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A “cost function” is a mathematical function that defines the relationship between an output produced, 

here defined as patient-years (or -months) of antiretroviral therapy (ART), and the cost of the resources 

consumed in that production. A cost function, either explicit or implicit, is a necessary component of any 

estimate of the costs and benefits of ART service delivery. This appendix gives supporting details on the 

mathematical distinction between two classes of cost functions, which we refer to as “accounting identity” 

cost functions and “flexible” cost functions. Our purpose is not to elevate one of these types of cost 

functions over the other in all situations, but to distinguish them as distinct approaches to projecting costs, 

each of which has its strengths and weaknesses. In modelling practice, the most useful cost function 

might be one or the other or, in some cases, a hybrid of the two. 

For those unversed in economics, the main text of this paper attempts to introduce readers to cost 

function ideas that originate in that discipline, while avoiding economics jargon. However, those readers 

who build or use mathematical or cost models will want a more substantial introduction to the literature 

which undergirds our discussion than we have room for in the main text. We use the additional space 

available to us in this appendix to expand somewhat our discussion of the two types of cost functions and 

to provide references to some of the seminal work from which the intellectual concepts of cost functions 

have grown. To this end, this appendix uses more economic terminology and mathematical notation than 

the main text.  

We define an “accounting identity cost function” as one that is constructed by enumerating all of the 

inputs to a production process, multiplying the number of units required of each input by that input‟s unit 

cost, and summing across all of these products to arrive at a total cost. The accounting identity approach 

relies on a detailed understanding (or assumptions) about every step of the production process. 

Assembling the cost from all the inputs consumed in a time period such as a year yields total cost which 

can be related to the total number of units of output produced during that year. Assembling the cost per 

unit of output of all the inputs yields average total cost. Relating either total cost constructed in this way or 

average total cost to output gives an accounting identity cost function. The salient features of the 

accounting identity approach to constructing a cost function are summarised in the first column of Table 

S2. Depending on the amount of detail it captures, an accounting identity cost function can be simple or 

complex. 

In contrast, a “flexible cost function” ignores the details of the production process, instead treating it as a 

“black box”. This function characterises the relationship between total or average cost and output by a 

functional relationship which is influenced by a set of determinants such as input prices, environmental 

and policy variables and managerial incentives. The second column of Table S2 contrasts the attributes 
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of a flexible cost function to those of an accounting identity cost function. Depending on the functional 

form chosen, a flexible cost function can also be simple or complex. 

Both of these ideal type cost functions have antecedents in the economics literature. The accounting 

identity cost function is philosophically descended from the “engineering production functions” introduced 

to the economics literature in 1949, the point of which was to model with as much detail as possible the 

actual processes by which a firm converts inputs to output[1]. Accounting identity cost functions typically 

assume a linear production structure such as that used in input-output analysis as originally developed by 

Leontief[2]. A prominent microeconomics textbook presents an accounting identity cost function in order 

to contrast it to a flexible cost function[3]. 

The concept of the flexible cost function derives from the need in economics to characterise the 

complexity of real-world production relationships with a relatively parsimonious mathematical relationship 

between inputs and outputs. Douglas first developed and applied to empirical data such a summative 

description of production in what is now called the Cobb-Douglas production function[4]. Although 

parsimonious and more flexible than an accounting identity, the Cobb-Douglas production function and its 

associated cost function have been found to be insufficiently flexible to describe some production 

processes. This realisation led to the development and application to health care production of a portfolio 

of more flexible functions, including a generalisation of the Cobb-Douglas function which is called the 

translog cost function[5,6]. A flexible cost function can be simple, but increased flexibility usually entails 

more nonlinear terms in the function and thus is associated with greater complexity.  

In the literature on the cost of disease, Scitovsky and Over have drawn the distinction between 

“normative” and “positive” approaches to cost estimation[7]. They define a normative approach as one 

that aims to estimate how much it should cost to treat a given disease (according to a “norm”, however 

defined), while a positive approach is one which aims to estimate how much a country or health system is 

actually spending on the disease. Our distinction between the accounting identity cost function and the 

flexible cost function is related to, but not identical to, the normative/positive distinction. Typically those 

taking a normative approach use an accounting identity cost function, because it allows them to specify 

all the details of the recommended medical treatment protocol, the costs of which they wish to capture. 

