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ABSTRACT

Several statistical methods were tested for accuracy in predicting
observed frequencies of di- through hexanucleotides in 74,444 bp of E. coli
DNA. A Markov chain was most accurate overall, whereas other methods,
including a random model based on mononucleotide frequencies, were very
inaccurate. When ranked highest to lowest abundance, the observed frequen-
cies of oligonucleotides up to six bases in length in E. coli DNA were
highly asymmetric. All ordered abundance plots had a wide linear range
containing the majority of the oligomers which deviated sharply at the high
and low ends of the curves. In general, values predicted by a Markov chain
closely followed the overall shape of the ordered abundance curves. A
simple equation was derived by which the frequency of any nucleotide longer
than four bases in the E. coli genome (or any genome) can be relatively
accurately estimated from the nested set of component tri- and tetranucleo-
tides by serial application of a 3rd order Markov chain. The equation
yielded a mean ratio of 1.03±0.94 for the observed-to-expected frequencies
of the 4,096 hexanucleotides. Hence, the method is a relatively accurate
but not perfect predictor of the length in nucleotides between hexanucleo-
tide sites. Higher accuracy can be achieved using a 4th order Markov chain
and larger data sets. The high asymmetry in oligonucleotide abundance
means that in the E. coli genome of 4.2 X 106 bp many relatively short
sequences of 7-9 bp are very rare or absent.

INTRODUCTION
Analysis of prokaryotic and eukaryotic DNA sequences has uncovered

distinct patterns in the frequencies of their component oligonucleotide
sequences. For example, the dinucleotide TA is infrequent in prokaryotic
DNA but not in DNA from higher eukaryotes while CG is rare in higher

eukaryotic but not prokaryotic DNA (1-4). In spite of the nonrandomness of

oligonucleotide frequencies in genomes, most estimates of oligomer frequen-

cies use a random distribution of mononucleotides, especially in computer

programs (5-7) to provide a baseline for comparison. As an alternative, we

have evaluated several statistical methods in their ability to predict
observed frequencies of oligomers up to 6 bases in length and report the
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results here. A Markov chain model was clearly the best predictor of all

methods and its accuracy was measured in several ways.

The random model was entirely inadequate in predicting frequencies of

virtually all sequence lengths. Hence, computer programs should incorpo-

rate a Markov chain model to predict frequencies of oligonucleotides using,

at a minimum, the observed frequencies of tri- and tetranucleotides as a

starting point. Blaisdell (8) has recently reported the use of a Markov

chain to identify similarities among eukaryotic DNA sequences which were

undetectable by algorithms requiring sequence alignment. Markov chain

analysis reported here should also be useful in designing highly specific

probes for screening gene libraries and in restriction mapping of small

genomes and chromosomes.

MATERIALS AND METHODS

Sequence Analysis

All E. coli DNA sequence data were retrieved from Genbank (Fall 1984

update). Genes and their flanking regions used are: Lli and L operons

(12,337 bp), rrnB operon (7,508 bp), trp operon (7,335 bp), ATP synthase

operon (7,152 bp), lac operon (5,808 bp), frd operon (5,482 bp), malK-lamB
operon (3,799 bp), tar, tap (3,465 bp), ilvG, ilvE (2,488 bp), thrA (2,463

bp), ecoRI (2,334 bp), motA, motB (2,212 bp), tufB (1,937 bp), fnr (1,651
bp), deoC (1,538 bp), recA (1,390 bp), araC (1,335 bp), fol (1,200 bp),

trpR (1,043 bp), str (1,016 bp), lexA (951 bp). The total number of

nucleotides was 74,444 which included both coding and noncoding regions of

DNA. Given the size of the data set, variations greater than 5% were

statistically significant at a confidence level of 0.001 or less.

Sequence editing and computing were done on a Digital PDP-11/34A in

the RSX-IIM operation system (V4.0) (Digital Equipment Corporation), using
a software package DNASEQ developed for DNA sequence analysis on the

PDP-11/34A (9). Data sets were created by compiling DNA sequences from

coding strands head-to-tail with spaces between genes to exclude nucleotide
combinations not found in the E. coli genome. In all cases, sequences were

compiled by moving a single base per step in the 5' to 3' direction on the

transcribed strand.

