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The amplifying properties of biological membranes in their responses to ligand
binding have already received considerable attention,' but the molecular basis of
this important behavior is far from being understood. In this communication we
wish to apply to this problem some of the principles and approaches recently pro-
posed for regulatory enzymes2 and to discuss the cooperative properties of mem-
branes on the basis of their highly ordered structure.
Although data on the chemical constitution and structure of biological membranes

are still fragmentary and many basic aspects as yet are not clear, the following
features have been established and will be considered:

(1) Membranes are made up by the association of repeating globular lipoprotein
units.3

(2) The conformation of these units differs when they are dispersed in solution or
organized into a membrane structure.4

(3) A large number of biological or artificial lipoprotein membranes respond in
vivo as well as in vitro to the binding of specific ligands by some modification of
their properties which reflects rearrangement of the membrane organization and
presumably of the conformation of the repeating units.5

(4) In several instances the response curve of a membrane to increased concen-
trations of ligand deviates from the Langmuir isotherm. Depending on the specific
membrane considered, the response curve can be slightly S-shaped ("graded re-
sponse")6 or extremely sharp ("all-or-none response").
Theory.-We consider a biological membrane as an ordered collection of repeat-

ing globular lipoprotein units, or "protomers," organized into a two-dimensional
crystalline lattice:

(1) The protomer constitutes the "primitive cell" of the lattice and does not
necessarily possess in itself any particular property of symmetry. (It can be made
up of a single polypeptide chain or of several different protein subunits associated
with lipids in characteristic amounts.)

(2) Several conformational states are reversibly accessible to the protomer.
(3) The protomer possesses at least one receptor site for each type of specific

ligand normally capable of binding to the membrane,7 and the affinity of one, or
several, of these receptor sites toward the corresponding ligand is altered when a
transition occurs from one to another conformational state.

(4) The conformation of the protomer depends upon its association with the
neighboring protomers in the lattice and thus is submitted to a lattice constraint
similar to the quaternary constraint involved in the organization of the quaternary
structure of oligomeric proteins.8
For simplicity we discuss the situation in which only two9 conformational states

(R '- S) are accessible to the protomer and in which a single receptor site specific
for the considered ligand, f, is present per protomer. The behavior of such a system
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can be described in terms of two independent functions: a state function (r) and
a binding function (y) corresponding, respectively, to the fraction of protomers in
the R state and to the fraction of sites to which the ligand is actually bound. These
functions can be derived by the following two methods.
Method A.-Let (y) be the fraction of protomer sites occupied by the ligand f.

The ligand binding energy is Js or JR, according to the state of the protomer. Let
e be the energy required to promote one protomer from S to R when all other pro-
tomers are in state S.
We make the molecular field approximation: ° If the fraction (r) of the protomers

are in state R, then the promotion energy is E - q(r), where -q(r) is the mean inter-
action with all other R protomers.

In this model the grand partition function per protomer is"1

Z = (1 + Xeo3s) + (1 + XefJR)e-(e-1(r)), (1)

where X =e- = absolute activity of the ligand; 3 =-1/KBT. For an ideal sys-
tem X is directly proportional to the concentration of the ligand.
From (1) we obtain (y) and (r) by (y) = Xb(log z)/aX and

(r) = z-1 [(1 + XeJR)e - #(E- (r)) ] (2)

a transcendental equation for (r). For most of the calculation we selected a set
of values 'q,JR,JS,#, and then solved numerically for (r) and (y) as a function of X.
Method B.-Consider a single protomer in a system of interacting protomers.

The free energy AF of the transition (S - R) depends on the fraction of protomers
which are already in the R state. It may be shown"2 that

AF = (e- q(r)). (3)

The isomerization constant l' = (s)/(r) is then simply

1' = exp [O3(E-n (r))] - lA(r), (4)

where 1 = eE and A = eCo = e-No/RT
Binding of a ligand f to a single protomer is expressed by the following equilibria

Ro t-SO
RRO +f and SSo +f,

aid equations (so)/(ro) = 1',

kR = [f](ro)/(rl), and ks =[f ](SO)/Sl),
where kR and ks are the microscopic dissociation constants of R, and S,, respectively.
The binding function of f is then simply:

(r,) + (s,) a (1 + 1A(r)c)
(ro) + (r,) + (so) + (s) 1+ +lA(r) (1 + ac)

and the state function:

_r) (ro) + ( ) 1+ a

- (ro) + (rn) + Kso) + (s,) 1 + a + lA(r) (1 + aC) (

with a = [J]/kR and c = kR/ks.
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Comparison and Generalization of Methods A and B.-With the following change
of variable, a = XeJ R; c = e (JS-JR); 1 = efl; and A = e -O, equations (1) and
(2) become identical with equations (5) and (6). Methods A and B are equivalent;
however, method B is expressed in terms of parameters more accessible to biological
experimentation.2

Equations (5) and (6) can be generalized for the case in which two ligands f, and
f2 bind to the same protomer:

(1) f, and f2 bind to the same receptor site (mutual exclusion by steric hindrance):
1 + al + a2

