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1. Notation and Assumptions.—Let X (t) be a strictly stationary r-vector valued
process with real-valued components. All moments are assumed to exist. While
t may be discrete or continuous, principal results are stated only in the discrete
case (f running through the integers) though the obvious parallels in the continuous
case are valid, provided X (¢) is assumed to be continuous in mean square.

Existence of second-order moments implies that X (f) has a vector-valued Fourier
representation

X@) = f ¢™ dZ(\) 1.1)

in mean square with Z()\) an r-vector valued process with orthogonal increments.
Let ¢(Z) = ¢(Z,,. .., Z;) denote the kth-order cumulant of Z = (Z,,...,Z;), and
fora = (a,...,a), t = (h,...,t) let

Ck.a(t) = Cay- - -yak(tl:' . -)tk) = Cqy,- - -;ak(T + t,..., 7+ tk) = C(Xa(t)) (12)

be the kth-order cumulant of X,(t) = (X, t),. .., Xu(@)). Using stationarity,
write its asymmetric form as

c’k,a(tl) = Cqy, - - nak(‘r + bty + tk—lyT)’ (13)

where t’ = (tl,tz,. . .,tk_1).
AssumptiON 1. Foreachy = 1,...,k — 1 and any k-tuple ay,. . .,a; let

;l tekat)]| < , (1.4)

where k = 2,3,. ...
Assumption I implies that all cumulant spectral densities

flk.a(w,) = f’au' . ~’ak(w1; .. -:wk—l) = fk,a(w) = Jay- -+ ’ak(wly- . W)
k-1
= (2r)~*H ; ¢ va(t’) exp (—1 '?1 tw;) (1.5)

exist where it is understood that

k
E w;j=0 mod2r j=1,...,k (1.6)

i=1

in formula (1.5). Further, Assumption I implies that all the cumulant spectral
densities are continuous and continuously differentiable. The cumulant

k
c(dza("’)) = fk,a(w)"(; "’J’)d‘*’: (1.7)

do;.

- -

where n(x) = >, 8(x + 2j) with 8(z) the Dirac delta function and dw =
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Let
T-1
daj(T)(xj) = Z Xaj(t) €xp (_i)\}t) (18)
t=0
and
k
L") = @n)~* 4T T d,P(0) (1.9)
i=1

k
with E A\; =0 mod 2. The function I{)()) is a kth-order analogue of the

i=1
second-order periodogram and cross-periodogram. The following lemma is useful
in analyzing the asymptotic behavior of a kth-order periodogram and estimates of
kth-order spectra based on the periodogram.
LemMa. Suppose Assumption I is satisfied. Then the cumulant

¢(da PN, . - . daP (W)
T -1 k

= (2m) S ra(N) ‘ZgjoeXp (= ; A) +0Q1), (1.10)

where the error term 0(1) 1s uniform in Ny,.. ., e as T — .
2. A Class of Estimates.—Let W(u) be a bounded continuous weight function
k

on the plane 3 u; = 0 symmetric about zero, W(u) = W(—u) with
1
k
fW(u)&(Zuj)du =1 (2.1)
1
AssumpTioN II. Let W (u) be continuously differentiable with

|uW (), IO% W] < MQ + a7+ @2)

k
”u” = u)'2, uniformly in j and w = (uy,. . . ux) where M, e > 0. Set
1
We(u) = Bp~*+1 3 W(Br~'(u + 277)), (2.3)
k
where the summation is over j = (ji,...,j:) such that 3 (jo + us) = 0 and By is
1
chosen so that By = 0as T — © but By*"\T — o as T — o.
k
The estimates of f;,s(A), > ;=0 mod 2, that we consider take the form
1

2r\-1 T 1 2ws 2ws
R0 = (7)7, 5 e (= B - )

2ms 218 <T>(2_"_"‘1 2’_3&)
W

k
where ®(u) is zero unless u is on the manifold 3 u;=0 mod 2, but not on a
1
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proper submanifold Y u; = 0 mod 27 with I a proper nonvacuous subset of
Jel
(1,...,k), in which case it is one.

Tnrorem 1. Let X(t) be an r-vector valued strictly stationary process satisfying As-
sumption I. Let JeaT’(A) be an estimate of fr.o(\) of the type given wn (2.4) with
weight function W satisfying Assumption II. If ByT — © as By —>0and T — o,
then

Efia PN = fra(N) + 0(Br) + O(B,~1T-Y). (2.5)

Thus we have a class of asymptotically unbiased estimates under the assumption
made in Theorem 1. The following results describe the asymptotic behavior of
the covariance of two such estimates. It is remarkable that to the first order the
asymptotic behavior of covariances of kth-order cumulant spectral density esti-
mates depends only on second-order spectra under the assumptions made. The
covariance of two complex-valued random variables X,Y is taken to be cov (X,Y)
= EXY — (EX)(EY).

