
Supplementary Materials

Appendix A Proof of Relations (16)

A.1 The Subscripts ije Do Not Contain 2

Notice

∂f000

∂P000

=
∂

∂P000

[
P000 log

P000

P0··P·0·P··0

]
= log

P000

P0··P·0·P··0
+

[
1− P000

P0··
− P000

P·0·
− P000

P··0

]
log e,

∂f001

∂P000

=
∂

∂P000

[
P001 log

P001

P0··P·0·P··1

]
= −

[
P001

P0··
+

P001

P·0·

]
log e,

∂f002

∂P000

=
∂

∂P000

[
P002 log

P002

P0··P·0·P··2

]
=

[
−P002

P0··
− P002

P·0·
+

P002

P··2

]
log e,

∂f010

∂P000

=
∂

∂P000

[
P010 log

P010

P0··P·1·P··0

]
= −

[
P010

P0··
+

P010

P··0

]
log e,

∂f011

∂P000

=
∂

∂P000

[
P011 log

P011

P0··P·1·P··1

]
= −P011

P0··
log e, (A.1)

∂f012

∂P000

=
∂

∂P000

[
P012 log

P012

P0··P·1·P··2

]
=

[
−P012

P0··
+

P012

P··2

]
log e,

∂f020

∂P000

=
∂

∂P000

[
P020 log

P020

P0··P·2·P··0

]
=

[
−P020

P0··
+

P020

P·2·
− P020

P··0

]
log e,

∂f021

∂P000

=
∂

∂P000

[
P021 log

P021

P0··P·2·P··1

]
=

[
−P021

P0··
+

P021

P·2·

]
log e,

∂f022

∂P000

=
∂

∂P000

[
P022 log

P022

P0··P·2·P··2

]
=

[
−P022

P0··
+

P022

P·2·
+

P022

P··2

]
log e.

In addition, we have

∂f100

∂P000

=
∂

∂P000

[
P100 log

P100

P1··P·0·P··0

]
= −

[
P100

P·0·
+

P100

P··0

]
log e,

∂f101

∂P000

=
∂

∂P000

[
P101 log

P101

P1··P·0·P··1

]
= −P101

P·0·
log e,

∂f102

∂P000

=
∂

∂P000

[
P102 log

P102

P1··P·0·P··2

]
=

[
−P102

P·0·
+

P102

P··2

]
log e,

∂f110

∂P000

=
∂

∂P000

[
P110 log

P110

P1··P·1·P··0

]
= −P110

P··0
log e,

∂f111

∂P000

=
∂

∂P000

[
P111 log

P111

P1··P·1·P··1

]
= 0, (A.2)

∂f112

∂P000

=
∂

∂P000

[
P112 log

P112

P1··P·1·P··2

]
=

P112

P··2
log e,

∂f120

∂P000

=
∂

∂P000

[
P120 log

P120

P1··P·2·P··0

]
=

[
P120

P·2·
− P120

P··0

]
log e,
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∂f121

∂P000

=
∂

∂P000

[
P121 log

P121

P1··P·2·P··1

]
=

P121

P·2·
log e,

∂f122

∂P000

=
∂

∂P000

[
P122 log

P122

P1··P·2·P··2

]
=

[
P122

P·2·
+

P122

P··2

]
log e,

and

∂f200

∂P000

=
∂

∂P000

[
P200 log

P200

P2··P·0·P··0

]
=

[
P200

P2··
− P200

P·0·
− P200

P··0

]
log e,

∂f201

∂P000

=
∂

∂P000

[
P201 log

P201

P2··P·0·P··1

]
=

[
P201

P2··
− P201

P·0·

]
log e,

∂f202

∂P000

=
∂

∂P000

[
P202 log

P202

P2··P·0·P··2

]
=

[
P202

P2··
− P202

P·0·
+

P202

P··2

]
log e,

∂f210

∂P000

=
∂

∂P000

[
P210 log

P210

P2··P·1·P··0

]
=

[
P210

P2··
− P210

P··0

]
log e,

∂f211

∂P000

=
∂

∂P000

[
P211 log

P211

P2··P·1·P··1

]
=

P211

P2··
log e, (A.3)

∂f212

∂P000

=
∂

∂P000

[
P212 log

P212

P2··P·1·P··2

]
=

[
P212

P2··
+

P212

P··2

]
log e,

∂f220

∂P000

=
∂

∂P000

[
P220 log

P220

P2··P·2·P··0

]
=

[
P220

P2··
+

P220

P·2·
− P220

P··0

]
log e,

∂f221

∂P000

=
∂

∂P000

[
P221 log

P221

P2··P·2·P··1

]
=

[
P221

P2··
+

P221

P·2·

]
log e,

∂f222

∂P000

=
∂

∂P000

[
P222 log

P222

P2··P·2·P··2

]
= − log

P222

P2··P·2·P··2
+

[
−1 +

P222

P2··
+

P222

P·2·
+

P222

P··2

]
log e.

