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1. Notation and Assumptions.-Let X(t) be a strictly stationaryr-vectorvalued
process with real-valued components. All moments are assumed to exist. While
t may be discrete or continuous, principal results are stated only in the discrete
case (t running through the integers) though the obvious parallels in the continuous
case are valid, provided X(t) is assumed to be continuous in mean square.

Existence of second-order moments implies that X(t) has a vector-valued Fourier
representation

X(t) - feitxdz(x) (1.1)

in mean square with Z(X) an r-vector valued process with orthogonal increments.
Let c(Z) = c(Zi,. . ., Zj) denote the kth-order cumulant of Z = (Z1,.. .,Zk), and
for a = (a, . . . ,ak), t = (01, ,tA) let

Ck,a(t) = Ca ,. ...*ak(t4, * A*tt) = Ca.... ,ak(T + tb ... rf + tk) = C(Xa(t)) (1.2)

be the kth-order cumulant of Xa(t) = (Xai(t),. ..,Xak(tk)). Using stationlarity,
write its asymmetric form as

C ka(t') = Ca,, * ,ak(T + ti,. . ,T + tk-1,r), (1.3)

where t' = (t1,t2,. . ,tkl).
ASSUMPTION I. For each ly= 1,... ,k - 1 and any k-tuple al,.. ,a, let

L|tjC k atW) < O 2 (1.4)

where k = 2,3,..
Assumption I implies that all cumulant spectral densities

f ka(° ) = f'ai, * *ak(Wl,* ...*ak-l) = fka(W) = fa,, * * ,ak(Wlb .**.k)
k -1

= (2ir) +l E C'k,a(t') exp (-i E tjw,) (1.5)
tf j=1

exist where it is understood that
k

E co;,-O mod 2r j = 1,.. .,k (1.6)
j = 1

in formula (1.5). Further, Assumption I implies that all the cumulant spectral
densities are continuous and continuously differentiable. The cumulant

C(dZa(CO)) = fk,a(W)2(Z Wj)dw) (1.7)
1

0o k

where q(x) = E 5(x + 2j7r) with 5(x) the Dirac delta function and dw = II dco.
co 1
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Let
T-1

dayjT)() Z Xaj(t) exp (-iXjt) (1.8)
t = O

and

Ik(a (X) = (27r)-k+1T-1 11 dai(T)X() (1.9)
jT= 1

with j = 0 mod 27r. The function I72(,X) is a kth-order analogue of the

second-order periodogram and cross-periodogram. The following lemma is useful
in analyzing the asymptotic behavior of a kth-order periodogram and estimates of
kth-order spectra based on the periodogram.
LEMMA. Suppose Assumption I is satisfied. Then the cumulant

C(da()( ),. . . ()( ))
T- 1 k

= (2r) k+f' ka(X) i exp (-i j Xi) + 0(1), (1.10)
t = 0 1

where the error term 0(1) is uniform in X1,... ,Xk as T -o- c.

2. A Class of Estimates.-Let W(u) be a bounded continuous weight function
k

on the plane j u; = 0 symmetric about zero, W(u) = W(-u) with
1

J W(u)S(3uj)du = 1. (2.1)1
ASSUMPTION II. Let W(u) be continuously differentiable with

U3W(u)jI, 6 W(U)I < M(1 + lUll) k+I ' (2.2)
k

IlUll = (L uj2)1/2, uniformly inj and u = (Ul,.. .,Uk) where M, e > 0. Set

WT(U) = BT k+l 2 W(BT'1(U + 27rj)), (2.3)

where the summation is over j = (ji,... ,j) such that , (j. + ua) = 0 and BT is

chosen so thatBT- 0 as T-*o co but BTk-T -* as T -
.

The estimates of fA ,a(X), Xi =- 0 mod 27r, that we consider take the form

fIaT)(X) - -iT-1 W X- 27rsi ..1-27-sI)f4,a () () E WT ( ..T~'

(27rs 27rSk)I,(T) (2j71, 27k) (2.4)

where 4(u) is zero unless u is on the manifold E u- 0 mod 27r, but not on a1
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iroper submainifold uu;_ 0 mod 27r with I a proper nonva(uous subset of
jeI

(1,. ,k) il which case it is one.
THEOREM 1. Let X(t) be an r-vector valued strictly stationary process satisfying As-

suinption I. Let fk,a(T)(X) be an estimate of fA,a(X) of the type given in (2.4) with
uweight function W satisfying Assumiption II. If BTT o as BT °* 0 and T ,

then

NfAka(X) = fk,a(X) + O(BT) + O(BT 1T'1). (2.5)