On the other hand, some applications of the accounting identity approach might adopt a positive 

perspective by collecting and assembling information on all the detailed cost elements of an actual 

observed production process into an accounting identity cost function. The flexible cost function is closely 

associated with the empirically based or “positive” approach to costing. Assembling data on the total cost 

and total output of a sample of ART facilities and estimating a flexible cost function by multiple regression 

is the quintessential positive approach to cost function estimation. 

The health economics literature is replete with empirical (i.e. positive) estimates of flexible cost functions. 

Monographs by Feldstein and Barnum and Kutzin estimate and draw policy inferences from hospital cost 

functions for, respectively, developed and developing countries[8,9]. Over calibrates a flexible cost 

function to basic data on the cost of primary health care delivery in Africa[10], while Guiness, 

Kumaranayake and Hanson fit such a function to HIV prevention services in India[11]. To our knowledge 

no flexible cost function has yet been fit to ART delivery in either a developed or developing country. 

While parametric flexible cost functions are likely to be most useful to modellers, the non-parametric 

approach to analysing the relationship of cost to output is even more flexible, as recently shown in a study 

of the US hospital industry[12].  

Box 1 and Tables S2 and S3 provide a detailed comparison of the characteristics of an accounting 

identity cost function to those of a flexible cost function. Box 1 shows graphically how the flexible cost 

function is able to represent non-linear relationships between input prices (Case A) or output quantity 
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(Case B) and total cost in contrast to the more rigidly linear relationship typically inherent in an accounting 

identity function. (Note that the linear relationship between prices and cost usually embodied in an 

accounting identity cost function also typifies a cost function that is dual to a Leontief production function 

which rigidly prescribes the ratios in which inputs must be used[13]). The figures show how the 

projections of a cost accounting identity and a cost function will typically diverge as an input price (Figure 

S1) or the scale of production (Figure S2) diverges from its current value. Note that the crucial difference 

is in the second partial derivative in each case. In both Case A and B, the accounting identity cost 

function assumes the relevant second derivative to be zero, while the flexible cost function allows it to 

adopt the value that best fits observed or hypothetical curvature in the relevant relationship.  

   

Box 1. Relationship between the cost accounting identity and the flexible cost function 

 

A. The cost accounting identity tends to over-estimate costs at prices different from the current 

observed prices, because economic agents will respond to price changes by economising on higher 

priced inputs. 

 

 Define 𝑇𝐶,  𝑄,  𝑋𝑖 , 𝑝𝑖 ,  𝑍𝑚  as national levels of total cost, output, quantity of input used per 

patient, price of input i, policy determinant m observed in a given year. (The year subscript 

is suppressed.) 

 Cost accounting identity 

𝑇𝐶𝐴𝐼 = 𝐹𝑖𝑥𝑒𝑑 𝐶𝑜𝑠𝑡 +  𝐴𝑉𝐶 ∙ 𝑄 where 𝐴𝑉𝐶 =   𝑝𝑖 ∙ 𝑋𝑖 
𝑁
𝑖=1   

𝜕𝑇𝐶

𝜕𝑝𝑖
= 𝑄 ∙ 𝑋𝑖 > 0 , 

𝜕2𝑇𝐶

𝜕 𝑝𝑖 
2 = 0  

 Cost function 

𝑇𝐶𝐹 = 𝑓(𝑝𝑖 ,  𝑍𝑚 ,  𝑄) where 
𝜕𝑇𝐶

𝜕𝑝𝑖
> 0 , 

𝜕2𝑇𝐶

𝜕 𝑝𝑖 
2 < 0 

 In Figure S1 the cost accounting identity and the flexible cost function give the same 

estimate of total cost at the current price of input i, pi*, but their projections diverge at the 

larger price of pi‟, where the accounting identity‟s linear form predicts total cost TCAI, while 

the flexible cost function predicts the smaller total cost, TCF. 

Figure S1: Impact of input prices on total cost. While the accounting identity cost function is linear 
in the price of each input, the flexible cost function captures economising behaviour and projects lower 
total cost at prices different than those currently observed. 
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Box 1 (continued) 

 

B. The cost accounting identity will over- or under-estimate costs at levels output different from the 

current observed level of output. For example, if the current level of output is adjusted to local 

demand and production capacity, linear extrapolation to different output levels will underestimate 

total cost. 