By relations (A.1), (A.2), and (A.3), we have

∂f

∂P000

=
2∑

i=0

2∑

j=0

2∑

e=0

∂fije

∂P000

= log
P000

P0··P·0·P··0
− log

P222

P2··P·2·P··2
.

Similarly, we have for i, j, e = 0, 1

∂f

∂Pije

= log
Pije

Pi··P·j·P··e
− log

P222

P2··P·2·P··2
.

A.2 The Subscripts ije Contain One 2

Notice

∂f000

∂P002

=
∂

∂P002

[
P000 log

P000

P0··P·0·P··0

]
=

[
−P000

P0··
− P000

P·0·

]
log e,
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∂f001

∂P002

=
∂

∂P002

[
P001 log

P001

P0··P·0·P··1

]
=

[
−P001

P0··
− P001

P·0·

]
log e,

∂f002

∂P002

=
∂

∂P002

[
P002 log

P002

P0··P·0·P··2

]
= log

P002

P0··P·0·P··2
+

[
1− P002

P0··
− P002

P·0·

]
log e,

∂f010

∂P002

=
∂

∂P002

[
P010 log

P010

P0··P·1·P··0

]
= −P010

P0··
log e,

∂f011

∂P002

=
∂

∂P002

[
P011 log

P011

P0··P·1·P··1

]
= −P011

P0··
log e, (A.4)

∂f012

∂P002

=
∂

∂P002

[
P012 log

P012

P0··P·1·P··2

]
= −P012

P0··
log e,

∂f020

∂P002

=
∂

∂P002

[
P020 log

P020

P0··P·2·P··0

]
=

[
−P020

P0··
+

P020

P·2·

]
log e,

∂f021

∂P002

=
∂

∂P002

[
P021 log

P021

P0··P·2·P··1

]
=

[
−P021

P0··
+

P021

P·2·

]
log e,

∂f022

∂P002

=
∂

∂P002

[
P022 log

P022

P0··P·2·P··2

]
=

[
−P022

P0··
+

P022

P·2·

]
log e.

In addition, we have

∂f100

∂P002

=
∂

∂P002

[
P100 log

P100

P1··P·0·P··0

]
= −P100

P·0·
log e,

∂f101

∂P002

=
∂

∂P002

[
P101 log

P101

P1··P·0·P··1

]
= −P101

P·0·
log e,

∂f102

∂P002

=
∂

∂P002

[
P102 log

P102

P1··P·0·P··2

]
= −P102

P·0·
log e,

∂f110

∂P002

=
∂

∂P002

[
P110 log

P110

P1··P·1·P··0

]
= 0,

∂f111

∂P002

=
∂

∂P002

[
P111 log

P111

P1··P·1·P··1

]
= 0, (A.5)

∂f112

∂P002

=
∂

∂P002

[
P112 log

P112

P1··P·1·P··2

]
= 0,

∂f120

∂P002

=
∂

∂P002

[
P120 log

P120

P1··P·2·P··0

]
=

P120

P·2·
log e,

∂f121

∂P002

=
∂

∂P002

[
P121 log

P121

P1··P·2·P··1

]
=

P121

P·2·
log e,

∂f122

∂P002

=
∂

∂P002

[
P122 log

P122

P1··P·2·P··2

]
=

P122

P·2·
log e,

and

∂f200

∂P002

=
∂

∂P002

[
P200 log

P200

P2··P·0·P··0

]
=

[
P200

P2··
− P200

P·0·

]
log e,

∂f201

∂P002

=
∂

∂P002

[
P201 log

P201

P2··P·0·P··1

]
=

[
P201

P2··
− P201

P·0·

]
log e,
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∂f202

∂P002

=
∂

∂P002

[
P202 log

P202

P2··P·0·P··2

]
=

[
P202

P2··
− P202

P·0·

]
log e,

∂f210

∂P002

=
∂

∂P002

[
P210 log

P210

P2··P·1·P··0

]
=

P210

P2··
log e,

∂f211

∂P002

=
∂

∂P002

[
P211 log

P211

P2··P·1·P··1

]
=

P211

P2··
log e, (A.6)

∂f212

∂P002

=
∂

∂P002

[
P212 log

P212

P2··P·1·P··2

]
=

P212

P2··
log e,

∂f220

∂P002

=
∂

∂P002

[
P220 log

P220

P2··P·2·P··0

]
=

[
P220

P2··
+

P220

P·2·

]
log e,

∂f221

∂P002

=
∂

∂P002

[
P221 log

P221

P2··P·2·P··1

]
=

[
P221

P2··
+

P221

P·2·

]
log e,

∂f222

∂P002

=
∂

∂P002

[
P222 log

P222

P2··P·2·P··2

]
= − log

P222

P2··P·2·P··2
+

[
−1 +

P222

P2··
+

P222

P·2·

]
log e.