Likelihood Ratio Test and Residual Values
Values of a nucleotide sequence predicted by a Markov chain were

compared to observed values by a likelihood ratio (LR) test (10). The test

statistic, G, is the sum of the squared residuals (e2) calculated as: e2 =
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2 [(ob) ln(ob/ex)-(ob-ex)], when ob > 0, where ob is the observed frequency

and ex, the expected frequency; e2 = 2 [ex], when ob = 0. The residual is

given the sign of (ob-ex), and is a useful indicator of fit because it

indicates whether a sequence is present at frequency higher (positive

value) or lower (negative value) than that predicted by a particular model.

The magnitude of e indicates the extent of deviation from the expected

frequencies and has been rounded to the nearest integer in the accompanying

table.

Ordered Abundance Curves And Complement Ratio Plots.

Two graphical methods have been used to depict the statistical re-

sults. In the first, observed frequencies of oligomers of a given length

were plotted from highest to lowest abundance along with Markov predicted

values for comparison. Sequences denoted numerically on the X-axis are

available on 5¼ inch diskettes (if supplied) in CP/M. In the second

method, influence of codon usage on observed frequencies has been evaluated

in part by plotting the ratio of the frequency of an X-mer to its comple-

ment in coding DNA. Since only coding DNA was analyzed, a ratio of one

indicates that the X-mer and its complement occurred with equal frequency

in either coding or noncoding DNA. Ratios greater than or less than one

indicate that a X-mer occurred at a frequency higher or lower, respective-

ly, than its complement in coding DNA.

Restriction Enzyme Analysis.
E. coli K12 DNA (strain AB1157) was digested with restriction enzymes

HaeIII, Sau3Al, EcoRI, and MaeI under optimal reaction conditions, electro-

phoresed on 0.8% agarose gels, and visualized by ethidium bromide staining.

RESULTS AND DISCUSSION

The Markov Chain Rule Most Accurately Predicts Oligonucleotide Frequencies
To find a statistical method that most accurately described the levels

of short sequences in E. coli DNA, frequencies of subsequences were used in

various ways to estimate the frequency of larger sequences. For example,

expected frequency of the tetranucleotide CTAG, p(CTAG), can be estimated

several ways depending on the amount of data available. First, from base

composition (Table 2A), the frequency is the product of the frequency of

the four constituent mononucleotides, p(N) where N = T, C, A, G:

p(CTAGIC,T,A,G) = p(C)-p(T)-p(A) p(G). [1]

.,Although the most widely used, this is the least accurate method (Table 1

and Fig. 2C). Second, if the frequency of dinucleotides is known, the
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expected frequency of CTAG can be calculated as the product of two

dinucleotides:

p(CTAGICT,AG) = p(CT)p(AG). [21
Third, if trinucleotide frequencies are known, frequency can be calculated

as the product of a mononucleotide and a trinucleotide:

p(CTAGICTA,G) = p(CTA)p(G) or [31
p(CTAGIC,TAG) = p(C)-p(TAG). [4]

Fourth, both the mononucleotide and dinucleotide frequencies can be used,

for example:

p(CTAGIC,TA,G) = p(C)-p(TA).p(G) [51
Fifth, a Markov chain rule (11) can be applied whereby the frequency of

2.0

1.51

3.01

A

TOP TEN BOTTOM TEN

CTG 6. GGC 55. GGG 60. AGT
2. AAA 7. TGA 56. TAG 61. CCC B
3 GCG 8. CGC 57. CTT 62. ATA
4 GAA 9. AAC 58. CTC 63. CTA
5. TGG 10. TGC 59. GAG 64. TAG

1.01-
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TRINUCLEOTIDE RANK
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Figure 1. Ordered abundance (B) and complement ratio curves (A) for
trinucleotides.