 Define 𝑇𝐶,  𝑄,  𝑝𝑖 ,  𝑍𝑚  as above 

 Cost accounting identity 

𝑇𝐶𝐴𝐼 = 𝐹𝑖𝑥𝑒𝑑 𝐶𝑜𝑠𝑡 +  𝐴𝑉𝐶 ∙ 𝑄 where 𝐴𝑉𝐶 =   𝑝𝑖  ∙ 𝑋𝑖 
𝑁
𝑖=1   

𝜕𝑇𝐶

𝜕𝑄
= 𝐴𝑉𝐶 > 0 , 

𝜕2𝑇𝐶

𝜕 𝑄2 = 0  

 

 Cost function 

𝑇𝐶𝐹 = 𝑓(𝑝𝑖 ,  𝑍𝑚 ,  𝑄) where 
𝜕𝑇𝐶

𝜕𝑄
> 0 , 

𝜕2𝑇𝐶

𝜕 𝑄2 > 0 or 
𝜕2𝑇𝐶

𝜕 𝑄2 < 0 

 In Figure S2 the cost accounting identity and the flexible cost function give the same 

estimate of total cost at the current output level Q*, but their projections diverge at the 

larger output Q‟, where the accounting identity‟s linear form predicts total cost TCAI, while 

the flexible cost function predicts the larger total cost, TCF. 

 

Figure S2: Impact of scale on total cost. While the accounting identity cost function is linear in 
the quantity of output, price of each input, the flexible cost function can incorporate economies or 
diseconomies of scale 
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Table S2 presents a comparison of the accounting identity cost function to the flexible cost function for an 

individual facility. The table details how the accounting identity is constructed by assembling information 

on the input quantities required to treat a single patient, potentially distinguishing these estimates by 

types of patient. In principle, total costs at a facility are the sum of total fixed costs (which are independent 

of the number of patients treated) and total variable costs (which increase monotonically with the number 

of patients treated). Accounting identity cost functions, to be complete, should include both fixed and 

variable costs, but analysts often either omit fixed cost at the facility level or fold the fixed cost into the 

variable cost, assumptions which we think are difficult to justify in the case of antiretroviral treatment.  

Table S2: Cost functions for an individual facility for one time unit (month or year) 

 Accounting identity cost function Flexible cost function 

Output of the k
th

 
facility 

𝒒𝒌 patient-months (or years) of ART is the sum over J types of patients 

𝑞𝑘 =   𝑞𝑗𝑘
𝐽
𝑗=1   

Ratios of inputs  
Input ratios are typically assumed to be 
determined by the technology and thus fixed or 
fixed with a patient category 

Input ratios can vary in response to price 
changes 

Efficiency of 
production 

Typically effort and quality are assumed to 
conform to established norms 

Can vary in response to incentives, both 
financial and non-financial 

Fixed cost of 
the k

th
 facility 

Typically neglected or modelled as the one-time 
cost of facility construction 

Typically incurred per time unit, either varies by 
facility, 𝑓𝑐𝑘 , or the same across all facilities, fc 

Variable cost of 
the k‟

h
 facility 

Might vary by drug regimen, health state, time on 
treatment or other fixed attribute of the patient or 
facility 

Might vary by numbers of patients, provider 
incentives, experience, scope of production or 
other managerial or programme attributes 

Total cost for a 
single facility, 
facility k, with J 
patient types 

𝑇𝑜𝑡𝑎𝑙
𝑐𝑜𝑠𝑡𝑘

 𝑡𝑐𝑘 =
𝑇𝑜𝑡𝑎𝑙
𝑓𝑖𝑥𝑒𝑑
𝑐𝑜𝑠𝑡

(𝑡𝑓𝑐) +  
𝑇𝑜𝑡𝑎𝑙 
𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
𝑐𝑜𝑠𝑡𝑘

(𝑡𝑣𝑐𝑘) 

 
where tfc = 0 and tvck is the sum over J patient 

types: 

𝑡𝑣𝑐𝑘 =   𝑎𝑣𝑐𝑗𝑘 𝑞𝑗𝑘
𝐽
𝑗=1   

and avcjk is the sum over the Ij inputs for patient 
type, j: 
𝑎𝑣𝑐𝑗𝑘 =  𝑝𝑖𝑥𝑖𝑖∈𝐼𝑗   

where pi and xi are the price and quantity of the 
i'th input and inputs include drugs, reagents, 
personnel, etc.. If avcjk is constant and equal to 
avcj over all facilities, tck simplifies to: 

𝑡𝑐𝑘 =   𝑎𝑣𝑐𝑗𝑞𝑗𝑘
𝐽
𝑗=1   

 

𝑇𝑜𝑡𝑎𝑙
𝑐𝑜𝑠𝑡𝑘

 𝑡𝑐𝑘 = 𝒇(𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘 )  

 
 
where f(.) is a flexible function of the prices of 
all inputs, the quantities of all patient categories 
and a set of environmental, contextual and 
policy variables, zmk, for m = 1,…, M. 
 