By relations (A.4), (A.5), and (A.6), we have

∂f

∂P002

=
2∑

i=0

2∑

j=0

2∑

e=0

∂fije

∂P002

= log
P002

P0··P·0·P··2
− log

P222

P2··P·2·P··2
.

Similarly, we have

∂f

∂P012

= log
P012

P0··P·1·P··2
− log

P222

P2··P·2·P··2
,

∂f

∂P020

= log
P020

P0··P·2·P··0
− log

P222

P2··P·2·P··2
,

∂f

∂P021

= log
P021

P0··P·2·P··1
− log

P222

P2··P·2·P··2
,

∂f

∂P102

= log
P102

P1··P·0·P··2
− log

P222

P2··P·2·P··2
,

∂f

∂P112

= log
P112

P1··P·1·P··2
− log

P222

P2··P·2·P··2
,

∂f

∂P120

= log
P120

P1··P·2·P··0
− log

P222

P2··P·2·P··2
,

∂f

∂P121

= log
P121

P1··P·2·P··1
− log

P222

P2··P·2·P··2
,

∂f

∂P200

= log
P200

P2··P·0·P··0
− log

P222

P2··P·2·P··2
,

∂f

∂P201

= log
P201

P2··P·0·P··1
− log

P222

P2··P·2·P··2
,
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∂f

∂P210

= log
P210

P2··P·1·P··0
− log

P222

P2··P·2·P··2
,

∂f

∂P211

= log
P211

P2··P·1·P··1
− log

P222

P2··P·2·P··2
.

A.3 The Subscripts ije Contain Two 2

Notice

∂f000

∂P122

=
∂

∂P122

[
P000 log

P000

P0··P·0·P··0

]
= 0,

∂f001

∂P122

=
∂

∂P122

[
P001 log

P001

P0··P·0·P··1

]
= 0,

∂f002

∂P122

=
∂

∂P122

[
P002 log

P002

P0··P·0·P··2

]
= 0,

∂f010

∂P122

=
∂

∂P122

[
P010 log

P010

P0··P·1·P··0

]
= 0,

∂f011

∂P122

=
∂

∂P122

[
P011 log

P011

P0··P·1·P··1

]
= 0, (A.7)

∂f012

∂P122

=
∂

∂P122

[
P012 log

P012

P0··P·1·P··2

]
= 0,

∂f020

∂P122

=
∂

∂P122

[
P020 log

P020

P0··P·2·P··0

]
= 0,

∂f021

∂P122

=
∂

∂P122

[
P021 log

P021

P0··P·2·P··1

]
= 0,

∂f022

∂P122

=
∂

∂P122

[
P022 log

P022

P0··P·2·P··2

]
= 0.

In addition, we have

∂f100

∂P122

=
∂

∂P122

[
P100 log

P100

P1··P·0·P··0

]
= −P100

P1··
log e,

∂f101

∂P122

=
∂

∂P122

[
P101 log

P101

P1··P·0·P··1

]
= −P101

P1··
log e,

∂f102

∂P122

=
∂

∂P122

[
P102 log

P102

P1··P·0·P··2

]
= −P102

P1··
log e,

∂f110

∂P122

=
∂

∂P122

[
P110 log

P110

P1··P·1·P··0

]
= −P110

P1··
log e,

∂f111

∂P122

=
∂

∂P122

[
P111 log

P111

P1··P·1·P··1

]
= −P111

P1··
log e, (A.8)

∂f112

∂P122

=
∂

∂P122

[
P112 log

P112

P1··P·1·P··2

]
= −P112

P1··
log e,
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∂f120

∂P122

=
∂

∂P122

[
P120 log

P120

P1··P·2·P··0

]
= −P120

P1··
log e,

∂f121

∂P122

=
∂

∂P122

[
P121 log

P121

P1··P·2·P··1

]
= −P121

P1··
log e,

∂f122

∂P122

=
∂

∂P122

[
P122 log

P122

P1··P·2·P··2

]
= log

P122

P1··P·2·P··2
+

[
1− P122

P1··

]
log e,

and

∂f200

∂P122

=
∂

∂P122

[
P200 log

P200

P2··P·0·P··0

]
=

P200

P2··
log e,

∂f201

∂P122

=
∂

∂P122

[
P201 log

P201

P2··P·0·P··1

]
=

P201

P2··
log e,

∂f202

∂P122

=
∂

∂P122

[
P202 log

P202

P2··P·0·P··2

]
=

P202

P2··
log e,

∂f210

∂P122

=
∂

∂P122

[
P210 log

P210

P2··P·1·P··0

]
=

P210

P2··
log e,

∂f211

∂P122

=
∂

∂P122

[
P211 log

P211

P2··P·1·P··1

]
=

P211

P2··
log e, (A.9)

∂f212

∂P122

=
∂

∂P122

[
P212 log

P212

P2··P·1·P··2

]
=

P212

P2··
log e,

∂f220

∂P122

=
∂

∂P122

[
P220 log

P220

P2··P·2·P··0

]
=

P220

P2··
log e,

∂f221

∂P122

=
∂

∂P122

[
P221 log

P221

P2··P·2·P··1

]
=

P221

P2··
log e,

∂f222

∂P122

=
∂

∂P122

[
P222 log

P222

P2··P·2·P··2

]
= − log

P222

P2··P·2·P··2
+

[
−1 +

P222

P2··

]
log e.