Data were plotted from highest to lowest abundance along with values
determined by a 1st order Markov chain (open circles). Ratios of each
frequency to its complement's frequency were also plotted immediately above
the ordered abundance curve. In this and subsequent figures, the 10 most
and least abundant oligomers have been listed in the insert. The rank of
the 3 stop codons are also noted in B as is the mean value of abundance for
trinucleotides.
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Figure 2. Ordered abundance (B) and complement ratio (A) curves for
tetranucleotides.

Data were plotted as described in the legend to Figure 1 with values
determined by a 2nd order Markov chain plotted in B as open circles. In C,
the ordered abundance curve (solid line) is replotted against the values
calculated solely on the basis of mononucleotide frequencies (closed cir-
cles). The upper end of the ordered abundance curve in B is represented by
small filled circles instead of the smooth line to give a more accurate
representation of the values for those abundant tetramers. Also note that
"convergent points" denote where the observed and Markov predicted frequen-
cies were the same.

CTAG is estimated from the transition probability of CTA adjacent to TAG at

TA dinucleotides:
p(CTAGICTA,TAG) = p(CTA)-p(TAG). [6]

p(TA)
This is a 2nd order Markov chain and uses transition probabilities between

trinucleotides. A 3rd order Markov chain uses transitions between tetranu-
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Figure 3. Ordered abundance (B) and complement ratio (A) curves for
pentanucleotides.

Frequencies for each 4th pentanucleotide have been plotted as de-
scribed in the legend to Figure 1. Some of the pentamers not well predict-
ed by a 3rd order Markov chain have been noted on the abundance curve. As
in Figure 3, points at the upper end of the curve have not been connected
to the line.

cleotides to predict pentanucleotides, providing the frequency of tetra-

nucleotides is known:

p(CTAGCICTAG,TAGC) = p(CTAG)- p(TAGC). [7]
p(TAG)

To evaluate these various methods before analyzing large data sets,

several genes of E. coli were analyzed up to tetranucleotides and the

results are summarized in Table 1. A 2nd order Markov chain best predicted

the occurrence of tetranucleotides on a gene-by-gene basis from di- and

trinucleotides. A 1st order Markov rule was generally inadequate in

summarizing the composition of trinucleotides in the sequences used, but

was better overall than the other methods (data not shown). Although
Almagor (12) and Blaisdell (13) have used a Markov chain to predict some

oligonucleotide frequencies in eukaryotic DNA and have come to a similar

conclusion, their studies were not as extensive as that reported here.
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Figure 4. Ordered abundance (B) and complement ratio (A) curves for
hexanucleotides.

Frequencies of each 16th hexanucleotide have been plotted as described
in the legend to Figure 1. Points at the extreme upper end of the abun-
dance curve have not been connected to the line.

Ordered Abundance Curves and Markov Predicted Values

A more direct measure of the capacity of the Markov chain to predict

frequencies can be seen on the ordered abundance plots for tri- through

hexanucleotides (Figures 1-4) in which values predicted by the Markov chain

rule have also been plotted for comparison. Frequencies calculated on the

basis of mononucleotide frequencies, e.g., a purely random model, have also

been plotted for tetranucleotides in Figure 2C. All ordered abundance

curves have the same overall "S"-shape in that the majority of the sequenc-

es fell on a broad linear slope such that immediate neighbors could be

predicted with high accuracy. At the high and low end of the curves, a

relatively sharp break in slope occurred with a wider range for the highly

abundant sequences. This general shape also applied to the di- (not shown)

and trinucleotides (Fig. 1). Frequencies calculated on the basis of

mononucleotides did not remotely fit the ordered abundance curve for
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Table 2: Mononucleotide and dinucleotide frequencies (%) in 74,444 bp of
E. coli DNA.