The parametric function f(.) is selected to 
capture plausible characteristics of the problem 
at hand and then fitted to available data. 
Functional forms used in the economics 
literature include polynomial functions in qk, or 
in its logarithm and second-order Taylor series 
approximations of arbitrary functions of output 
and of the input prices. 

Average cost 
(or “unit cost”) 
per patient-
month (or 
patient-year) of 
ART for a single 
facility, facility k 

𝑎𝑡𝑐𝑘 =
𝑡𝑐𝑘

𝑞𝑘
=  𝑎𝑣𝑐𝑘 =  𝑎𝑣𝑐𝑗𝑘

𝑞𝑗𝑘

𝑞𝑘

𝐽
𝑗=1   

 

The fraction 
𝑞𝑗𝑘

𝑞𝑘  is the share of the j
th 

patient 

type in the total patient load for facility k in that 
year. Thus avck, is a weighted average of the 
average variable costs of the J patient types. 
Typically avck varies with change across facilities 

or time in the input prices or in the mix of patient 
types or inputs for a specific patient type. 
 

𝑎𝑡𝑐𝑘 =
𝑡𝑐𝑘

𝑞𝑘
=  

𝒇(𝑝𝑖 ,𝑧𝑚𝑘 ,𝑞𝑗𝑘 )

𝑞𝑘
  

 
Functions which allow economies or 
diseconomies of scale include: 

a) 𝑎𝑡𝑐𝑘 =  
𝐴

𝑞𝑘
+ 𝐵 𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘  − 𝐶𝑞𝑘 +

𝐷𝑞𝑘
2 

b) 𝑎𝑡𝑐𝑘 =  𝐴(𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘 )
𝑞𝑘
𝜍

𝑞𝑘
  

c) ln⁡(𝑎𝑡𝑐𝑘) =  𝐴 +  𝐵  𝑙𝑛 𝑝𝑖 +
𝐶   𝑙𝑛 𝑝𝑖 𝑙𝑛(𝑝𝑗 ) + (𝜍 − 1) 𝑙𝑛 𝑞𝑘  

where σ is the scale elasticity and the “total 
fixed cost” is defined as the value of atck when 
qk = 1. 
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Table S3 presents a comparison of the accounting identity cost function to the flexible cost function for an 

aggregate across many facilities, such as might be appropriate for estimating regional, national or global 

costs of ART. In principle total regional cost is defined as the sum of the costs across all facilities, 

including the costs of all patients treated at each facility. Both the aggregate accounting identity cost 

function and the aggregate flexible cost function can be formed by adding together the facility specific 

cost functions across all individual facilities. If facility-specific estimates were available by either method, 

the analyst could construct the aggregate simply by assembling them. However, as we detail in the paper, 

data on cost and output of a large enough sample of ART facilities are not yet available even in South 

Africa, where treatment enrolment has reached 1.7 million patients and is now delivered in more than 

2000 distinct facilities.  

Table S3: Cost functions for a country for one time unit (month or year) 

 Accounting identity cost function Flexible cost function 

Output of the 
country for one 
unit of time 

𝑸 patient-months (or years) of ART is the sum over K facilities or over all J patient types 

𝑄 =   𝑞𝑘
𝐾
𝑘=1 =    𝑞𝑗𝑘

𝐽
𝑗=1

𝐾
𝑘=1 =  𝑞𝑗

𝐽
𝑗=1   

where qj is defined as the national total across all facilities of patients in category j 

Fixed cost for 
the nation 

Typically neglected or modelled as the one-time 
cost of facility construction 

Typically follows from the functional form for 
facility specific costs, but could include 
national level fixed cost 

Variable cost 
per patient 

avcj, if patient mix and prices are assumed 
constant across facilities 

Not independently defined 

Total cost for 
country with J 
patient types 

Total cost for the country, TC, is the sum of all the 
individual facility costs, tck 

 𝑇𝐶 =   𝑡𝑐𝑘
𝐾
𝑘=1 =   𝑎𝑣𝑐𝑗𝑘 𝑞𝑗𝑘

𝐽
𝑗=1

𝐾
𝑘=1  

But if the average variable cost of patient type j is 
assumed to be the same at all facilities, avcjk = 
avcj, then total cost no longer depends on facility 
level information and can be written as: 

