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Efficiency of Active Transport and Nonmonotonic Profile. As men-
tioned in the main text, the maximum in the actin profile is
pumped up by the motors, and should gradually disappear if
the transport becomes less and less efficient. The actin profiles
for different values of the loading rate, k;, (binding between a
motor on filament and a G-actin monomer) are plotted in Fig. S1,
clearly illustrating this effect.

The Boundary Conditions. The choice of the third boundary condi-
tion (BC) for the equations describing the motor profiles is a
subtle issue and depends on the particular question one has in
mind. This choice only has a slight effect on the solution of
the equations, so it is not very important. However, it is worth-
while to discuss it for clarity purposes.

For the purely mathematical, continuous problem, where the
filaments do not exist outside the tube, the appropriate boundary
condition is ¢, (0) = 0 [from which follows the 4(0) =0 in the
actin part] and no additional assumptions (like detailed balance)
are required. Indeed, if the filaments do not cross the z = 0 point,
neither can bound motors, hence J;,(0) = 0, and as J;, = v(cp)cp,
¢p(0) = 0. This argument can be presented in a more detailed
way. Let us consider a small (going to infinitesimal later) volume
of the tube near the base. Integrating the second of the motor
equations over this volume, one gets

aJ
=7 = ko€ + Koncy. [S1]

5z a_]b 8z
/ dedydz = / (=kogCp + koncyp)dxdydz, [S2]
0 0

[Jb (0 + 52) - Jb (0+)]Sf = [—koffcb(aéz) + koncf(aﬁz)]Sféz,
[S3]

where §; is cross-section of the filopodium and 0 < o < 1.
Because J,(0+) =0,

Jp(0+62)Sp = [—koicp(@dz) + koncp(adz)|Spoz, [S4]
lim J,(6z) = lim [~kogrcp(ad2) + koncp(adz)]dz = 0, [S5]
6z—0 6z—0

and as J, = v(c;,)cp, one can conclude that limg,_ ¢, (6z) = 0 and
use the boundary condition

¢p(0) = 0. [S6]

In our simulations, however, the space is split into compart-
ments, the concentration profiles are not continuous, and the first
point corresponds to the first compartment, which spans 54 nm
starting from z = 0. It is not obvious how to directly compare the
simulation results with continuous analytical curves at z = 0. To
compare, one should take the average of the analytical curve over
the first 54 nm and using it as ¢, (0) and solve the equations again.
Alternatively, one can assume detailed balance between ¢, and ¢,
at z =0 (and between ¢, and A in the actin equations), which
turns out to be a good approximation.

In real filopodia the filaments continue into the cell bulk (un-
like our simulations), making the ¢, = 0 condition of the formal
problem less relevant. Detailed balance in the cell bulk, on the
other hand, is a plausible assumption as a first approximation.
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The next approximation would require modeling of the filaments
with motors in the bulk (the lamellipodium) explicitly.

Thus, the detailed balance BCs are more interesting and rele-
vant for the physical problem, so they are the ones used in the
paper. However, it turns out that both alternative BCs lead to
almost indistinguishable results, except for the very beginning of
the concentration profiles. To demonstrate this indistinguishabil-
ity, we plotted below the graphs corresponding to the solution of
the formal mathematical problem, with no additional assump-
tions, and the ¢, (0) = 0 boundary condition (Figs. S4-S8).

Weak Detailed Balance Violation in the Motor Part. Let us introduce
the extent of the detailed balance violation between motor bind-
ing to the filaments and falling off as a variable, §j,:

koffcb = kon(l - Cb/cs)cf + 6ju [S71

for all z, where §j,(z) is the deviation from the detailed balance in
the form of unbinding motor current density. The jammed motor
model (JMM) equations become rewritten as