Thus we have a class of asymptotically unbiased estimates under the assumption
made in Theorem 1. The following results describe the asymptotic behavior of
the covariance of two such estimates. It is remarkable that to the first order the
asymptotic behavior of covariances of kth-order cumulant spectral density esti-
mates depends only on second-order spectra under the assumptions made. The
covariance of two complex-valued random variables X, Y is taken to be cov (X, Y)
= EX Y- (EX) (EY).
THEOREM 2. Let X(t) be an r-vector valued strictly stationary process satisfying As-

sumption I. Let fk,,a(T) (X) andfk,j(T) (,A) be estimates of fk,a (X) and fk, (A), respec-
tively, of the type given in formula (2.4) with weight function 1UT satisfying A ssump-
tion II. Then ~~~~~~~~~~k
coy [fA,(l(T) (X) fk^h(T) (,A)] = 2 T 1 J W1.(X ) WT(- fl>(Z j)

pS 1

k

X (H1 n(a3 - (P/)j)f'aj,(Pb)j(aj))da d3 + O(BT-k+2T-1), (2.6)
1

where the summation is over all permutations P on the integers 1,... 4 (Pb =(bp,
k k

... ,bpk)), and the error term is uniform in X and pu subject to ZXj, Euj =- 0 mo(d 27.
1 1

COROLLARY. Under the assumptions of Theorem 2,
k

lim BTk 1T ecv [fk,(T) (X),.fA b (T) ] = 27rE (H ?lt X- (P.)jV}f'aj,(Pb)j(Xj))
T --o. co P j = 1

* ~~~~~k
W(O)W(Pf)6(EDj)d3, (2.7)

1

wlhere the summation is over all permutations P on the integers 1,. . Here rq{ X =
co

E 31 X + 2jir} with 6{ X} the Kronecker delta.
_ co

Consider estimates of curnulant spectra of orders ki < k2 < ... . km of the form

given in (2.4) with scale factors BT1) . ... < BT(m). Write the jth such estimate
in the form

f 4j()(A(i)) = (T - 1 ZWT0j (X U) - T ) IAj (T) (
I

(2.8)

where Ai denotes the indices of the k; series involved in the jth estimate. The
scale factors of two estimates of the same order will be taken to be the same.
THEOREM 3. Let X(t) be an r-vector valued strictly stationary process satisfying As-
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sumption I. Let fAj(T)(X(j)), j = 1,... ,m, be estimates as given by (2.8) whose weight
functions Wr(J satisfy Assumption II. Then the estimates are asymptotically jointly
normally distributed as T -o oo with estimates of different orders asymptotically inde-
pendent and estimates of the same order having covariance structure given by (2.7).
The results given above are for discrete parameter processes. Using the analogue

of Assumption I for a continuous parameter process and Assumption II, parallel
results for a continuous parameter process continuous in the mean are valid, with
t7 in formulas (2.8) and (2.9) replaced by 5.

3. Aliasing.--Often a continuous time parameter strictly stationary process
X(t) is sampled discretely at time points jh, j = 0, 1,. . ., where h > 0. The
analogue of Assumption I for a continuous time parameter process implies that the

k

corresponding cumulant spectral densities 9g, a(X) E a = 0, - < X, < (x) exist,

are continuous and continuously differentiable. In addition, we will require
ASSUMPTION III. Let

1ga(X)f < M(1 + IIX1|)-k + 1 -e(31)
and

C ka(t )< 1(1 4Ht|-k + 1 - (3.2)
uniformly in X and t' with MfE > 0.
Under Assumption III the cumulants for the continuous time parameter process

X(t) have the following Fourier representation in terms of the cumulant spectral
densities
trk k

ck,a(t) = J exp (i E tjXj)gAa(X)S(E xj)dX. (3.3)
j = 1 1

The discretely sampled process X(jh) has cunlulants with the corresponding
Fourier representation

Ca,. ak(jih, *. .,jAh)
ik k

- f exp (i E jaha)6(Z Xj)gka(X)dX
1h

'r/hI' k k
= J hJ exp (i E jaXh)7)(EZ hXa)fka(X)dX (3.4)

-7r/h a = 1 a = 1

in terms of the corresponding cumulant spectral density of X(jh)

fka(X) = Z gk,a ( + 2r) (3.5)

k k
where the sum in (3.5) is over j = (ib,... JIk) such that E ja = -(h/27r)ZE Xa-

4. Previous Work.-M\oments of order k of the dZa(co) have been considered by
Blanc-Lapierre and Fortet.1 The third-order spectral density, or bispectrum, is
defined in Tukey,' and asymptotic properties of a class of estimates are given in
Rosenblatt and Van Ness.' Asymptotic properties of a class of estimates of the
kth-order cumulant spectra have been considered in Brillinger.4

209



210 MATHEMATICS: BRILLINGER AND ROSENBLATT PROC. N. A. S.

Summary.-Under appropriate assumptions the asymptotic variance and bias
of a class of estimates of the kth-order cumulant spectra of a stationary random
process are obtained. The estimates are shown to be distributed asymptotically as
complex-valued Gaussian variables. Remarks are made on aliasing.
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