𝑇𝐶 =   𝑎𝑣𝑐𝑗
𝐽
𝑗=1

 𝑞𝑗𝑘
𝐾
𝑘=1 =   𝑎𝑣𝑐𝑗

𝐽
𝑗=1 𝑞𝑗   

 

Total cost for the country, TC, is the sum of all 
the individual facility costs, tck 

 𝑇𝐶 =   𝑡𝑐𝑘
𝐾
𝑘=1 =  𝒇(𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘 )𝐾

𝑘=1  

where f(.) is a flexible function of the prices of 
all inputs, the quantities of all patient 
categories and a set of environmental, 
contextual and policy variables, zmk, for m = 
1,…, M. 
 

Average cost (or 
“unit cost”) per 
patient-month 
(or patient-year) 
of ART for entire 
country 

𝐴𝑇𝐶 = 𝑇𝐶
𝑄 =   𝑎𝑣𝑐𝑗

𝐽
𝑗=1

𝑞𝑗

𝑄
  

 

The fraction 
𝑞𝑗

𝑄  is the share of the ’
th

 patient type 

in the total patient load for the country in that time 
period. Thus, national average cost per time 
period, ATC, is a weighted average of the average 
costs of the J patient types. Characteristics of the 
patient delivery process, such as scale, scope, 
experience and incentives have no effect on 
average cost. 
 

𝐴𝑇𝐶 =    
𝒇(𝑝𝑖 ,𝑧𝑚𝑘 ,𝑞𝑗𝑘 )

𝑄
𝐾
𝑘=1   

 
with estimates of its parameters at the facility 
level, any of the above functional forms for a 
facility-level average cost function can be 
aggregated to the national level. One of the 
simplest to use with little data is function b), 
which aggregates to: 

𝐴𝑇𝐶 =   𝐴 
𝑞𝑘
𝜍

𝑄
𝐾
𝑘=1 = 𝐴  

𝑞𝑘

𝑄

𝑞𝑘
𝜍

𝑞𝑘

𝐾
𝑘=1   

where σ is the elasticity of scale and 

𝐴(𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘 ) is assumed constant at 𝐴 . 

 

Table S3 also shows how an aggregate cost function can be approximated when neither type of cost 

function is yet available at the facility level. Following the accounting identity approach, the analyst can 

assume that the average variable cost (avc) of treating one person is constant within patient category 

across all sizes and types of facility (i.e. assume that avcjk = avcj for all j=1,…,J patient types and all 

k=1,…,K facilities). Following the flexible cost function approach when empirical data on the curvature of 

the flexible cost function is not yet available requires the analyst to adopt a plausible parsimonious 

parameterisation of the flexible function, much as the epidemiologist might adopt such a parameterisation 
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of a sexual mixing matrix or an infectivity profile, and then perform sensitivity analysis with respect to 

these selected parameters.  

The example presented in the table and in the worked application to the Granich et al[14] projections 

presented in the text supposes that the individual facility has a total cost function with returns to scale σ of 

the form
a
: 

𝑡𝑐𝑘 =  𝐴(𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘 )𝑞𝑘
𝜍  

This specification asserts that a ten per cent increase in output is associated with a 10σ per cent increase 

in cost. The parameter σ is referred to as the elasticity of total cost with respect to output. With a value of 

σ less than one, any given percentage increase in output is associated with a less than proportional 

increase in total cost, so the production technology benefits from increasing returns to scale.  Production 

technologies characterized by values of σ  equal to or greater than one are described as having constant 

or decreasing returns to scale, respectively.   

Adopting the (over)simplifying assumption that the combined effect of local input prices, pi, environmental, 

contextual and policy determinants of efficiency, zmk, and mix of patient categories, qjk, are constant 

across all facilities, the function of these variables which multiplies facility output collapses to a constant, 

𝐴 , as follows:  

𝐴 𝑝𝑖 , 𝑧𝑚𝑘 , 𝑞𝑗𝑘  =  𝐴  

With this assumption, we can divide through the facility-specific total cost function by the facility‟s total 

patient load, qk, to obtain the facility‟s average cost function: 

𝑎𝑡𝑐𝑘 = 𝐴 
𝑞𝑘
𝜍

𝑞𝑘
 = 𝐴 𝑞𝑘

𝜍−1 

A value of σ smaller than one thus corresponds to an average total cost function that declines with 

increasing output. A value of σ equal to one corresponds to the special case of constant returns to scale 

in which the average total cost of a facility is constant and equal to 𝐴 .  