(1 + al + a2) + lA(r) (1 + aic1 + a2C2)
and

(y)=al(1 + lA 'r)c,) 8

(1 + a, + a2) + IA(r) (1 + alc, + a2c2)' (8)

where the subscript 1 or 2 refers to the ligand fi or f2, respectively.
(2) fi and f2 bind at topographically distinct receptor sites (allosteric inter-

actions) :13

(1 + al)(1 + a2) (9)
(1 + a,)(1 + a2) + lA(r) (1 + alcl)(1 + a!2C2)

and

a,(l + a2) + allA(r) (1 + a2c2)c1
(Yi) = (1 + a,)(1 + a2) + IA(r) (1 + aici)(1 + a2c2) (10)

Our theory, based on the molecular-field approximation, is valid for one-, two-,
or three-dimensional lattices. Alternative approximations have been developed
for this general problem but the exact solution exists only for the one-dimensional
model. '4

In the following discussion, attention will be focused on the two-dimensional
structures widely represented in living organisms by the biological membranes.

Discussion. -The proposed theory has been designed primarily to account for the
cooperative phenomena accompanying the binding of ligands to a membrane: in-
deed, Figures 1 and 2 show that the predicted state and binding functions, (r) and
(y), exhibit an S shape characteristic of cooperative interactions. In our simple
formulation the cooperative character of the response is encompassed in a single
parameter A = es-y. When A = 1, there is no lattice constraint, the protomers are
independent, and both the (r) and (y) curves are hyperbolas. When A decreases,
the (r) and (y) curves exhibit more and more cooperativity. For a critical value of A
both curves become discontinuous (Fig. 2). This critical value A, = e-4 = 0.01831
corresponds to a critical value Noiq, = 4RT and is independent of 1 and c. Such a
discontinuity, which is also found with other two-dimensional models (Ising model),
can be interpreted as a phase transition similar to the one which occurs between a
gas and a liquid [(r) (resp. a) plays the role of the density (resp. pressure) ]. In the
present case, and at the critical concentration a, of the ligand, the transition occurs
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-/__ FIG. 1.-Effects of A and c on the
0.5 shape and limits of the "state" function
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Effect of c for =10, A= 0.1 as the derivative d log t(<r>.. -
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to the general theory of phase transi-
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between twoistable states of the membrane corresponding to the postulated two
conformational states of the protomer.

If only nearest-neighbor protomers interact, then the molecular field theory
leads to the following interpretation of the parameters:

1 = exp [Z3(eRs - ESS) ] and A = exp[Z (ER - 2ERS + Ess) ]

where z is the number of nearest neighbors, eRR (resp. eRs or ess) is the energy of
interaction between protomers in the conformations R and R (resp. R and S or S
and S). The parameter 1 becomes the isomerization constant of a protomer in an
environment of S protomers, and the parameter A characterizes the constraint
imposed by the nearest neighbors. The critical value NO?1, = 4RT leads to a critical
value for the free energy of interaction between protomers. It is of interest that
the value found at 250C, NOqC = 2.36 kcal/mole, is of the same order of magnitude
as the variation of free energy of interaction between subunits observed in the
allosteric transition of an oligomer [about 3.0 kcal for the sheep hemoglobin]."I
The model thus predicts the two classes of responses exhibited by biological
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membranes: a "graded" response or an "all-or-none" response depending on A
and thus on the free energy of interaction between protomers.

Other predictions of our model may be of interest: For example, as shown in
Figure 1, the asymptotic limit of the (r) function, for saturating levels of ligand, is
sensitive to the value of c, the coefficient of nonexclusive binding."6 This predic-
tion is of relevance when one considers the response of excitable membranes to
different pharmacologic agents"7 and, in particular, the observation that various
related drugs provoke different maximal responses of the membrane.18 19

Equations (7)-(10) give a simple mathematical description of the classical syner-
gistic or antagonistic (competitive or noncompetitive) interactions between drugs,
as observed with various categories of excitable membranes.'8
At this point, we would like to emphasize some bitsic assumptions of our theory.

(1) We assume that conformational changes of the protomer not only pre-exist the
ligand binding, but are not fundamentally different whether the ligand is bound or
not. Our model is thus essentially different from other models which postulate that
the conformational alterations of macromolecular receptors are "induced," i.e., are
consecutive to the binding of ligands.20 As a consequence and as shown in Figure 2,
curves (r) and (y) versus a should be, in many instances, distinct from each other.
The experimental test of this specific prediction should be relatively simple.22 (2)
Our model also differs from the model of Monod, Wyman, and Changeux2 for allo-
steric oligomers, since we postulate that in a membrane different conformational
states of the protomer may coexist close to each other. However, with these
authors, we relate the cooperativity of a structure to the very arrangement of its
constitutive protomers, in our case, the organization into a lattice possessing
properties of translational symmetry.

Finally, we would like to suggest that a number of important biological phe-
nomena seem to be related to the highly cooperative structure of cell membranes:
For instance, the initiation and propagation of nerve impulses, the specific "killing"
of some bacterial cells by a single molecule of colicine,23 and several all-or-none
processes24 related to phage infection, bacterial conjugation, and fertilization.
Summary. -The cooperativity of biological membranes is discussed in terms of

their lattice structure. A simple formulation is proposed for the relationships
between the conformational transitions of the repeating units and the binding of
ligands.25
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