Supporting Material

Haidong Feng,! Bo Han,! and Jin Wangh?*

! Department of Chemistry, Physics and Applied Mathematics,

State University of New York at Stony Brook, Stony Brook, NY 11794, USA
2State Key Laboratory of Electroanalytical Chemistry,
Changchun Institute of Applied Chemistry, Chinese Academy of Sciences
(Dated: January 23, 2012)



MASTER EQUATIONS

16 Master equations for the dual-feedback network with two genes mutually repress and

activate each other with self activation and self repression, as shown in Fig. 1(a) (main

text), are given as following:

dpnn(nA, nR) _

dt
haa
—T[WA(TLA - 1)]P1111(71A7 nR) + fAAP0111<nA -2, nR)
h
—— [na(ng = D(ng = 2)(nr = 3) P (na, ng) + farPuon(na, g — 4)
hra
—T[TLA(TZA - 1)]P1111(7”LA,”R> + fRAPHOl(nA - 27711%)
h
—%[HR(HR —1)(ng — 2)(ng — 3)| Pin11(na, nr) + frrPiiio(na, ng —4)
+kal(na+1)Piii(na + 1,ng) — naPiii(na, ng)]
+kg[(ng + 1)Pii(na,ng + 1) = ngPii(na, ng)]
494 [Pii11(na — 1,ng) — Pini(na,ng)]
+9}31 [Pi111(na,ng — 1) — Piigi(na, ng))
dPlOll(nA,nR) _
dt
haa
_T[HA(TLA — D] Pio11(na,nr) + faaPoor1(na —2,ng)
h
+%[(TLR + 4)(7’LR + 3)(713 + 2)(nR + 1)]P1111(TZA, nr + 4) — fARPmH(nA, nR)
hra
_T[HA(RA — D]Pio11(na,nr) + fraPiooi(na — 2,ng)
h
_%[TLR(”R —1)(nr —2)(ng — 3)|Pio11(na,nr) + frrPioo(na, ng — 4)

+kal(na+ 1) Pio11(na+ 1,ng) — naPio11(na, ng)]
+kr[(nr + 1) Pio11(na,ng + 1) — ngPioin(na, ng)]
+g4 [Pro11(na — 1,ng) — Pioti(na, ng)]

( )

"‘9}%1 [Pio11(na,ng — 1) — Pio11(na, ng)]

(2)



dponl(nA, nR) .

dt
haa

+7[(71A +2)(na+ 1)|Pi1(na + 2,ng) — faaPorin(na,ng)

h
—= i [na(ng = D)(ng = 2)(n = 3)| Pouns (4. ng) + farPoon (na, np — 4)

hra

_T[nA(nA - 1)]P0111(”A, nR) + fRAP0101<nA -2, nR)

h
—%[TLR(”R —1)(ng —2)(ng — 3)|Po111(na,nr) + frrPoro(na,ng — 4)

+kal(na+ 1) Pori1(na+ 1,ng) — naPoiri(na, ng)]
+kg[(ng + 1) P (na,ng + 1) — npPoiii(na, ng)]
+9% [Por11(na — 1,ng) — Porni(na, ng)]

( )

"‘QJILZI[POHI(”A,TZR — 1) — Poii(na, ng)]

dPoon(nA, nR) _

dt
haa
"‘T[(nA +2)(na + 1)|Pio11(na +2,nr) — faaPoo11(na, ng)

h
+%[(TLR + 4)(7’LR + 3)(713 + 2)(nR + 1)]P0111(TZA, nr + 4) — fARPOOH(nA, nR)
hra
_T[HA(RA — )] FPoor1(na, nr) + fraPooor(na — 2,nr)

—%[TLR(”R —1)(ng — 2)(ng — 3)]Poo11(na, nr) + frrPoo10(na, ng — 4)
+ka[(na+ 1)Poor1(na + 1,ng) — naPoor1(na, ng)]
+kgr[(ng + 1) Poor1(na,ng + 1) — npPoor1(na, ng)]

+9% [Poor1(na — 1,ng) — Poori(na, ng)]
( )

+95 [Poor1(na,nr — 1) — Poor1(na, ng)]

(4)



dPlllO(”Aa nR)

dt
haa
_T[HA(RA — D] Piio(na,nr) + faaPoro(na — 2,ng)
h
—— i [na(nr = D(ng = 2)(nr = 3)| Pro(na, ng) + farPuoro(na, g —4)
hra
_T[nA(nA — 1) Piio(na,nr) + fraPiioo(na — 2,ng)