TuEOREM 2. Let X (1) be an r-vector valued strictly stationary process satisfying As-
sumption 1. Let fk_a(T) ) and fi'™ (1) be estimates of fi.a (\) and Sew (), respec-
tively, of the type given in formula (2.4) with weight function W, satisfying Assump-
tion II. Then

k
cov [fk,n(T) M), fk.h(’r) (W] =2rT7 ;f W\ — @) Welu — B)n(X o))
1

k
X (EI n(a; — (PB)Nf aj.pwj(a))da dB + O(Br~*+2T-1),  (2.6)

where the summation is over all permutations P on the integers 1,.. ..k (Pb = (bp,
k&

.. .,ber), and the error term is uniform in X and p subject to 3 \;, 2. u; =0 mod 2.
1 1

CoRrOLLARY. Under the assumptions of Theorem 2,

k
lim Brk_lT cov [fk.a(T)()\)afA,n(T)(#)] = QTZP: .(H 1"7{>\j - (P#)j}f/aj.(m)j()\j))
j =

T—>
k
f WOW(PET8)s, (2)

where the summation is over all permutations P on the integers 1,....k. Here n{ A =
S 8N 4 2w} with 8{\} the Kronecker delta.

Consider estimates of cumulant spectra of orders &y < ky < ... < ky, of the form
given in (2.4) with scale factors B < ... < Bz™. Write the jth such estimate
in the form

) 2r\* 1 ] ) 2rs® 2rs® 27I’S(j)
£, P09 = <?7r> W <>\m _ 1%._) 4)( T >1Aj(T>( T)’ (2.8)

where A; denotes the indices of the k; series involved in the jth estimate. The
scale factors of two estimates of the same order will be taken to be the same.
TurorEM 3. Let X(t) be an r-vector valued strictly stationary process satisfying As-
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sumption I. Let fa j(T’(x(j)), J = 1,...,m, be estimates as given by (2.8) whose weight
functions W 9 satisfy Assumption II. Then the estimates are asymptotically jointly
normally distributed as T — » with estimates of different orders asymptotically inde-
pendent and estimates of the same order having covariance structure given by (2.7).

The results given above are for discrete paramever processes. Using the analogue
of Assumption I for a continuous parameter process and Assumption II, parallel
results for a continuous parameter process continuous in the mean are valid, with
7 in formulas (2.8) and (2.9) replaced by 8.

3. Aliasing.—Often a continuous time parameter strictly stationary process
X(¢) is sampled discretely at time points jh, j = 0, =1,..., where h > 0. The
analogue of Assumption I for a continuous time pa;crameter process implies that the

corresponding cumulant spectral densities g; s(A), > A, = 0, — ® < A\, < ®, exist,
1

are continuous and continuously differentiable. In addition, we will require
AssumpTioN III. Let

lgraN)| < M@ + |N)7F+ ¢ (3.1)
and
lehalt)|] < MQA 4+ || F+ (3.2)

uniformly in X\ and t' with M,e > 0.

Under Assumption IIT the cumulants for the continuous time parameter process
X(t) have the following Fourier representation in terms of the cumulant spectral
densities

< k k
crad = [ exp (i 3 600 a(VB M)A (33

The discretely sampled process X(jh) has cumulants with the corresponding
Fourier representation

Ca.,. . ‘.ak(jlh; cee 1.7kh)

k k
= f exp (¢ gljc.hxa)a(zli A)Gr.a(N)dX

~/h

k k
exp (6 2 jA)n(E IAHfraNdN  (3.4)

N A

in terms of the corresponding cumulant spectral density of X (jh)

2] "
ra®) = Sona (n+27), (3.5)
k k
where the sum in (3.5) is over j = (ji,...,Jx) such that > j. = —(&/27)>. A
1

4. Previous Work.—Moments of order k of the dZ,(w) have been considered by
Blanc-Lapierre and Fortet.! The third-order spectral density, or bispectrum, is
defined in Tukey,? and asymptotic properties of a class of estimates are given in
Rosenblatt and Van Ness.® Asymptotic properties of a class of estimates of the
kth-order cumulant spectra have been considered in Brillinger.*
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Summary.—Under appropriate assumptions the asymptotic variance and bias
of a class of estimates of the kth-order cumulant spectra of a stationary random
process are obtained. The estimates are shown to be distributed asymptotically as
complex-valued Gaussian variables. Remarks are made on aliasing.
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