De(2) = b, (2).
ﬁMMW—%wm%wW:%MA 1581

The detailed balance violation is what drives the system and cre-
ates the motor profiles. Essentially, the violation is proportional
to the active transport intensity, as one can see from the second
equation. It creates cyclic currents in the tube with motors bind-
ing to the filaments, actively going forward, falling off, and dif-
fusing backward, as illustrated on Fig. S2. However, it is interest-
ing that, with the ¢;,(0) = 0 boundary condition, the detailed
balance near the base, or something very close to it, is approached
very fast. Plotting the deviation &§j,(z) in Fig. S3, we see that,
apart from narrow region near the base, it is small compared
to either one of the binding or unbinding flux densities. In other
words, the detailed balance along the whole tube is only violated
weakly, or 8j, < kogrep ~ kon(1 — ¢ /cg)cs. Nevertheless, we can-
not set §j,(z) = 0, despite it being small, as it is the essential part
of the dynamical system described by the JMM. Obviously, as-
suming full detailed balance would trivialize both JMM equa-
tions, leading to flat, or, at most linear concentration profiles.
However, we can use conservation law for the total flux (which
comes from summing the equations, so that §j, cancels, see main
text), J, +J; =0, or

—Dcf/ +cpv(1 = cp/ecs) —v,] =0, [S9]

along with Eq. S7 to substitute ¢, and the fact that §j,(z) is small:

cn = koncf - 5ju ~ koncfcs [Sl0]
b koff + koncf/cs kof‘fcs + koncf '

Substituting this relation into the conservation law, we obtain a
single equation for c;:

1 konCres [ ( konCs ) }
¢/ =—= vi1- -V, . S11
! D koffcs + koncf koffcs + koncf [ ]

Using notation f = kon¢r /KogeCs, ¥ = (v = v,) /v,, We rewrite the
equation as
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konv, vf —=f*
offD( f)

The variables are separated so we can directly integrate the
equation

= [S12]

Kot
2+ C=7—" (logf (1+7)*loglf =yl = 1f). [S13]
on"r
Taking into account the boundary condition
koncr (0
F@leca = fo = 2210 [s14]
offCs
we obtain the solution
D 1+y)
e Geels (=) Jenr) s

Alternatively, one can substitute ¢, as a function of ¢;, yielding
a different equation, which looks more complicated and also
requires &j,(z) to be small as well (in our case, it is):

koff Cp = Sju kot off Cp

~ , [S16]
kon - Cb/cs kon - Cb/cs
kit ¢ = Sju/kott (1 = cp/cy)
C/N off “p ul Mo s , [S17]
f kon (1 _Cb/cs)2

where terms with §j, are already dropped. If the derivative of the
deviation is also small, i.e.,

5ji < konc/ (1 = cp/c,) ~koicy/(1 = cp/cy).  [S18]
we can write down a single equation for c,:
/ kOH 2
¢l = 0 cp (1= cp/eg) (1 = cy/c;) = v,). [519]
kott D
or
b= Ko p b1 —b—r), [S20]
kot D
where b = ¢, /¢, r = v, /v. The solution is
(1=b) (1~
koD (10 gl_ib 1
c=-1 b _ . s21
A R R R e gy [521]

Like before, C is just the same expression with z=0 and
b(O) =by = Cb(o)/cs = koncf(o)[koffcs + koan(O)}I

b(1=bo)r 2 (1=b)|1=r—by|
koD |:10g[(bo(|—g)) (]—bo)“—'—gJ

konvr r(l - r)

Eqgs. S15 and S22 give identical results for our parameters, as one
should expect, but the former has no additional requirement of
slow change of detailed balance deviation in space and has a sim-
pler expression, so we included it in the main text.

It is possible to perform a similar approximation for the actin
part of the problem, as there the detailed balance between
G-actin loading and unloading onto the motors seems to also
be violated weakly. However, ¢, (z) enters the into the actin equa-
tions and prevents the variables from being separated [even if we

_ b-by
(1=b)(1—by)

} . [S22]
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had an explicit expression for ¢, (z) rather than z(c,)], so there
does not seem to be simple way of obtaining analytical solution
for the actin part.

G-Actin Profiles and Experiments. Although motor profiles within
our model are universal (independent of length), G-actin profiles
will obviously be different for different lengths. In fact, G-actin
profile sets up the stationary length. However, at stationary
length, they will have common features (provided there is no spe-
cial mechanisms additional to those we consider in this work):
negative slopes at the base and at the tip, concentration at the
tip such that polymerization balances the retrograde flow. The
(de)polymerization rates k* and k~ depend on the membrane
stress, which can depend on the length, adding a correction to
the Eq. 5 in the main text. However, to the first approximation
of the straight tube, the membrane force does not depend on the
length (1).