A. Mononucleotide frequencies (%)
T C A G

23.5 24.5 24.6 26.6

B. Dinucleotide frequencies (%)
T C A G

1st ob ex (res) ob ex (res) ob ex (res) ob ex (res)
T 6.00 5.52 (+6) 5.55 5.73 ( -2) 4.29 5.77 (-18) 7.63 6.26 (+14)
C 5.56 5.73 (-2) 5.38 5.95 ( -7) 5.94 5.99 ( -1) 7.56 6.51 (+11)
A 5.90 5.77 (+1) 5.61 5.99 ( -5) 7.89 6.03 (+20) 5.15 6.55 (-16)
G 6.01 6.26 (-3) 7.89 6.51 (±14) 6.41 6.54 ( -1) 6.31 7.14( -8)

a observed frequencies (ob) from E. coli data set of 74,444 bases.
c expected frequencies (ex) as predicted from mononucleotide frequencies.

residual value (res) from a likelihood ratio test comparing observed and
expected values (degrees of freedom = 9 see text).

tetranucleotides. By contrast, Markov chain values closely followed the

overall shape of the curve, even though the fit was imperfect. The fit was

much better at the penta- and hexanucleotide levels (Fig. 3 and 4).
The ability of the Markov chain to estimate oligonucleotide frequen-

cies also improved as the sequence length increased as can be seen by

analysis of residual values. For example, as noted by others for E. coli

coding sequences (1-4) (Table 2B), virtually every dinucleotide occurred at

a frequency different from that predicted by mononucleotides or a zero

order Markov chain. No dinucleotide had a residual of zero and only five

had residuals in the range ±2. Similarly, frequencies of nearly all

trimers (Table 3) deviated from those expected by a 1st order Markov chain.

Only 8 had residuals of zero; 11 had values of ±1, 27 had values of +2-6,
and the remaining 18 in excess of ±6. However, by the tetramer level, 2nd

order Markov chain predicted 177 of 256 tetranucleotides with residuals of

+1 and 211 tetranucleotides with residuals of ±2. A 3rd and 4th order

Markov chain was quite accurate in predicting penta- and hexanucleotides

frequencies, respectively. For 1024 pentanucleotides, only 8 had residual

values larger than ±2 and 65 had residuals of ±2 leaving 941 with residuals
of 0 to ±1. Likewise, only 89 of 4096 hexanucleotides had residuals of ±2;
4 had residuals of ±3; and 2 had residuals of -5. Hence, 4,001 hexanucleo-

tides were well predicted having residuals ranging from 0 to ±1.

We conclude, therefore, that the Markov chain is an adequate but not

perfect predictor of higher order nucleotide sequences in the E. coli

genome. Furthermore, the accuracy of specific frequencies is improved as
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Table 3. Observed frequencies (%I of trinucleotides and those expected by
a 1st order Markov chain

3rd: T C A G
ob ex (res) ob ex (res) ob ex (res) ob ex (res)

lst-2nd
TT 1.70 1.53 (+3) 1.49 1.42 (+1) 1.34 1.10 (+6) 1.48 1.95 ( 9)
TC 1.39 1.26 (+2) 1.20 1.21 ( 0) 1.40 1.35 (+1) 1.56 1.72 ( -3)
TA 1.34 1.03 (+8) 1.10 1.00 (+3) 1.36 1.39 ( 0) 0.51 0.90 (-12)
TG 1.27 1.42 (-9) 1.98 2.25 (-5) 2.09 1.83 (+5) 2.25 1.80 ( +9)

CT 1.07 1.42 (-8) 1.03 1.32 (-7) 0.72 1.01 (-8) 2.75 1.80 (+17)
CC 1.15 1.22 (-1) 0.88 1.16 (-7) 1.35 1.31 (+1) 1.95 1.66 ( +6)
CA 1.34 1.43 (-1) 1.20 1.36 (-3) 1.57 1.92 (-7) 1.83 1.25 (+13)
CG 1.88 1.71 (+3) 2.14 2.24 (-1) 1.75 1.82 (-1) 1.78 1.78 ( 0)

