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MASTER EQUATIONS

16 Master equations for the canonical gene regulatory circuit of two mutually opposing

proteins that positively self-regulate themselves, as in Fig. 1, are given as following:

dP1111(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1111(nA, nB) + fAAP0111(nA − 2, nB)

−hAB

2
[nB(nB − 1)]P1111(nA, nB) + fABP1011(nA, nB − 2)

−hBA

2
[nA(nA − 1)]P1111(nA, nB) + fBAP1101(nA − 2, nB)

−hBB

2
[nB(nB − 1)]P1111(nA, nB) + fBBP1110(nA, nB − 2)

+kA[(nA + 1)P1111(nA + 1, nB)− nAP1111(nA, nB)]

+kB[(nB + 1)P1111(nA, nB + 1)− nBP1111(nA, nB)]

+gA
11[P1111(nA − 1, nB)− P1111(nA, nB)]

+gB
11[P1111(nA, nB − 1)− P1111(nA, nB)] (1)

dP1011(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1011(nA, nB) + fAAP0011(nA − 2, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P1111(nA, nB + 2)− fABP1011(nA, nB)

−hBA

2
[nA(nA − 1)]P1011(nA, nB) + fBAP1001(nA − 2, nB)

−hBB

2
[nB(nB − 1)]P1011(nA, nB) + fBBP1010(nA, nB − 2)

+kA[(nA + 1)P1011(nA + 1, nB)− nAP1011(nA, nB)]

+kB[(nB + 1)P1011(nA, nB + 1)− nBP1011(nA, nB)]

+gA
10[P1011(nA − 1, nB)− P1011(nA, nB)]

+gB
11[P1011(nA, nB − 1)− P1011(nA, nB)] (2)
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dP0111(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1111(nA + 2, nB)− fAAP0111(nA, nB)

−hAB

2
[nB(nB − 1)]P0111(nA, nB) + fABP0011(nA, nB − 2)

−hBA

2
[nA(nA − 1)]P0111(nA, nB) + fBAP0101(nA − 2, nB)

−hBB

2
[nB(nB − 1)]P0111(nA, nB) + fBBP0110(nA, nB − 2)

+kA[(nA + 1)P0111(nA + 1, nB)− nAP0111(nA, nB)]

+kB[(nB + 1)P0111(nA, nB + 1)− nBP0111(nA, nB)]

+gA
01[P0111(nA − 1, nB)− P0111(nA, nB)]

+gB
11[P0111(nA, nB − 1)− P0111(nA, nB)] (3)

dP0011(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1011(nA + 2, nB)− fAAP0011(nA, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P0111(nA, nB + 2)− fABP0011(nA, nB)

−hBA

2
[nA(nA − 1)]P0011(nA, nB) + fBAP0001(nA − 2, nB)

−hBB

2
[nB(nB − 1)]P0011(nA, nB) + fBBP0010(nA, nB − 2)

+kA[(nA + 1)P0011(nA + 1, nB)− nAP0011(nA, nB)]

+kB[(nB + 1)P0011(nA, nB + 1)− nBP0011(nA, nB)]

+gA
00[P0011(nA − 1, nB)− P0011(nA, nB)]

+gB
11[P0011(nA, nB − 1)− P0011(nA, nB)] (4)
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dP1110(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1110(nA, nB) + fAAP0110(nA − 2, nB)

−hAB

2
[nB(nB − 1)]P1110(nA, nB) + fABP1010(nA, nB − 2)

−hBA

2
[nA(nA − 1)]P1110(nA, nB) + fBAP1100(nA − 2, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P1111(nA, nB + 2)− fBBP1110(nA, nB)

+kA[(nA + 1)P1110(nA + 1, nB)− nAP1110(nA, nB)]

+kB[(nB + 1)P1110(nA, nB + 1)− nBP1110(nA, nB)]

+gA
11[P1110(nA − 1, nB)− P1110(nA, nB)]

+gB
10[P1110(nA, nB − 1)− P1110(nA, nB)] (5)

dP1010(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1010(nA, nB) + fAAP0010(nA − 2, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P1110(nA, nB + 2)− fABP1010(nA, nB)