Adding these facility-specific flexible total cost functions across all K facilities gives an aggregate total 

cost function,  

𝑇𝐶 =   𝑡𝑐𝑘
𝐾
𝑘=1 =  𝐴 ∙ 𝑞𝑘

𝜍𝐾
𝑘=1    (S1) 

Dividing aggregated total cost, TC, by total patients in the entire country, Q, defined as 𝑄 =  𝑞𝑘
𝐾
𝑘=1 , gives 

an expression for the average total cost of AIDS treatment in that country (and that time period):  

𝐴𝑇𝐶 =   𝐴 
𝑞𝑘
𝜍

𝑄

𝐾

𝑘=1

 

                                                      
a
 In the following expression and in the tables and figures, all quantities are measured within a specified time period 

such as a month or, more typically, a year and refer to the amounts of inputs, or outputs that are processed during 
that time period and to the average values of the prices and other determinants that obtain during that time period. 
This accords with an approach that Scitovsky and Over dub the “prevalence-based” approach to estimating the cost 
of a disease which assigns to a given time period only the costs expended during that time period[7]. This approach 
contrasts with the “incidence-based” approach to costing a disease, which attributes to any year the future discounted 
cost of all cases that begin that year. 
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Since the sum of facility specific output, qk, over all facilities equals total national output Q, it is useful to 

rewrite this function as: 

𝐴𝑇𝐶 =  
𝑞𝑘
𝑄
𝐴 
𝑞𝑘
𝜍

𝑞𝑘

𝐾

𝑘=1

=   
𝑞𝑘
𝑄

𝐾

𝑘=1

𝑎𝑡𝑐𝑘  

where the fraction 
𝑞𝑘

𝑄  represents the share of facility k‟s output in the national total. This expression 

shows that average total cost can be expressed as the weighted average of the facility specific average 

costs, where the weights are the K output shares, 
𝑞𝑘

𝑄  . Except in  the special case where σ equals one, 

cost is non-linearly related to output at the facility level, so the behaviour of national total cost cannot be 

modelled accurately without information about how total output is distributed among the K facilities.  

For our worked example that shows the effect of potential scale economies on the cost of a large scale-

up of ART, we calibrate equation S1 to South African data on the 1,095 health care facilities that were 

accredited for ART and the number of patients enrolled at those facilities in mid-2010. Sorting facilities by 

the size of their patient load from largest to smallest, the facility index k can be interpreted as the rank of 

a facility in the size distribution of all facilities. Unlike many mature size distributions, the early-2010 sizes 

of South African ART facilities ranked by number of ART patients is not uniformly log-linear, but it can be 

closely approximated by a piece-wise linear spline with knots at 50 and 400. The following linear spline in 

the logarithm of facility rank explains 94 per cent of the variation in the logarithm of the facility‟s number of 

enrolled ART patients.  

ln⁡(𝑞𝑘) =  9.8 +  

−0.323 ∙ ln⁡(𝑘)
1.59 −  0.729 · ln(𝑘)

3.63 −  1.070 · ln(𝑘) 

 
𝑖𝑓 𝑘 ≤ 50    

𝑖𝑓 𝑘 > 50 𝑎𝑛𝑑 𝑘 ≤ 400

𝑖𝑓 𝑘 > 400   
   (S2) 

Expressed in the original units, the piecewise approximation to the empirical size-rank distribution can be 

written as: 

𝑞 𝑘 =  𝑒9.8 ∙

 
 
 

 
 𝑘−0.323 𝑖𝑓 𝑘 ≤ 50

𝑘−0.323 ∙  
𝑘

50
 
−0.406

𝑖𝑓 𝑘 > 50 𝑎𝑛𝑑 𝑘 ≤ 400

𝑘−0.323 ∙  
𝑘

50
 
−0.406

∙  
𝑘

400
 
𝜌

𝑖𝑓 𝑘 > 400 

    (S3) 

where ρ can be varied in order to simulate scaling up treatment access, while holding constant the 

capacity of the largest 400 ART treatment facilities. Increasing ρ from its fitted value of -5.4 to the  

value -0.34 simulates increasing the sizes of the smallest 695 facilities to accommodate the 1.5 million 

patients enrolled by mid-2010. According to national estimates, the total cost of ART in mid-2010 was 

approximately US$1.387 billion[15]. Substituting this amount for TC on the left of equation S1 and 

substituting S3 for 𝑞𝑘  with ρ set to -0.34 gives an equation in the two unknowns 𝐴  and σ: 

