Principal components analysis of population admixture
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Text S1: The variance-covariance parameters of variant allele count in
terms of those of allele frequency

Suppose that there are five distinct populations: P1, P2, P3, P4, and P5. P3 and P4 are admixtures
of P1 and P2 with proportions a:(1 — «) and g:(1 — [3), respectively. For a random marker, the variant
allele frequencies of P1, P2, and P5, p1, ps and ps, are random variables with a variance-covariance matrix
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For P3, consider the probability that the paternal allele is the variant allele, given the allele frequencies
of P1 and P2

Py =1p1.p2) = P(ah™ = 1jancestry=P1, p1, p2) P(ancestry=P1|py, po)

—|—P(a§at = 1]ancestry=P2, p1, p2) P(ancestry=P2|p1, p2)
= pra+pa(l —a).
The same is true for the maternal allele. Assuming random mating, we have the allele frequency of P3
ps =pra+pa(l —a)
and similarly of P4
pa=p1B8+p2(l = ).
As in Text S1 of [1], we can show that
P@) = [dnP@lp)Pm)
PC) = [dnP(Calpa)Plre)

P(Cy) = / dps P(Cs|ps) P (ps)

P(C3) = /dpldpzp(pl,pz)P(03|p1,p2)
P(Cy) = /dpldng(p1,pg)P(C4|p1,p2)
P(Cy,Cy) = /dpldpzp(pl,pz)P(Cl|p1)P(C2|p2)

P(C,C5) = dp1dps P(p1, ps)P(Ci|p1)P(Cs|ps)
dpadps P(p2, ps) P(Calp2) P(Cs|ps)
dp1dpaP(p1, p2)P(Ci|p1)P(Cs|p1, p2)

dp1dpaP(p1, p2)P(Calp2) P(Cs|p1, p2)
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P(C,Cy) = /dpldP2P(P1,P2)P(Cl|P1)P(C4|P1,P2)

P(C2C) = [ dpdpaP(prp2) P(Calpa) P(Culpr.p2)
P(C3.C) = [ dpdpaP (o) P(Calpr.pa) P(Culpr.pe)
P(C3,C5) = /dpldpzdmp(pl,p27p5)P(C3|p17p2)P(C5|p5)
P(Cy,C5) = /dpldpzdp5p(p1,p27p5)P(C4|p17p2)P(C5|p5)7

where C1, Co, C5, Cy, and C5 are the variant allele counts for an individual in P1, P2, P3, P4, and P5,
respectively. As an example, here we prove the expression for P(C3, Cy).

P(Cs,Cy) = /dp1dp2dp5 IT D> _P(Cr.Co -+ Ipr.p2,ps)P(pr. p2, ps)
i(#3,4) C;

= /dp1dp2P(C3|P1,P2)P(C4|P1,P2)/dP5P(P1,P2,P5) IT >_P(Cilp1,pa,ps)
i(#3,4) C;

= /dpldpzp(pl7pQ)P(C3|p17p2)P(C4|p17p2)-

Using these marginal probabilities and Hardy-Weinberg proportion, we can obtain the variance-covariance
parameters as follows:

o? = 257 4+ 2p7(1 — 1)

o5 = 255+ 2p3(1 - Pp2)

o7 = 2%2+2ps5(1-Ps)

o3 = 2a*%74+2(1 —a)?¥3 +4a(l — @)X + 2[apt + (1 — a)p2][l — ap1 + (1 — a)ps)]
of = 26°21+2(1-3)*S2+46(1 - B)X12 + 2[8p1 + (1 — A)B3)[L — 81 + (1 — B)p3]
o1 = 42%

099 = 423

o5 = 42

o33 = 4a*27+4(1 - a)*L3 +8a(l — a)Xys

ou = AFPET+4(1-B)°S5 +86(1 - B)T1s

o2 = 4Y1

o5 = 4¥i5

o5 = 4¥o5

o3 = 4aX7+4(1-a)Sqe

o3 = 4(1 —a)Xi+4a%y

o = 48%34+4(1 - 321

ou = 4(1-P)X5+48%1,

o35 = 4adis+4(1 — a)Xes

o5 = 4615 +4(1 — F)Xss

030 = 4af¥? +4(1—a)(1—B)Y3 +4(a+ 8 —2a8)%1s.



Here, as an example, we prove the expression for o34. Using Hardy-Weinberg proportion,

(1-p3)*  (C3=0)
P(Cslp1,p2) = ¢ 2p3(1—p3) (Cz3=1)
3 (C3=2)

and a similar equation for P(Cy|p1,p2), we have

Cs = /dp1p2 > P(p1,p2)CsP(Cslp1, pa) = 2[apt + (1 — )]
C3
Gy = /dp1p2 > P(p1,p2)CsP(Cslp1, p2) = 2[3p1 + (1 — B)pa)
C3
and
C3Cy = /dp1P2P(P1,P2)ZC3P(C3|P1,P2)ZC4P(C4|P1,P2)
C3 C4
= / dp1pa P (p1, p2)2p32p4
= 4afp? +4(1 - a)(1 - B)p} +4(a + B — 203)pip3,
and hence

034 = O304 — C3C4 = 4aB%3 +4(1 — a)(1 — B)X2 + 4(a + B — 2a8)Y1a.

These results can be generalized to the case where there are multiple ancestral populations. Suppose
that we have six populations, P1, P2, P3, P4, P5, and P6, among which P4 and P5 are admixed
populations of P1, P2, and P3 with proportions aq:as:(1 — a1 — ag) and B1:62:(1 — 51 — (B2), respectively.
The expressions that are different from those in the two-ancestry case are as follows:

oF = 2ai%3 420383 +2(1 — a1 — a2)?Y3 + darasYis
+ag (1 — a; — @2)313 + 4as(l — ag — ag)Yes + 2p1(1 — P1)
o4 = 4a3Y7 4 402¥2 +4(1 - a; — an)?¥2
+8aiaa012 + 8 (1 — a1 — ag) X3 + 8aa(l — a1 — a2)Xog
o1 = 4darXT +4ae¥is +4(1 — g —a2)¥53
o2 = 40X +40;Y19 +4(1 - — az)Xes
o3s = 4(1—ag — og)Z% + 4o Y13 + dasYos
o5 = 4113 + 4023 +4(1 — a1 — a2)(1 — 1 — B2) 85 + 4(a1f2 + a2f1)S12
+H(a1 + 1 — 20001 — a1B2 — azf1)13 + 4(az + P2 — 20282 — a1 B2 — a2 f31) X3
o4 = 4dar¥is 4+ dasXes +4(1 — a1 — ag)Xsg.

The expressions for 02, o553, 015, 025, 035, and 056 are the same as those for 07, 044, 014, 024, 034 and
046, respectively, except that the as are replaced by the corresponding [(s.
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