AT 1.47 1.50 ( 0) 1.80 1.39 (+9) 0.89 1.08 (-5) 1.73 1.91 ( -3)
AC 1.23 1.28 (-1) 1.56 1.23 (+7) 1.26 1.37 (-2) 1.57 1.74 ( -3)
AA 1.47 1.89 (-8) 1.98 1.81 (+3) 2.60 2.45 (+1) 1.82 1.66 ( +3)
AG 0.97 1.30 (-5) 1.72 1.53 (+4) 1.32 1.24 (+1) 1.14 1.24 ( -1)

GT 1.77 1.54 (+4) 1.26 1.42 (-4) 1.35 1.10 (+6) 1.65 1.96 ( -6)
GC 1.80 1.80 ( 0) 1.69 1.73 ( 0) 1.92 1.92 ( 0) 2.47 2.43 ( 0)
GA 1.73 1.54 (+4) 1.32 1.46 (-3) 2.37 2.67 (+5) 0.99 1.34 (-8)
GG 1.90 1.42 (+10) 2.04 1.86 (+3) 1.24 1.51 (-6) 1.09 1.48 ( -8)

Sequences in 74,444 bases of E. coli; DNA observed frequency (ob) and
that expected (ex) by a 1st order Markov chain; residuals (res) by
likelihood ratio test (degrees of freedom = 36).

the sequence length increases. Those oligonucleotides that were poorly

predicted by Markov chain analysis are discussed in a separate communica-

tion (14).
MaeI Digestion of E. coli DNA

It was important to establish whether the oligonucleotide frequencies
observed in the 74,444 bp sample of E. coli DNA reflected the frequencies

in the 4.2 x 106 bp genome. CTAG is the recognition site for MaeI and the

rarest tetranucleotide in the analyzed sequences; it occurred 27 times in

74,444 bp whereas the most abundant tetranucleotide, CTGG, occurred 726
times (Fig. 2). Accordingly, E. coli DNA was digested with MaeI, Sau3A,
(recognition site: GATC), HaeIII (GGCC) and EcoRI (GAATTC). The frequency

of CTAG (0.00036) was approximately 10-fold less than that of GATC (.0041)
and GGCC (.0031); this is about the difference in frequency with which DNA

is cut by restriction enzymes recognizing 6-base and 4-base sites. Figure

5 shows that E. coli DNA was infrequently cut by HaeI, but extensively cut
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A B C D

Figure 5. Digestion of E. coli DNA with various restriction enzymes that
cut at high and low frequency recognition sites.

Genomic DNA was digested with HaeIII (lane A), Sau3A (lane B), MaeI
(lane C), and EcoRI (lane D); 1 pg of each sample was electrophoresed on
0.8% agarose gels and bands detected by EtBr staining.

by Sau3A and HaeIII. In fact, MaeI cut DNA less frequently than did the

6-base recognition enzyme, EcoRI. Thus, frequencies of sequences found in

the Genbank sample of 74,444 bp are likely to represent the overall genomic

frequencies of those oligonucleotides relatively accurately.

Estimating the Frequency of Longer Oligonucleotides
One immediate application of the results of this analyis involves

estimating the frequency of relatively long oligonucleotide sequences. A

3rd order Markov chain relatively accurately predicted most pentanucleotide
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levels from component tri- and tetranucleotides. By using observed levels

of the 64 tri- and 256 tetranucleotides (Tables 3 and 4), the frequency of

a much longer sequence can be estimated by a simple calculation. Although

greater accuracy can be achieved by using tetra- and pentamers or penta-

and hexamers, the current data set was statistically unreliable above

tetramers because CTAG-containing pentamers and hexamers were too infre-

quent. A larger data base will overcome this limitation.

Assume that the frequency of the hexanucleotide CCTAGG were sought.

By applying a 4th order Markov chain:

p(CCTAG) -p(CTAGG)
p(CCTAGG) = (CTAG)

Then by applying a 3rd order Markov chain to the two pentanucleotides:

[p(CCTA) *p(CTAG) J [p(CTAG) *p(TAGG) ]

p (CCTAGG) = p(CTA) p(TAG) = p(CCTA)*p(CTAG)*p(TAGG)p(CCTAGG)pCTA=)p(CTA).p(TAG)
Thus, the frequency of the hexanucleotide is obtained multiplying the

frequencies of overlapping set of tetranucleotides and dividing by frequen-

cies of two overlapping transition trinucleotides.