By relations (A.7), (A.8), and (A.9), we have

∂f

∂P122

=
2∑

i=0

2∑

j=0

2∑

e=0

∂fije

∂P122

= log
P122

P1··P·2·P··2
− log

P222

P2··P·2·P··2
.

Similarly, we have

∂f

∂P022

= log
P022

P0··P·2·P··2
− log

P222

P2··P·2·P··2
,

∂f

∂P202

= log
P202

P2··P·0·P··2
− log

P222

P2··P·2·P··2
,

∂f

∂P212

= log
P212

P2··P·1·P··2
− log

P222

P2··P·2·P··2
,
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∂f

∂P220

= log
P220

P2··P·2·P··0
− log

P222

P2··P·2·P··2
,

∂f

∂P221

= log
P221

P2··P·2·P··1
− log

P222

P2··P·2·P··2
.

Appendix B Proof of Relations (17)

B.1 The Subscripts ije Do Not Contain 2

Notice

∂h000

∂P000

=
∂

∂P000

[
P000 log

P000P0··P·0·P··0
P00·P0·0P·00

]

= log
P000P0··P·0·P··0
P00·P0·0P·00

+
[
1 +

P000

P0··
+

P000

P·0·
+

P000

P··0
− P000

P00·
− P000

P0·0
− P000

P·00

]
log e,

∂h001

∂P000

=
∂

∂P000

[
P001 log

P001P0··P·0·P··1
P00·P0·1P·01

]
=

[
P001

P0··
+

P001

P·0·
− P001

P00·

]
log e,

∂h002

∂P000

=
∂

∂P000

[
P002 log

P002P0··P·0·P··2
P00·P0·2P·02

]
=

[
P002

P0··
+

P002

P·0·
− P002

P··2
− P002

P00·

]
log e,

∂h010

∂P000

=
∂

∂P000

[
P010 log

P010P0··P·1·P··0
P01·P0·0P·10

]
=

[
P010

P0··
+

P010

P··0
− P010

P0·0

]
log e,

∂h011

∂P000

=
∂

∂P000

[
P011 log

P011P0··P·1·P··1
P01·P0·1P·11

]
=

P011

P0··
log e, (B.1)

∂h012

∂P000

=
∂

∂P000

[
P012 log

P012P0··P·1·P··2
P01·P0·2P·12

]
=

[
P012

P0··
− P012

P··2

]
log e,

∂h020

∂P000

=
∂

∂P000

[
P020 log

P020P0··P·2·P··0
P02·P0·0P·20

]
=

[
P020

P0··
− P020

P·2·
+

P020

P··0
− P020

P0·0

]
log e,

∂h021

∂P000

=
∂

∂P000

[
P021 log

P021P0··P·2·P··1
P02·P0·1P·21

]
=

[
P021

P0··
− P021

P·2·

]
log e,

∂h022

∂P000

=
∂

∂P000

[
P022 log

P022P0··P·2·P··2
P02·P0·2P·22

]
=

[
P022

P0··
− P022

P·2·
− P022

P··2
+

P022

P·22

]
log e.

In addition, we have

∂h100

∂P000

=
∂

∂P000

[
P100 log

P100P1··P·0·P··0
P10·P1·0P·00

]
=

[
P100

P·0·
+

P100

P··0
− P100

P·00

]
log e,

∂h101

∂P000

=
∂

∂P000

[
P101 log

P101P1··P·0·P··1
P10·P1·1P·01

]
=

P101

P·0·
log e,

∂h102

∂P000

=
∂

∂P000

[
P102 log

P102P1··P·0·P··2
P10·P1·2P·02

]
=

[
P102

P·0·
− P102

P··2

]
log e,

∂h110

∂P000

=
∂

∂P000

[
P110 log

P110P1··P·1·P··0
P11·P1·0P·10

]
=

P110

P··0
log e,
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∂h111

∂P000

=
∂

∂P000

[
P111 log

P111P1··P·1·P··1
P11·P1·1P·11

]
= 0, (B.2)