+%[(HR +4)(ng +3)(ng +2)(ng + 1) Pri1i(na, ng + 2) — frrPii10(na, ng)
+ka[(na+ 1)Pi11o(na+ 1,ng) — naPiiio(na, ng)]

+kg[(ng + 1) Piiio(na, ng + 1) — ngPiiio(na, ng)]

+94 [Prro(na — 1,ng) — Piyio(na, ng)]

( )

+91 [Pi11o(na, ngr — 1) — Piiio(na, ng)]

dPlOlo(nA, nR) _
dt

h
_%[HA(nA - 1)]P1010<nA7nR) + fAAP()Ol()(nA — 2, ’rLR)

h
+%[(HR +4)(ng+3)(ng +2)(ng + 1) Pinio(na, nr +4) — farPioio(na, nr)
hra
_T[HA(HA — 1)]Pio1o(na,nr) + fraPiooo(na — 2,ng)

+%[(”R +4)(ng + 3)(nr + 2)(nr + 1)]Pio11(na, nr +4) — frrProwo(na, ng)
+ka[(na+ 1)Piowo(na+ 1,nr) — naPioio(na, ng)]

+kr[(nr + 1) Pio1o(na, nr + 1) — ngPio1o(na, ng)]

+94 [Proro(na — 1,ng) — Pioro(na, ng)]

( )

+91 [Pro10(na,nr — 1) — Pio1o(na, ng)]

(6)



dPo110(n4, nR)

dt
haa
+7[(HA +2)(na + 1)|Pii1o(na +2,nr) — faaPorio(na, ng)
h
—— i [na(nr = D)(ng = 2)(nr = 3)| Poo(na, nr) + farPooro(na, np —4)
hra
_T[nA(nA — 1) Poiio(na,nr) + fraPoroo(na — 2,ng)

+%[(HR +4)(ng +3)(nr +2)(nr + 1)]Pori1(na, nr +4) — frrPoi1o(na, ng)
+kal(na + 1) Porro(na + 1,ng) — naPorro(na, ng)]

+kg[(ng + 1) Poiio(na, nr + 1) — ngPoiio(na, nr)]

+94 [Porio(na — 1,ng) — Porio(na, ng)]

( )

+91 [Potio(nasnr — 1) — Porio(na, ng))]

dPoom(”A, nR) _

dt
haa
+7[(n,4 +2)(na + 1)|Pio1o(na +2,nr) — faaPooio(na, nr)

h
‘|‘%[(TLR + 4)(7’LR + 3)(’”3 + 2)(7’LR + 1)]P0110(7’LA, ngr + 2) — fARP()Qlo(TLA, TLR)
hra
_T[HA(HA — D) Pooro(na,nr) + fraPoooo(na — 2,ng)

+%[(HR +4)(ng + 3)(ng + 2)(nr + 1) Foor(na, ng + 2) — frrFPooro(na, nr)
+ka[(na+ 1)Pooro(na + 1,nr) — naPooro(na, ng)]

+kr[(nr + 1) Fooro(na, nr + 1) — npPooio(na, nr)]

+92 [Pooro(na — 1,ng) — Poowo(na, ng)]

( )

+95 [Pooro(na, ng — 1) — Pooro(na, ng)]

(8)



dPrio1 (nA, nR) .

T dt
_T[nA(nA — D) Puoi(na, nr) + faaForo1(na — 2,ng)
_}%R[nR(nR — D(ng —2)(ng — 3)|Pioi(na, ngr) + farPioor(na, ng — 4)
—l—hQi!A[(nA +2)(na + D]Pi1i(na +2,ng) — fraPiioi(na, ng)
_}%[m(m —1)(ng — 2)(ng — 3)|Pior(na, ng) + frrPiioo(na, ng — 4)

+kal(na+ 1)Piio1(na+ 1,ng) — naPrioi(na, ng)]
+kr[(nr + 1)Prio1(na,ng + 1) — ngPrio1(na, ng)]
+94 [Prio1(na — 1,ng) — Proi(na, ng)]

( )