−hBA

2
[nA(nA − 1)]P1010(nA, nB) + fBAP1000(nA − 2, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P1011(nA, nB + 2)− fBBP1010(nA, nB)

+kA[(nA + 1)P1010(nA + 1, nB)− nAP1010(nA, nB)]

+kB[(nB + 1)P1010(nA, nB + 1)− nBP1010(nA, nB)]

+gA
10[P1010(nA − 1, nB)− P1010(nA, nB)]

+gB
10[P1010(nA, nB − 1)− P1010(nA, nB)] (6)
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dP0110(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1110(nA + 2, nB)− fAAP0110(nA, nB)

−hAB

2
[nB(nB − 1)]P0110(nA, nB) + fABP0010(nA, nB − 2)

−hBA

2
[nA(nA − 1)]P0110(nA, nB) + fBAP0100(nA − 2, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P0111(nA, nB + 2)− fBBP0110(nA, nB)

+kA[(nA + 1)P0110(nA + 1, nB)− nAP0110(nA, nB)]

+kB[(nB + 1)P0110(nA, nB + 1)− nBP0110(nA, nB)]

+gA
01[P0110(nA − 1, nB)− P0110(nA, nB)]

+gB
10[P0110(nA, nB − 1)− P0110(nA, nB)] (7)

dP0010(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1010(nA + 2, nB)− fAAP0010(nA, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P0110(nA, nB + 2)− fABP0010(nA, nB)

−hBA

2
[nA(nA − 1)]P0010(nA, nB) + fBAP0000(nA − 2, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P0011(nA, nB + 2)− fBBP0010(nA, nB)

+kA[(nA + 1)P0010(nA + 1, nB)− nAP0010(nA, nB)]

+kB[(nB + 1)P0010(nA, nB + 1)− nBP0010(nA, nB)]

+gA
00[P0010(nA − 1, nB)− P0010(nA, nB)]

+gB
10[P0010(nA, nB − 1)− P0010(nA, nB)] (8)
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dP1101(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1101(nA, nB) + fAAP0101(nA − 2, nB)

−hAB

2
[nB(nB − 1)]P1101(nA, nB) + fABP1001(nA, nB − 2)

+
hBA

2
[(nA + 2)(nA + 1)]P1111(nA + 2, nB)− fBAP1101(nA, nB)

−hBB

2
[nB(nB − 1)]P1101(nA, nB) + fBBP1100(nA, nB − 2)

+kA[(nA + 1)P1101(nA + 1, nB)− nAP1101(nA, nB)]

+kB[(nB + 1)P1101(nA, nB + 1)− nBP1101(nA, nB)]

+gA
11[P1101(nA − 1, nB)− P1101(nA, nB)]

+gB
01[P1101(nA, nB − 1)− P1101(nA, nB)] (9)

dP1001(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1001(nA, nB) + fAAP0001(nA − 2, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P1101(nA, nB + 2)− fABP1001(nA, nB)

+
hBA

2
[(nA + 2)(nA + 1)]P1011(nA + 2, nB)− fBAP1001(nA, nB)

−hBB

2
[nB(nB − 1)]P1001(nA, nB) + fBBP1000(nA, nB − 2)

+kA[(nA + 1)P1001(nA + 1, nB)− nAP1001(nA, nB)]

+kB[(nB + 1)P1001(nA, nB + 1)− nBP1001(nA, nB)]

+gA
10[P1001(nA − 1, nB)− P1001(nA, nB)]

+gB
01[P1001(nA, nB − 1)− P1001(nA, nB)] (10)
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dP0101(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1101(nA + 2, nB)− fAAP0101(nA, nB)

−hAB

2
[nB(nB − 1)]P0101(nA, nB) + fABP0001(nA, nB − 2)

+
hBA

2
[(nA + 2)(nA + 1)]P0111(nA + 2, nB)− fBAP0101(nA, nB)

−hBB

2
[nB(nB − 1)]P0101(nA, nB) + fBBP0100(nA, nB − 2)

+kA[(nA + 1)P0101(nA + 1, nB)− nAP0101(nA, nB)]

+kB[(nB + 1)P0101(nA, nB + 1)− nBP0101(nA, nB)]