1.387 ∙ 109 =  𝐴 ∙  𝑞 𝑘
𝜍𝐾

𝑘=1    (S4) 

Solving this equation for 𝐴  for various values of 𝜍 between 0.5 and 1.0 yields a family of average cost 

functions for the individual South African ART treatment facility with the parameter values given in Table 

S4 and presented in Figure S3. 
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Table S4. Calibration of flexible cost function to South African data for 2010/11 

 Value of σ Value of (σ – 1) Value of 𝑨  

 

Percent increase in 
total cost associated 
with a 1% increase in 

output  
(Scale elasticity) 

Percent decrease 
in average total 
cost associated 

with a 1% 
increase in output 

Cost of using an entire ART facility to treat 
a single patient 

Derived from 
Meyer-Rath et al 

Deflated to match 
Granich et al costs 

Constant returns 
to scale 

1.0 0 $924 $800 

Increasing returns 
to scale 

0.9 -0.1 $1,976 $1,711 

0.8 -0.2 $4,187 $3,625 

0.7 -0.3 $8,791 $7,611 

0.6 -0.4 $18,296 $15,840 

0.5 -0.5 $37,763 $32,695 

Source: Last column are authors’ calculations using equation S2-3. 

 

Figure S3. Family of average cost curves derived from South African cost data (Source: authors‟ 

calculations using equation S2-3). 

 

To examine the sensitivity of the Granich et al projections to a range of alternative elasticities of scale, we 

first need to produce a projection under constant returns to scale that closely matches the central 

projection published in that paper[14]. Panel E of Figure 4 and Figure 6 in Granich et al shows two 

scenarios, the universal test and treat (UTT) scenario and a scenario representing the full implementation 

of the latest WHO ART guidelines suggesting treatment initiation at a 350 CD4 count in South Africa, 
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which we refer to as the WHO scenario. By close examination of Figure 6 in Granich et al we estimate the 

peak expenditures for the two scenarios in 2016 of the projections as $3.28 and $1.4 billion US 2010 

dollars respectively. Panel E of Figure 4 in Granich et al gives the numbers of adults on treatment 

denominated in proportions of the adult population. Since the South African adult population is estimated 

at 35 million for 2016, we can apply the proportions read from the figure to estimate that the paper is 

projecting about 4.1 million people on treatment under the UTT scenario and about 1.75 million people on 

treatment under the WHO scenario. These estimates are consistent with the assumption that the authors 

are holding the average cost per patient-year constant at about $800, which in turn is consistent with their 

stated assumptions that first-line and second-line ART cost respectively $727 and $3290 per patient-year 

and a constant 3 per cent of patients move to second-line each year. The starting point for our 

simulations of the effect of scale on the cost of the UTT strategy is to simply divide Granich et al‟s cost 

projections by $800 in order to arrive at a time path of the number of patients to be treated under that 

strategy. All of our simulations of the future cost of the UTT strategy use this single projection of the total 

number of patient-years of treatment to be offered in future years.  

Next we posit a change in the size distribution over time. We do this first for the period from 2010 until the 

year 2016, in which Granich et al predict the total number of patients and total ART expenditure will reach 

a maximum[14]. For this expansion phase, we posit a linear increase in the number of facilities delivering 

ART from their 2010 level of about 1,095 to enough facilities to reach all the patients envisaged by the 

UTT policy. We assume that 6,000 facilities will be needed at peak intensity. For the second phase, we 

suppose that most facilities that have been accredited for ART delivery will remain active, but reduce the 

number of patients being served. So we model the period after 2016 as one of declining numbers of 

facilities, on an ogival trajectory to return to only 1,000 facilities delivering ART by the year 2100. Figure 3 

of the main text and Figure S4 below illustrate various aspects of the projected size distribution of 

facilities through the year 2050. 

Figure S4. Number of facilities delivering ART and the number of patients served by the smallest 

ART facility: 2010-2050  
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During the contraction phase of the treatment programme, we assume that the size distribution of 
facilities will have matured and more closely follow Zipf‟s law as given by the equation: 

𝑞 𝑘𝑡 =  𝜋𝑡 ⋅ 𝑒
9.8 ∙ 𝑘𝜌    (S5) 

where the parameter 𝜋𝑡  allows all facilities to decrease their patient loads once the total number of 

patients has declined to under one million. The parameter 𝜋𝑡  is thus defined as follows: 

𝜋𝑡 = min  1.0,
𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑒𝑛𝑟𝑜𝑙𝑙𝑒𝑑  𝐴𝑅𝑇 𝑝𝑎𝑡𝑖𝑒𝑛𝑡𝑠  𝑖𝑛  𝑦𝑒𝑎𝑟  𝑡

1,000,000
    (S6) 

For any year after 2016 we now have the number of facilities, the number of patients and the deflation 

proportion 𝜋𝑡 . From these quantities we can solve for value of the parameter ρ that is specific to each 

year and thus compute the entire rank-size distribution for each year. 