Experimental observation of G-actin profiles in filopodia is
complicated, mainly because of the presence of large amounts of
F actin. There are techniques to discriminate between the two,
like labeling only a small fraction of actin or labeling DNase I,
which only binds to G actin but not F actin (2). Hopefully, the
latter can achieve sufficient spatial resolution for obtaining the
profiles in the narrow tube full of F actin like a filopodium or
a stereocilium.

More Connections to Experiments. Apart from the decrease in the
effective motor speed due to traffic jamming, the ATP hydrolysis
rate itself (by an individual motor) can decrease due to autopho-
sphorylation, as the local motor concentration increases (3, 4).

There is no direct experimental evidence of G-actin monomers
being transported by either Myosin III or Myosin X, but these
motors do carry espinl and enabled/vasodilator-stimulated phos-
phoprotein (Ena/VASP), respectively. Both espinl and Ena/
VASP have actin-binding domains, which prompts a plausible
suggestion that they may be serving as “delivery devices,” adap-
tors, or scaffolds, between the motor and G actin. We investigated
this possibility in our previous work on active transport in filopo-
dia, for Ena/VASP and Myosin X (the framework is general, how-
ever, and equally applies to espinl and Myosin I1Ia) (5). Presence
of espinl promotes elongation of the filopodia (3, 6), although it
may be due to its anticapping and polymerization-promoting
functionality rather than active G-actin delivery. Ena/VASP is
known to have an anticapping role.

Retrograde Flow. The retrograde flow plays an important role in
setting up the stationary length because it defines the actin flux
through the filopodial cross-section (or, rather two equal fluxes
with opposite signs). In the model reported in this work, we use a
constant retrograde flow speed, which depends neither on poly-
merization nor on various protein concentrations. In reality, the
retrograde flow rate can be influenced by many factors both in the
cell bulk (active machinery pulling filaments back; rearrange-
ments and filament degradation in lamellipodia) or in filopodia
itself, like focal adhesions (7), or force from the membrane acting
on a filament which is polymerizing against it. We investigated the
coupling between the retrograde flow and polymerization in our
previous work (reported in the supplemental information of
ref. 5). This coupling can be easily taken into account in the
mean-field sense, where the results are in close agreement with
more detailed stochastic simulations that allow for the retrograde
flow fluctuations. In this work, we focused on the phenomena
brought in by molecular motors inside the filopodium and, hence,
chose in favor of a simpler model where the retrograde flow is
simply held constant and does not depend on other parameters
and processes. This assumption can be released in a straightfor-
ward manner, if needed.
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One of the possible ways to influence the efficiency of transport is to change binding rate of G actin to motors. Concentration profile changes to a
monotonic when transport becomes completely inefficient.
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Fig. S2. The difference between the binding and unbinding flux densities along the tube is shown. The inset illustrates cyclic currents created by violated
detailed balance. The red bar represents the actin filaments. Close to the base, there is a negative minimum in §j, (binding flux is greater than unbinding), so
there is net binding current, which is then translated into active transport flux forward (which has a maximum at the same point), and then, after the traffic jam
is built up, net binding changes to net unbinding, which is translated to diffusion backward.
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Fig. $3. Unbinding and binding flux density difference (deviation from detailed balance) in relation to the unbinding flux density is shown to illustrate the

former is small compared to the latter everywhere in the tube except near the very base.
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Fig. S4. Comparison of the mean-field analytical models with the stochastic simulation results for the c,(0) = 0 boundary condition.
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Fig. S5. Motor concentration profiles inside a filopodium according to stochastic simulations and jammed motors model for various parameter sets (motor
affinity to filaments, motor speed, motor concentration). Inset zooms into low-concentration region to show curves for cs. The figure corresponds to the

¢, (0) = 0 boundary condition.
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Fig. S6. G-actin concentration profiles for different parameter values are shown, for the ¢,(0) = 0, A(0) = 0 boundary conditions.
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Fig. S7. Active transport and diffusional fluxes for the ¢,(0) = 0, A(0) = 0 boundary conditions are shown.
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Fig. $8. Concentration profiles for actin-on-the-motors A(z) and motors ¢, (z) are shown for ky = 30 s, ko¢s = 10 s~', [M] = 0.3 uM for the ¢, (0) = 0, A(0) =0
boundary conditions.
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