+gA
01[P0101(nA − 1, nB)− P0101(nA, nB)]

+gB
01[P0101(nA, nB − 1)− P0101(nA, nB)] (11)

dP0001(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1001(nA + 2, nB)− fAAP0001(nA, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P0101(nA, nB + 2)− fABP0001(nA, nB)

+
hBA

2
[(nA + 2)(nA + 1)]P0011(nA + 2, nB)− fBAP0001(nA, nB)

−hBB

2
[nB(nB − 1)]P0001(nA, nB) + fBBP0000(nA, nB − 2)

+kA[(nA + 1)P0001(nA + 1, nB)− nAP0001(nA, nB)]

+kB[(nB + 1)P0001(nA, nB + 1)− nBP0001(nA, nB)]

+gA
00[P0001(nA − 1, nB)− P0001(nA, nB)]

+gB
01[P0001(nA, nB − 1)− P0001(nA, nB)] (12)
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dP1100(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1100(nA, nB) + fAAP0100(nA − 2, nB)

−hAB

2
[nB(nB − 1)]P1100(nA, nB) + fABP1000(nA, nB − 2)

+
hBA

2
[(nA + 2)(nA + 1)]P1110(nA + 2, nB)− fBAP1100(nA, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P1101(nA, nB + 2)− fBBP1100(nA, nB)

+kA[(nA + 1)P1100(nA + 1, nB)− nAP1100(nA, nB)]

+kB[(nB + 1)P1100(nA, nB + 1)− nBP1100(nA, nB)]

+gA
11[P1100(nA − 1, nB)− P1100(nA, nB)]

+gB
00[P1100(nA, nB − 1)− P1100(nA, nB)] (13)

dP1000(nA, nB)

dt
=

−hAA

2
[nA(nA − 1)]P1000(nA, nB) + fAAP0000(nA − 2, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P1100(nA, nB + 2)− fABP1000(nA, nB)

+
hBA

2
[(nA + 2)(nA + 1)]P1010(nA + 2, nB)− fBAP1000(nA, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P1001(nA, nB + 2)− fBBP1000(nA, nB)

+kA[(nA + 1)P1000(nA + 1, nB)− nAP1000(nA, nB)]

+kB[(nB + 1)P1000(nA, nB + 1)− nBP1000(nA, nB)]

+gA
10[P1000(nA − 1, nB)− P1000(nA, nB)]

+gB
00[P1000(nA, nB − 1)− P1000(nA, nB)] (14)
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dP0100(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1100(nA + 2, nB)− fAAP0100(nA, nB)

−hAB

2
[nB(nB − 1)]P0100(nA, nB) + fABP0000(nA, nB − 2)

+
hBA

2
[(nA + 2)(nA + 1)]P0110(nA + 2, nB)− fBAP0100(nA, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P0101(nA, nB + 2)− fBBP0100(nA, nB)

+kA[(nA + 1)P0100(nA + 1, nB)− nAP0100(nA, nB)]

+kB[(nB + 1)P0100(nA, nB + 1)− nBP0100(nA, nB)]

+gA
01[P0100(nA − 1, nB)− P0100(nA, nB)]

+gB
00[P0100(nA, nB − 1)− P0100(nA, nB)] (15)

dP0000(nA, nB)

dt
=

+
hAA

2
[(nA + 2)(nA + 1)]P1000(nA + 2, nB)− fAAP0000(nA, nB)

+
hAB

2
[(nB + 2)(nB + 1)]P0100(nA, nB + 2)− fABP0000(nA, nB)

+
hBA

2
[(nA + 2)(nA + 1)]P0010(nA + 2, nB)− fBAP0000(nA, nB)

+
hBB

2
[(nB + 2)(nB + 1)]P0001(nA, nB + 2)− fBBP0000(nA, nB)

+kA[(nA + 1)P0000(nA + 1, nB)− nAP0000(nA, nB)]

+kB[(nB + 1)P0000(nA, nB + 1)− nBP0000(nA, nB)]

+gA
00[P0000(nA − 1, nB)− P0000(nA, nB)]

+gB
00[P0000(nA, nB − 1)− P0000(nA, nB)] (16)
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