∂h112

∂P000

=
∂

∂P000

[
P112 log

P112P1··P·1·P··2
P11·P1·2P·12

]
= −P112

P··2
log e,

∂h120

∂P000

=
∂

∂P000

[
P120 log

P120P1··P·2·P··0
P12·P1·0P·20

]
=

[
−P120

P·2·
+

P120

P··0

]
log e,

∂h121

∂P000

=
∂

∂P000

[
P121 log

P121P1··P·2·P··1
P12·P1·1P·21

]
= −P121

P·2·
log e,

∂h122

∂P000

=
∂

∂P000

[
P122 log

P122P1··P·2·P··2
P12·P1·2P·22

]
= −

[
P122

P·2·
+

P122

P··2
+

P122

P·22

]
log e,

and

∂h200

∂P000

=
∂

∂P000

[
P200 log

P200P2··P·0·P··0
P20·P2·0P·00

]
=

[
−P200

P2··
+

P200

P·0·
+

P200

P··0
− P200

P·00

]
log e,

∂h201

∂P000

=
∂

∂P000

[
P201 log

P201P2··P·0·P··1
P20·P2·1P·01

]
=

[
−P201

P2··
+

P201

P·0·

]
log e,

∂h202

∂P000

=
∂

∂P000

[
P202 log

P202P2··P·0·P··2
P20·P2·2P·02

]
=

[
−P202

P2··
+

P202

P·0·
− P202

P··2
+

P202

P2·2

]
log e,

∂h210

∂P000

=
∂

∂P000

[
P210 log

P210P2··P·1·P··0
P21·P2·0P·10

]
=

[
−P210

P2··
+

P210

P··0

]
log e,

∂h211

∂P000

=
∂

∂P000

[
P211 log

P211P2··P·1·P··1
P21·P2·1P·11

]
= −P211

P2··
log e, (B.3)

∂h212

∂P000

=
∂

∂P000

[
P212 log

P212P2··P·1·P··2
P21·P2·2P·12

]
=

[
−P212

P2··
− P212

P··2
+

P212

P2·2

]
log e,

∂h220

∂P000

=
∂

∂P000

[
P220 log

P220P2··P·2·P··0
P22·P2·0P·20

]
=

[
−P220

P2··
− P220

P·2·
+

P220

P··0
+

P220

P22·

]
log e,

∂h221

∂P000

=
∂

∂P000

[
P221 log

P221P2··P·2·P··1
P22·P2·1P·21

]
=

[
−P221

P2··
− P221

P·2·
+

P221

P22·

]
log e,

∂h222

∂P000

=
∂

∂P000

[
P222 log

P222P2··P·2·P··2
P22·P2·2P·22

]

= − log
P222P2··P·2·P··2
P22·P2·2P·22

+
[
−1− P222

P2··
− P222

P·2·
− P222

P··2
+

P222

P22·
+

P222

P2·2
+

P222

P·22

]
log e.

By relations (B.1), (B.2), and (B.3), we have

∂h

∂P000

=
2∑

i=0

2∑

j=0

2∑

e=0

∂hije

∂P000

= log
P000P0··P·0·P··0
P00·P0·0P·00

− log
P222P2··P·2·P··2
P22·P2·2P·22

.
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Similarly, we have for i, j, e = 0, 1

∂h

∂Pije

= log
PijePi··P·j·P··e
Pij·Pi·eP·je

− log
P222P2··P·2·P··2
P22·P2·2P·22

.

B.2 The Subscripts ije Contain One 2

Notice

∂h000

∂P002

=
∂

∂P002

[
P000 log

P000P0··P·0·P··0
P00·P0·0P·00

]
=

[
P000

P0··
+

P000

P·0·
− P000

P00·

]
log e,

∂h001

∂P002

=
∂

∂P002

[
P001 log

P001P0··P·0·P··1
P00·P0·1P·01

]
=

[
P001

P0··
+

P001

P·0·
− P001

P00·

]
log e,

∂h002

∂P002

=
∂

∂P002

[
P002 log

P002P0··P·0·P··2
P00·P0·2P·02

]

= log
P002P0··P·0·P··2
P00·P0·2P·02

+
[
1 +

P002

P0··
+

P002

P·0·
− P002

P00·
− P002

P0·2
− P002

P·02

]
log e,

∂h010

∂P002

=
∂

∂P002

[
P010 log

P010P0··P·1·P··0
P01·P0·0P·10

]
=

P010

P0··
log e,

∂h011

∂P002

=
∂

∂P002

[
P011 log

P011P0··P·1·P··1
P01·P0·1P·11

]
=

P011

P0··
log e, (B.4)

∂h012

∂P002

=
∂

∂P002

[
P012 log

P012P0··P·1·P··2
P01·P0·2P·12

]
=

[
P012

P0··
− P012

P0·2

]
log e,

∂h020

∂P002

=
∂

∂P002

[
P020 log

P020P0··P·2·P··0
P02·P0·0P·20

]
=

[
P020

P0··
− P020

P·2·

]
log e,

∂h021

∂P002

=
∂

∂P002

[
P021 log

P021P0··P·2·P··1
P02·P0·1P·21

]
=

[
P021

P0··
− P021

P·2·

]
log e,

∂h022

∂P002

=
∂

∂P002

[
P022 log

P022P0··P·2·P··2
P02·P0·2P·22

]
=

[
P022

P0··
− P022

P·2·
− P022

P0·2
+

P022

P·22

]
log e.

