? {pln(a +

12 "and

€n€s+ €,€) — ply, (@—i— €n€s) — plp (@—i— €n€t) +pln(5)}, where ¢, is a constant of order n~
es, and e; are the sth and tth canonical vectors. We calculate pl,(0) via the EM algorithm

by holding @ constant in both the E-step and M-step.
2.2 Case-control studies with rare disease

We adopt the notation of Section 2.1. The E-step of the EM algorithm is the same as in

Section 2.1. In the M-step, the objective function to be maximized is
In(B.v.6) = Z wijkl{KBTZJ‘kl + VWi + 6" My — log (Z eéTMJ,M>}
j/

i?j7k7l
8T M
T = T (& J T
—n lOg § 6’3 Zik+v Wi ST — g log{ E eV sz}’
5 j’ e 7'kl

gkl el
where wjji; is defined in Section 2.1. We use the Louis formula to calculate the observed-data
information matrix, whose inverse is used to estimate the covariance matrix of the NPMLEs;

the profile likelihood method can also be used to estimate the covariance matrix of 0.
2.3 Case-control studies with known disease rate

The E-step is similar to that of Section 2.1. In the M-step, we use the Lagrange multiplier A

for the constraint

eXp(VTWkl + 6TMjkl) T
Pa, Y:1X’h ,hf :p expy W . 812
j%; ,3( | ] k l) Z)/ eXp((sTMj/kl) 1 %l: ( k‘l) ( )
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The objective function to be maximized in the M-step is

Tn(aa /37 v, 57 )‘) = Z wijkl{lOg Pa,ﬁ(yﬂxj) hkv hl) + VTWkl + 6TMjkl - IOg (Z eaTMjlkl>}

i,,k,1 J!

M X PV = U e 5y 5|
! k,l

jkl
—n log{z e"TW’”}. (S.13)
k.l

We can treat A as a free parameter in (S.13), so that (S.12) is automatically met by setting
the derivative with respect to A to zero. The maximization can be carried out by the quasi-
Newton method. The variances and covariances can be estimated by the inverse information

matrix or by the profile-likelihood method.
2.4 Cohort studies

We present the EM algorithm for the proportional hazards model. Suppose that there are L
distinct failure times ¢y, ...,t;. Let A{{;} denote the jump size of A at t;, and d; the number
of failures at ;. In the E-step, we evaluate the conditional expectations

wiju =E{1(X; = x;, H; = (hy, hl))‘%aAth’aGi}

I(X; = x5, (hi, i) € S(G3)) Rijra(B,v,8)/ 3, exp(8 Mjina)
Z(hk/,hl/)eS(Gi) Rijiv(B,v,6)/ Zj’ eXp(5TMj'k'l') 7

where Rijkl(ﬁ, v, 5) = exp(AiﬁTZﬂd + I/TWM + 5TMW — eﬁTZJ“ Zm:tmgfﬁ- A{tm}). In the

M-step, we maximize

flvn(@ v,6,\) = Z Wik log A{i;;} + Z Wikl <Ai/8Tijl + v Wi + 6" My

ig kil irj kil
— log{z exp(&TMj/kl)} — B Eju Z A{tm}) — nlog{z eXp(VTsz)}.
J’ mitm<Y; k,l

The estimate for A{t,,} is given explicitly by d,, / Zi:% >t > ik wijkleﬁTZW, and the estimate

for 3 solves the equation

L ~ . L oBTZj
A Z d Zi:Yiztm Zj7k,l wijki ke’ 0
Wijki i 2kl — m 55— =0
1,5,k m=1 Zi:YiZtm Zj7k,l Wijkl€ 7
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The remaining parameters can be estimated by maximizing

Z Wikl [VTWkl + 5TMjkl - IOg{Z eXp(éTMj’kl)H - nlog{z eXp(VTWkl)}-

irjikl 5 k,l
We can estimate the asymptotic variances and covariances by the inverse information matrix
or the profile-likelihood method. For other transformation models, we may use the Laplace
transformation to convert the estimation problem into that of the proportional hazards model

with a random effect; see Zeng and Lin (2007).
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3. NUMERICAL RESULTS

We conducted simulation studies in the set-up of Chen et al. (2009). Specifically, we generated
haplotypes under HWE from the distribution given in Table 1 of Chen et al. (2009) and
generated a binary environmental covariate X with Pr(X = 1) = 0.3, {33 = 0 or —4 and
¢, =0 (j #3). Given H and X, the disease status was generated from model (13) of Chen
et al. (2009).