Likewise, the frequencies of the decamers, AACCTAGGGT and AACCTGGGGT,

each containing the lowest and highest abundant tetranucleotide in E. coli

DNA, are:

p(AACC)-p(ACCT) p(CCTA)-p(CTAG)-p(TAGG) p(AGGG)-p(GGGT)
p(AACCTAGGGT)=

p(ACC)-p(CCT) p(CTA)-p(TAG)-p(AGG) p(GGG)

= 5.2 x 10i8

p(AACC)-p(ACCT)-p(CCTG) p(CTGG)-p(TGGG)-p(GGGG)-p(GGGT)
p(AACCTGGGGT)=

p(ACC) -p(CCT) -p(CTG) -p(TGG) p(GGG) -p(GGG)

= 1.8 x 10 6

Note that these two 10-base sequences differ by only one base yet differ by

353-fold in frequency because of the abundance asymmetries. Thus, it is

unlikely that this or any other CTAG-containing decamer would occur in the

E. coli genome, whereas 7-8 CTGG-containing decamers would be expected in

the coding strand. To estimate a decamer in the noncoding strand as well,

the frequency of the decamer's complement must also be calculated to obtain

a value for the whole genome. These calculations point out how limiting
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the genome size of E. coli is with respect to diversity of sequences much

longer than 10 bases, given the observed abundance asymmetries.

Accuracy of a Third Order Markov Chain in Predicting Hexanucleotide

Frequencies

To estimate how accurately the foregoing method predicted oligonucleo-

tide sequences, the observed frequencies of the 4,096 hexanucleotides were

compared to those expected by application of a 3rd order Markov chain. A

sample of the data are given in Table 5 for the 64 possible palindromes,

most of which are restriction enzyme sites. Also, the reciprocal of

observed frequencies are listed which represents the average spacing in

nucleotides between sites. In the total data set, the mean ratio of

observed to expected frequencies was 1.03 ± 0.94. Increasing the data set

to 213,557 bases did not change the mean nor significantly alter the

standard deviation (data not shown). A mean of 1.02 ± 0.93 was also found

for the palindromic hexanucleotides.

One of the most practical applications of the method will be to

estimate sizes of restriction enzyme fragments during cloning and library

construction. In this regard, the relative accuracy of the method is shown

by the fact that 46 of the 64 hexanucleotide palindromes (or 72%) gave

observed-to-expected ratios within the range 0.5-2.0. In practical terms,

this means that the method can predict restriction fragment lengths to

within half to twice the expected length 72% of the time. Of 4,096 hexanu-

cleotides, 3,748 (84.9%) had ratios within 0.5-2.0.

We conclude, therefore, that overall the 3rd order Markov chain is a

relatively accurate predictor of observed frequencies, at least up to the

hexanucleotide level starting from a relatively small data set. Further-

more, increasing the data set does not necessarily improve accuracy, and

50-100 kb of known DNA sequence is probably close to a typical data base

for many organisms at present. Greater accuracy can be achieved by using a

higher order Markov chain should the data base be large enough to allow it.

Codon Usage and Ordered Abundance Curves

The E. coli genome is largely coding DNA. Hence, codon usage has had

a significant influence over the observed di- through hexanucleotide

frequencies. However, no one has quantitatively measured the effect. One

estimate is shown here by the complement ratio plots. That is, the most

abundant oligonucleotides had ratios greater than one while the least

abundant oligomers had ratios less than one. Hence, the coding strand is

enriched for oligomers in high abundance and the noncoding strand is
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enriched for low abundance sequences. In a separate communication, the

rank of oligonucleotides in ordered abundance curves and linear regression

analysis have been used to measure directly the effect of codon usage on

observed frequencies. A Markov chain has also been useful in identifying

over- and underabundant oligonucleotides in the E. coli genome whose

frequencies cannot be accounted for by codon usage.
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