In addition, we have

∂h100

∂P002

=
∂

∂P002

[
P100 log

P100P1··P·0·P··0
P10·P1·0P·00

]
=

P100

P·0·
log e,

∂h101

∂P002

=
∂

∂P002

[
P101 log

P101P1··P·0·P··1
P10·P1·1P10·

]
=

P101

P·0·
log e,

∂h102

∂P002

=
∂

∂P002

[
P102 log

P102P1··P·0·P··2
P10·P1·2P·02

]
=

[
P102

P·0·
− P102

P·02

]
log e,

∂h110

∂P002

=
∂

∂P002

[
P110 log

P110P1··P·1·P··0
P11·P1·0P·10

]
= 0,

∂h111

∂P002

=
∂

∂P002

[
P111 log

P111P1··P·1·P··1
P11·P1·1P·11

]
= 0, (B.5)

∂h112

∂P002

=
∂

∂P002

[
P112 log

P112P1··P·1·P··2
P11·P1·2P·12

]
= 0,
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∂h120

∂P002

=
∂

∂P002

[
P120 log

P120P1··P·2·P··0
P12·P1·0P·20

]
= −P120

P·2·
log e,

∂h121

∂P002

=
∂

∂P002

[
P121 log

P121P1··P·2·P··1
P12·P1·1P·21

]
= −P121

P·2·
log e,

∂h122

∂P002

=
∂

∂P002

[
P122 log

P122P1··P·2·P··2
P12·P1·2P·22

]
=

[
−P122

P·2·
+

P122

P·22

]
log e,

and

∂h200

∂P002

=
∂

∂P002

[
P200 log

P200P2··P·0·P··0
P20·P2·0P·00

]
=

[
−P200

P2··
+

P200

P·0·

]
log e,

∂h201

∂P002

=
∂

∂P002

[
P201 log

P201P2··P·0·P··1
P20·P2·1P·01

]
=

[
−P201

P2··
+

P201

P·0·

]
log e,

∂h202

∂P002

=
∂

∂P002

[
P202 log

P202P2··P·0·P··2
P20·P2·2P·02

]
=

[
−P202

P2··
+

P202

P·0·
− P202

P·02

+
P202

P2·2

]
log e,

∂h210

∂P002

=
∂

∂P002

[
P210 log

P210P2··P·1·P··0
P21·P2·0P·10

]
= −P210

P2··
log e,

∂h211

∂P002

=
∂

∂P002

[
P211 log

P211P2··P·1·P··1
P21·P2·1P·11

]
= −P211

P2··
log e, (B.6)

∂h212

∂P002

=
∂

∂P002

[
P212 log

P212P2··P·1·P··2
P21·P2·2P·12

]
=

[
−P212

P2··
+

P212

P2·2

]
log e,

∂h220

∂P002

=
∂

∂P002

[
P220 log

P220P2··P·2·P··0
P22·P2·0P·20

]
=

[
−P220

P2··
− P220

P·2·
+

P220

P22·

]
log e,

∂h221

∂P002

=
∂

∂P002

[
P221 log

P221P2··P·2·P··1
P22·P2·1P·21

]
=

[
−P221

P2··
− P221

P·2·
+

P221

P22·

]
log e,

∂h222

∂P002

=
∂

∂P002

[
P222 log

P222P2··P·2·P··2
P22·P2·2P·22

]

= − log
P222P2··P·2·P··2
P22·P2·2P·22

+
[
−1− P222

P2··
− P222

P·2·
+

P222

P22·
+

P222

P2·2
+

P222

P·22

]
log e.

By relations (B.4), (B.5), and (B.6), we have

∂h

∂P002

=
2∑

i=0

2∑

j=0

2∑

e=0

∂hije

∂P002

= log
P002P0··P·0·P··2
P00·P0·2P·02

− log
P222P2··P·2·P··2
P22·P2·2P·22

.

Similarly, we can show relations (17) when the subscripts ije contain one 2.
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B.3 The Subscripts ije Contain Two 2

Notice

∂h000

∂P122

=
∂

∂P122

[
P000 log

P000P0··P·0·P··0
P00·P0·0P·00

]
= 0,

∂h001

∂P122

=
∂

∂P122

[
P001 log

P001P0··P·0·P··1
P00·P0·1P·01

]
= 0,

∂h002

∂P122

=
∂

∂P122

[
P002 log

P002P0··P·0·P··2
P00·P0·2P·02

]
= 0,

∂h010

∂P122

=
∂

∂P122

[
P010 log

P010P0··P·1·P··0
P01·P0·0P·10

]
= 0,

∂h011

∂P122

=
∂

∂P122

[
P011 log

P011P0··P·1·P··1
P01·P0·1P·11

]
= 0, (B.7)

∂h012

∂P122

=
∂

∂P122

[
P012 log

P012P0··P·1·P··2
P01·P0·2P·12

]
= 0,

∂h020

∂P122

=
∂

∂P122

[
P020 log

P020P0··P·2·P··0
P02·P0·0P·20

]
= 0,

∂h021

∂P122

=
∂

∂P122

[
P021 log

P021P0··P·2·P··1
P02·P0·1P·21

]
= 0,

∂h022

∂P122

=
∂

∂P122

[
P022 log

P022P0··P·2·P··2
P02·P0·2P·22

]
= 0.