In order to use the family of average cost curves derived from actual 2010/11 South African costs, where 

average cost per patient was $924, we must first deflate those cost curves down to the $800 average cost 

used by Granich et al. The last column of Table S5 presents those deflated values of the A parameter.  

We now have all the pieces necessary to project the total cost of the UTT strategy under a variety of 

assumptions regarding the elasticity of scale. Table S5 and Figure S5 present the results of these 

calculations. When the scale elasticity is set to 1.0, the projection model embodies the constant returns to 

scale assumption and mimics the original projection for the UTT option in Granich et al[14]. As the scale 

elasticity parameter is decreased, corresponding to a steeper average cost curve and therefore higher 

costs for smaller facilities, both the peak programme cost and the cumulated cost of the UTT programme 

also increase. If the true elasticity of scale is 0.7 rather than 1.0, the peak cost of UTT will be 26% larger 

than in Granich et al.‟s projection, while the total undiscounted cumulated cost through 2016 will be 40% 

larger than projected. Furthermore, if economies of scale are even greater, with an elasticity of scale of 

0.5, the total cost in 2016 would rise to US$5.1 billion, 45% larger than the base case, and the total 

accumulated undiscounted cost through the year 2050 would rise by 75% to US$131 billion.  

Table S5. Impact on peak-year and cumulated cost of a Universal Test and Treat policy in South 

Africa of alternative assumptions regarding economies of scale in ART service delivery  

 Value of σ Costs of Universal Test and Treat policy 

 

Per cent increase in 
total cost associated 
with a one per cent 
increase in output 
(Scale elasticity) 

Peak cost in 
billions 
of USD 

Total cumulated cost without discounting in 
constant 2010 USD 

Total cost in billions 
of USD 

Per cent of total 
above constant 
returns to scale 

Constant returns 
to scale 

1.0 $3.5 $74.6 0.0% 

Increasing 
returns to scale 

0.9 $3.8 $83.6 12.0% 

0.8 $4.1 $93.6 25.4% 

0.7 $4.4 $104.8 40.4% 

0.6 $4.7 $117.2 57.0% 

0.5 $5.1 $131.0 75.4% 

Source: First row based on Granich et al[14]. Other rows are authors’ calculations as described in the 

paper and in this appendix. 
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Figure S5. Impact of scale economies on the future cost of the UTT option 

 

Granich et al present not only their central projections, which we have discussed here, but also upper and 

lower bounds around that central scenario[14]. Since the assumptions they vary to produce these upper 

and lower bounds include the price of ART dugs and unspecified epidemiological parameters, scale 

considerations will shift all three projections upward, raising the possibility that the worst case projections 

could be much higher than we have estimated here. 

Our result that a flexible cost function would predict higher future ART costs in South Africa than would an 

accounting identity cost function depends on several assumptions. Most important of these is our 

assumption of the future change in the size distribution of facilities that would be required to 

accommodate all 4.1 million patients in the peak year of expansion, an assumption we describe in 

Figures 3 and S4 and in the accompanying exposition. Since our purpose here is only to give an example 

of the application of a flexible cost function, we stop short of performing sensitivity analysis of the results 

to alternative future size distributions. However if it is possible to imagine treating all 4.1 million patients in 

a small number of gigantic facilities similar to the largest currently active in South Africa, the same 

elasticity of scale assumption would project smaller costs than in the Granich et al paper. On the other 

hand, if the South African HIV programme finds that in order to maintain patient adherence at the largest 

scale it must distribute ART service delivery to even smaller and more numerous facilities than we have 

posited, the same elasticity assumption would produce even larger future costs. Our point is that to be 

plausible and useful to policy makers, models of the costs and benefits of ART over the long run must 

grapple with the question of how those services will be delivered and how changes over time in the 

determinants of cost and quality will affect that delivery. Adopting well-specified flexible cost functions is 

likely to be an integral part of that effort. 
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