+9% [Prio1(na,nr — 1) — Prioi(na, ng))] 9)

dPlOOl(nA, nR) _
dt

h
_%[HA(TLA — )] Proo1(na, nr) + faaPooor(na — 2,nr)

h
+%[(nR + 4)(nR + 3)(nR + 2)(”3 + ]-)]PllOl(nAy ngr + 4) — fARplo()l(nA, nR)
h
+2i|A[(”A +2)(na+ 1)|Pio11(na + 2,ng) — fraPioo1(na,ng)

_%[”R(”R —1)(ng — 2)(ng — 3)] Pioo1(na, nr) + frrProoo(na, ng — 4)
+ka[(na+ 1)Pioo1(na + 1,ng) — naPioo1(na, ng)]
+kg[(ng + 1) Pioo1(na, nr + 1) — ngPioo1(na, ng)]

+94 [Proo1(na — 1,ng) — Piooi(na, ng)]
( )

+9% [Proo1(na,nr — 1) — Pioo1(na,ng)]  (10)



dPoro1(na,nr)

dt N
haa

+7[(71A +2)(na+ 1)]Piio1(na + 2,ng) — faaPoio1(na, ng)

h
_%[”RWR — 1)(ng — 2)(ngr — 3)]Po1o1(na, nr) + farPooor(na,nr — 4)
h
+2i,A[(nA +2)(na + 1) Poini(na + 2,nr) — fraFPoio1(na, ngr)

h
—%[nR(nR —1)(nr = 2)(ng — 3)] Poro1(na, nr) + frrPoi00(na,ng — 4)

+kal(na+ 1)Poio1(na + 1,ng) — naPoio1(na, ng)]
+kr[(ngr + 1) Poro1(na, ng + 1) = ngPoro1(na, ng)]
+9% [Poror(na — 1,ng) — Poro1(na, ng)]

( )

+g% [Poro1(na, nr — 1) — Poio1(na, ng)] (11)

dP0001(7”LA, nR) _

dt
haa
"‘T[(nA +2)(na + 1)|Pioo1(na +2,nr) — faaPooor(na, ng)

h
+%[(nR + 4)(nR + 3)(nR + 2)(”3 + ]-)]P0101(nA7 ng + 4) — fARP()()()l(’I’LA, nR)
h
+2i|A[(”A +2)(na + 1) Poor1(na +2,nr) — fraPooo1(na, nr)

_%[”R(”R —1)(ng — 2)(ng — 3)] Pooor(na, nr) + frrPoooo(na,ng — 4)
+ka[(na+ 1)Pooor(na + 1,nr) — naPooo1(na, nr)]
+kr[(nr + 1) Pooor (na, nr + 1) — nrPooor (na, nr)]

+9% [Pooor (na — 1,ng) — Pogor (4, ng)]
( )

+ 9% [ Pogor (na, g — 1) — Pogor(na,ng)]  (12)



dPi10o(n4, nR)

dt
haa
_T[HA(RA — 1) Piioo(na, nr) + faaPoroo(na — 2,ng)
h
_%[nR(nR —1)(ng — 2)(ng — 3)]Pi1oo(na, nr) + farPiooo(na,ng — 4)
h
+2L;A[<”A +2)(na + 1) Piio(na + 2,nr) — fraPiioo(na, nr)

+%[(HR +4)(ng +3)(nr +2)(nr + 1)]Piio1(na, nr +4) — frrPrioo(na, ng)
+ka[(na+ 1)Piigo(na + 1,nr) — naPiigo(na, ng)]

+kr[(nr + 1)Piioo(na, nr + 1) — ngPrigo(na, ng)]

+94 [Pr1oo(na — 1,ng) — Prigo(na, ng)]

( )

+9% [Piioo(na,nr — 1) — Prigo(na, ng)]

dPlooo(nA, nR) _
dt

h
_%[HA(nA - 1)]P1000<nA7nR) + fAAP()OO()(nA — 2, ’rLR)

h
+%[(TLR + 4)(”R + 3)(’”3 + 2)(7’LR + 1)]P1100(7’LA, ngr + 4) — fARplOOO(nA, nR)
h
+2i,A[<”A +2)(na + 1)]Piowo(na +2,nr) — fraPiooo(na, nr)

+%[(HR +4)(ng + 3)(ng + 2)(nr + 1) Poor(na, ng + 4) — frrPiooo(na, nr)
+ka[(na+ 1)Piogo(na + 1,nr) — naPiooo(na, ng)]