For each simulated data set, we calculated the proposed estimator of 3 allowing for gene-
environment dependence and the Lin-Zeng estimator assuming gene-environment indepen-
dence, denoted as Bdop and Bmd, respectively. Given these two estimators, we constructed
two empirical Bayes estimators using formula (7) of Chen et al. (2009). Specifically, the

multivariate shrinkage estimator of 3 is
BEBl = /Bdep + K(/Bind - /Bdep)v

where K = V[V + (Bipa — Edep)(éind — Edep)T] ~* and V is the estimated covariance matrix

~

of (Biq — Bdep); the component-wise shrinkage estimator of the jth component of 3 is
Bepz,j = Baepj + kj(Bindj — Bdep.j),

where Bina; and Baep; are the jth components of B, and Bdep, ki = v/ [v;+ (Binas —Edep,j)ﬂ,
and v; is the jth diagonal element of V.

Write @ = (8", xT)T, where x denotes all nuisance parameters (including finite-dimensional
nuisance parameters and jump sizes of nuisance functions). Also, let 67 ; and 8}, be the prob-
ability limits of Emd and Edop. We note the following representations

Bind — Bioa = (I, 0)Z.4(6}4) Z Uind,i(61a) + 0p(n™"/?),
i=1

and

/Bdep - B:lep = (IP O) I(IeL(BZOp) Z Udepyi(ezep) + Op(n_1/2)7

1=1
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where Uinq,i(0) and Ugep ;(0) are the ith subject’s contributions to the score functions of @ under
the Lin-Zeng and proposed methods, respectively, Z;,q(0) and Zge,(6) are the corresponding
information matrices, I, is the p x p identity matrix, and O is the p x ¢ zero matrix, with p and
g being the dimensions of 3 and yx, respectively. Thus, we estimate the covariance matrices

for ﬁind and Edep as follows:

n

T Ba) = (I 0) ToOna){ D Ui sBunat) Uy (Braa) } Tk Buna) (1, 0)7,

i=1

@ Baep) = (I 0) Ty Baop){ 3, UtopsBuen) Uiy s i) } Lok (Bue) (1, )"

1=1

~

¥ (Bua: Bap) = (1 0) Toh(Brn) { - Uinai(Bina) Uk s @)  Zih (Bt (T, 0)™
i=1

The simulation results for the dominant and recessive models are presented in Table S.1, in
the same format as Tables 2 and 3 of Chen et al. (2009). Our results for the Lin-Zeng estimator
(i.e., Bind) are similar to those of Chen et al.’s (2009) model-based estimator, especially under
the recessive model. Under the dominant model, the proposed estimator (i.e., Edop) tends to be
more efficient than Chen et al.’s (2009) model-free estimator, particularly in estimating gene-
environment interactions. The efficiency gain is much more substantial under the recessive
model, for both main effects and interactions. Consequently, our empirical Bayes estimators

are more efficient than Chen et al.’s, especially under the recessive model.
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Table S.1. Simulation results for the empirical Bayes estimators under dominant and

recessive models

600

MSE(Bias)

ny =ng

300

MSE(Bias)

ny =ng

150

MSE(Bias)

n1 = no

Hx X

Hx X

Hx X

H

Dominant Model

C1,3

0

163(-.079)

051(.021)

Recessive Model

NOTE: Byep and End pertain to the proposed estimator allowing for gene-environment depen-

~

dence and the Lin-Zeng estimator assuming gene-environment independence, respectively. H

and H x X stand for main haplotype effect and haplotype-environment interaction. MSE and

Bias are the mean square error and bias of the parameter estimator. Each entry is based on

1,000 replicates.
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