In addition, we have

∂h100

∂P122

=
∂

∂P122

[
P100 log

P100P1··P·0·P··0
P10·P1·0P·00

]
=

P100

P1··
log e,

∂h101

∂P122

=
∂

∂P122

[
P101 log

P101P1··P·0·P··1
P10·P1·1P·01

]
=

P101

P1··
log e,

∂h102

∂P122

=
∂

∂P122

[
P102 log

P102P1··P·0·P··2
P10·P1·2P·02

]
=

[
P102

P1··
− P102

P1·2

]
log e,

∂h110

∂P122

=
∂

∂P122

[
P110 log

P110P1··P·1·P··0
P11·P1·0P·10

]
=

P110

P1··
log e,

∂h111

∂P122

=
∂

∂P122

[
P111 log

P111P1··P·1·P··1
P11·P1·1P·11

]
=

P111

P1··
log e, (B.8)

∂h112

∂P122

=
∂

∂P122

[
P112 log

P112P1··P·1·P··2
P11·P1·2P·12

]
=

[
P112

P1··
− P112

P1·2

]
log e,

∂h120

∂P122

=
∂

∂P122

[
P120 log

P120P1··P·2·P··0
P12·P1·0P·20

]
=

[
P120

P1··
− P120

P12·

]
log e,

∂h121

∂P122

=
∂

∂P122

[
P121 log

P121P1··P·2·P··1
P12·P1·1P·21

]
=

[
P121

P1··
− P121

P12·

]
log e,

∂h122

∂P122

=
∂

∂P122

[
P122 log

P122P1··P·2·P··2
P12·P1·2P·22

]

= log
P122P1··P·2·P··2
P12·P1·2P·22

+
[
1 +

P122

P1··
− P122

P12·
− P122

P1·2

]
log e,
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and

∂h200

∂P122

=
∂

∂P122

[
P200 log

P200P2··P·0·P··0
P20·P2·0P·00

]
= −P200

P2··
log e,

∂h201

∂P122

=
∂

∂P122

[
P201 log

P201P2··P·0·P··1
P20·P2·1P·01

]
= −P201

P2··
log e,

∂h202

∂P122

=
∂

∂P122

[
P202 log

P202P2··P·0·P··2
P20·P2·2P·02

]
=

[
−P202

P2··
+

P202

P2·2

]
log e,

∂h210

∂P122

=
∂

∂P122

[
P210 log

P210P2··P·1·P··0
P21·P2·0P·10

]
= −P210

P2··
log e,

∂h211

∂P122

=
∂

∂P122

[
P211 log

P211P2··P·1·P··1
P21·P2·1P·11

]
= −P211

P2··
log e, (B.9)

∂h212

∂P122

=
∂

∂P122

[
P212 log

P212P2··P·1·P··2
P21·P2·2P·12

]
=

[
−P212

P2··
+

P212

P2·2

]
log e,

∂h220

∂P122

=
∂

∂P122

[
P220 log

P220P2··P·2·P··0
P22·P2·0P·20

]
=

[
−P220

P2··
+

P220

P22·

]
log e,

∂h221

∂P122

=
∂

∂P122

[
P221 log

P221P2··P·2·P··1
P22·P2·1P·21

]
=

[
−P221

P2··
+

P221

P22·

]
log e,

∂h222

∂P122

=
∂

∂P122

[
P222 log

P222P2··P·2·P··2
P22·P2·2P·22

]

= − log
P222P2··P·2·P··2
P22·P2·2P·22

+
[
−1− P222

P2··
+

P222

P22·
+

P222

P2·2

]
log e.

By relations (B.7), (B.8), and (B.9), we have

∂h

∂P122

=
2∑

i=0

2∑

j=0

2∑

e=0

∂hije

∂P122

= log
P122P1··P·2·P··2
P12·P1·2P·22

− log
P222P2··P·2·P··2
P22·P2·2P·22

.