+kg[(nr + 1) Piooo(na, nr + 1) — nrPiooo(na, nr)]

+94 [Prooo(na — 1,ng) — Piooo(na, ng)]

( )

+9% [Prooo(na,nr — 1) — Pigoo(na, ng)]

(13)

(14)



dPoi00 (nA> nR) _

dt
haa
+7[(”A +2)(na + 1)|Proo(na +2,nr) — faaPoroo(na, ngr)
h
_%[n}%(nR —1)(ng — 2)(nr — 3)]Powoo(na, nr) + farFoooo(na,nr —4)
h
+2i,A[(”A +2)(na + 1) FPoro(na + 2,nr) — fraFoioo(na, nr)
h
+ﬂ[(nR + 4)(71]{ + 3)<TLR + 2)(nR + 1)]P0101(TLA, nr -+ 4) — fRRP()loo(nA, nR)
4!
+ka[(na+ 1)Poioo(na + 1,nr) — naPoioo(na, ng)]
+kg[(ng + 1) Poo(na, nr + 1) — ngPoioo(na, nr)]
"’goAl [Poroo(na — 1,nr) — Poioo(na, nr)]
+9% [Poroo(na,nr — 1) — Poioo(na, ng)]  (15)
dPOOOO(”/h”R) _
dt
haa
+7[(”A +2)(na + 1)|Piooo(na + 2,nr) — faaPoooo(na, nr)
h
+%[(n3 +4)(ng + 3)(nr + 2)(ng + 1) Powo(na, nr +4) — farPoooo(na, nr)
h
+2i|A[<nA + 2)(”14 + 1)]P0010(nA + 27 nR) - fRAPO()oo(nA, nR)
h
+%[(HR + 4>(nR + 3)<nR + 2)(nR + 1>]P0001<nA7 nr + 4) - fRRPO(]Q()(’n,A, HR)

+kal(na + 1)Poooo(na + 1,nr) — naPoooo(na, nr)]
+kr[(ng + 1) Poooo(na, nr + 1) — nrFPoooo(na, nr)]
+9% [Poooo(na — 1,ng) — Poooo(ra, nr)]

( )

+9% [Poooo(na,nr — 1) — Pogoo(na,ng)]  (16)

For the network circuit of the single loop negative feedback with one intermediate step,

as shown in Fig. 1 (b) (main text), the master equations can be same as equ. (1) ~ (16), if

01 _ 11 .00 _ 10 0l _ 00 11 _ .10
we set g4 =9a, 94 =9a> 9r = 9r> 9r = IR -

9



MOMENT EQUATIONS

The m'™ moment is defined as: (n™), = > n™P,(n), where v indicate the general gene
state: 1111, 1100, etc. To get m*™ order moment equations, multiply n™ and then sum over n
on both sides of master equations. In principle, moment equations are equivalent to original
master equations if we can include all moment equations to the infinite order. Since an
infinite number of moment equations are difficult to deal with, we introduce the Hartree-type
approximation and the Poisson assumption to find a smaller, more manageable set of moment
equations up to the first order moments. The Hartree-type approximation, an approximation
for electron wave functions in multielectron atoms, considers the probability distribution for
each type of protein separated from that of the other and only has a mean-field type of

effect on the other, which means P;jn(na, ng) = P} (na)Pf(ng). In addition, the Poisson

. . .. . A L
assumption of concentration distributions: P/(n4) = cé%e (nadis and Pli(ng) =
cﬁ%e*”m”, can truncate moment equations up to the first order. Therefore, we

reached a close form of 16 deterministic moment equations, which only involve zero order

A(R)

moments c;; and first order moments (na(r))ij, as

deil haa A har 4 A

— = 2 (na)i + faach, — ——cii(nr)! + farcry (17)
dt 2 24

dCA hAA h

d;O T2 —=cio{na)y + faacho + 24Rcﬁ (nr)* — farciy (18)
det h h

d—;l = ;‘A e (na)? — faach — ;4R0641 (nr)* + farchy (19)
dCA hAA hAR

d_;o = 5 cﬁ)(nA) fAACvo + o4 0641 <nR>4 - fARC(?o (20)
dctt hra h

d—;l = - ; Cﬁ <”A> + fRACél ;Rcﬁ <nR>11 + fRRclo (21)
dclt h hrr

y _%Acﬁ)mﬂ + Jracgy + 24 el (np)t, — frrcly (22)
deft  h h

d—;l = %Acﬁ <nA> - fRAC(ﬁ 2}1R00R1 <nR>11 + fRRcoo (23)
deft  h h

d_;o - %Acﬁ)mﬁ - fRACvo + ;chl <nR> fRRC(I)%o (24)

10



d(cfi(nay) 4 haa 4

dt = cti (g4 — ka(na)) — TCM((”A% +2(na)i) + faaco ((na)or +2)
hQéLRCﬁ(”A>11<nR> + farcip(na)io (25)
W = cto(g% — ka(na)o) — th cio({na)io + 2(na)io) + faacho((nadoo +2)
+h211R01141 (na)u(ng)* = farcio(nao (26)
W = i (g% — ka(nador) + hI%ACA (na)t = faacoi(na)o
—%cé‘l (nador(nr) + farci(nadoo (27)
M = co(g% — ka(nadoo) + th ¢to(na)io = faacgo(naduo
+h;1 cor(na)or(nr)" — farcio(na)oo (28)
AEN) _ (0~ i) — Ll a)? + Frach e
hQPLLR i ((nr)Yy + (ne)1y) + frecty((ng)1o +4) (29)
Aelblmm)i0) _ ot (30— ki) - Al ma? + fraclytnnhe
—{—h;chﬁ(nR} — frrCiy(nR)10 (30)
d(C(%iZR%l) — B (g% — kp(ng)o) + %cﬁ(nﬁ — fracgi(nr)or
hZIle 0 ((nr)oy + (nr)or) + frrel((nR)00 +4) (31)
d(CORO;ZR>OO) = & (g% — kr(nr)oo) + h%f“cfo@mﬁ — frack(nr)oo
+h2’1R cor(nr)or — rrcon(nr)oo (32)
where

(np)™ = ety (nr)T} + cip(nr) Ty + b (nr)gt + b (nr)h
(na)™ = ety (na)Ty + clo(na)ly + coy (na)ii + coolna)oy

(33)

Deterministic moment equations as in equ. (17)~ (32) have the same form as the deter-

ministic rate equations in the large volume limit for the master equations as equ. (1) ~ (16).

They can give oscillation solutions. The solutions are different to the ensemble average of

stochastic simulation trajectories which can be written as: 7(t) = > nP(n,t). In general,

11



the solution P(n,t) of master equation will reach a time independent steady state Psg(n)
[2], which leads to time independent 7 after a long time. Therefore, the ensemble average
of stochastic simulation trajectories will not give an oscillation solution.

The deterministic trajectories of the dual-feedback network for the activator A and the
repressor R for different wra are shown in Fig. 1(a), 1(b), 1(c), 1(d), 1(e), 1(f). In the
na-ng plane, they form closed limit cycles, as shown in Fig. 2(a), 2(b), 2(c), 2(d), 2(e), 2(f).

DISTRIBUTION LANDSCAPES

The distribution landscapes of the dual-feedback network, in which two genes mutually
repress and activate each other with self activation and self repression, are shown in Fig.
3. We noticed sharp Mexican hats in the nonadiabatic regime Fig. 3 (a) and the adiabatic
regime Fig. 3 (f), which indicate robust oscillations (limit cycles).

The distribution landscapes of the network of the single loop negative feedback with one
intermediate step are shown in Fig. 4. We noticed sharp Mexican hats in the nonadiabatic

regime Fig. 4 (a) and Fig. 4 (b), which indicate robust oscillations (limit cycles).

* Corresponding author:jin.wang.1@stonybrook.edu
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FIG. 1. The deterministic trajectories of the dual-feedback network for activator A (red) and

repressor R (green) for different wpra.
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FIG. 2. The deterministic trajectories of the dual-feedback network in n4-ng plane for different

WRA-
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FIG. 3. Probability distribution landscapes of the dual-feedback network in n4-ng plane for
different binding/unbinding rate wr4. Most robust oscillations in (a) the non-adiabatic and (d)

the adiabatic regime companied with sharpest Mexican hats.
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FIG. 4. Probability distribution landscapes of the network of the single loop negative feedback

with one intermediate step in n4-ng plane for different binding/unbinding rate wr4. Most robust

oscillations in the non-adiabatic regimes (a) and (b), companied with sharpest Mexican hats.
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