Similarly, we have

∂h

∂P022

= log
P022P0··P·2·P··2
P02·P0·2P·22

− log
P222P2··P·2·P··2
P22·P2·2P·22

,

∂h

∂P202

= log
P202P2··P·0·P··2
P20·P2·2P·02

− log
P222P2··P·2·P··2
P22·P2·2P·22

,

∂h

∂P212

= log
P212P2··P·1·P··2
P21·P2·2P·12

− log
P222P2··P·2·P··2
P22·P2·2P·22

,

∂h

∂P220

= log
P220P2··P·2·P··0
P22·P2·0P·20

− log
P222P2··P·2·P··2
P22·P2·2P·22

,

∂h

∂P221

= log
P221P2··P·2·P··1
P22·P2·1P·21

− log
P222P2··P·2·P··2
P22·P2·2P·22

.
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Appendix C Proof of Relations (19) and (20)

Notice

∂h

∂P0···0
=

2∑

a1=0

· · ·
2∑

aK=0

∂ha1···aK

∂P0···0

=
2∑

a1=0

· · ·
2∑

aK=0

∂

∂P0···0


Pa1···aK

log

Pa1···aK

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=0

P~s

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=1

P~s




= log

P0···0
∏

~s⊂(0,···,0)
|(0,···,0)\~s|mod(2)=0

P~s

∏
~s⊂(0,···,0)

|(0,···,0)\~s|mod(2)=1

P~s

− log

P2···2
∏

~s⊂(2,···,2)
|(2,···,2)\~s|mod(2)=0

P~s

∏
~s⊂(2,···,2)

|(2,···,2)\~s|mod(2)=1

P~s

+
2∑

a1=0

· · ·
2∑

aK=0

Pa1···aK

∂

∂P0···0


log

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=0

P~s

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=1

P~s


 . (C.1)

It can be showed that

2∑

a1=0

· · ·
2∑

aK=0

Pa1···aK

∂

∂P0···0


log

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|=i

P~s


 = 0, i = 1, 2, · · · , K − 1.

Therefore, we have

2∑

a1=0

· · ·
2∑

aK=0

Pa1···aK

∂

∂P0···0


log

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=0

P~s

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=1

P~s




=
2∑

a1=0

· · ·
2∑

aK=0

Pa1···aK

∂

∂P0···0


log

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=0

P~s




−
2∑

a1=0

· · ·
2∑

aK=0

Pa1···aK

∂

∂P0···0


log

∏
~s⊂(a1,···,aK )

|(a1,···,aK )\~s|mod(2)=1

P~s




= 0.

Thus, the equation (C.1) implies

∂h

∂P0···0
= log

P0···0
∏

~s⊂(0,···,0)
|(0,···,0)\~s|mod(2)=0

P~s

∏
~s⊂(0,···,0)

|(0,···,0)\~s|mod(2)=1

P~s

− log

P2···2
∏

~s⊂(2,···,2)
|(2,···,2)\~s|mod(2)=0

P~s

∏
~s⊂(2,···,2)

|(2,···,2)\~s|mod(2)=1

P~s

.

Similarly, we may show the relations (19) and (20).
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Appendix D SNP Combinations Used to Calculate the Em-

pirical Type I Error Rates

In Table D.1, we present the SNP combinations and their joint genotype frequencies used in the calcu-

lations of empirical type I error rates of TIG, TIIG, and TTCIG.

In Table D.2, we present the three SNP combinations used to calculate the empirical type I error rates of

test statistic TIIG. The three SNPs in each combination are strongly correlated to each other. Consider

a combination of three SNPs A,B, and C. By significantly correlated to each other for the three SNPs,

we mean all the four null hypotheses,

H1 : P (GA, GB, GC) = P (GA, GB)P (GC),

H2 : P (GA, GB, GC) = P (GA)P (GB, GC),

H3 : P (GA, GB, GC) = P (GB)P (GA, GC),

H4 : P (GA, GB, GC) = P (GA)P (GB)P (GC),

all unlikely to be true. We use the Pearson χ2 test to screen the three SNP combinations. The empirical

type I error rates are reported in Table 2.
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Appendix E Extra Type I Error Rates

In Table E.1, we presented the type I error rates of 1-way entropy loss test statistic TEL. The test was

reasonably robust.

Table E.1: Type I error rates of 1-way test statistic TEL at a nominal level α = 0.01. One di-allelic
marker A is used in the simulation. Each of the entries was based on 100, 000 simulations.

Frequency Sample Sizes M = N
PA 100 150 200 250 300 400 500 600 700
0.1 0.01632 0.01428 0.01410 0.01318 0.01271 0.01226 0.01115 0.01124 0.01116
0.2 0.01932 0.01430 0.01280 0.01243 0.01171 0.01137 0.01105 0.01063 0.01073
0.3 0.01479 0.01315 0.01232 0.01083 0.01135 0.01061 0.01007 0.01060 0.01072
0.4 0.00856 0.00797 0.00912 0.00858 0.00963 0.00920 0.00945 0.00967 0.00967
0.5 0.00366 0.00487 0.00609 0.00684 0.00713 0.00765 0.00825 0.00874 0.00853
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