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Derivation of Model Equations. 

Figure 1 shows a basic schematic for the 1-compartment model of biomarker secretion 

and tumor growth. Here, we derive the equation for the mass of biomarker in plasma, qPL(t), for 

the mono-exponential and Gompertzian growth models. 

 

1. Mono-Exponential Growth Model 

The change in plasma biomarker mass with respect to time is 

 

€ 

dqPL(t)
dt

= uT (t) + uH(t) − kELqPL(t). (Eq. 1)
 

The rate of entry of biomarker into plasma is the sum of inputs from tumor cells, 

 

€ 

uT (t) = fPL,TRTNT (t), 
(Eq. 2) 

and from healthy cells, 

 

€ 

uH(t) = fPL,HRHNH(t) (Eq. 3) 

Tumor cell growth is represented by the mono-exponential equation, 

 

€ 

NT (t) = NT ,0e
kGR t ,

 (Eq. 4) 

and healthy cell population is assumed constant, 

 

€ 

NH(t) = NH,0 . (Eq. 5) 

Combining Eqs. 1-5 gives 

 

€ 

dqPL(t)
dt

= fPL,TRTNT,0e
kGR t + fPL,HRHNH,0 − kELqPL(t). (Eq. 6) 

Eq. 6 can be solved numerically or analytically for qPL(t). The analytical solution of Eq. 6 can be 

obtained by taking the Laplace Transform, 

 

€ 

sQPL(s) − q0 =
fPL,TRTNT,0

s − kGR
+
fPL,HRHNH,0

s
− kELQPL(s) (Eq. 7) 



Solving for QPL(s) 

 

€ 

QPL(s) =
− fPL,HRHNH,0kGR − kGRq0 − fPL,HRHNH,0 − fPL,TRTNT,0( )s+ q0s

2

s s − kGR( ) s+ kEL( )
 (Eq. 8) 

Taking the inverse Laplace transform of Eq. 8 gives 

 

€ 

qPL(t) = A + BekGR t +Ce−kEL t  (Eq. 9) 

where 

€ 

A =
fPL,HRHNH,0

kEL

B =
fPL,TRTNT,0

kEL + kGR( )

C = q0 −
fPL,TRTNT

kEL + kGR( )
−
fPL,HRHNH,0

kEL

 

Eq. 9 is set equal to detectable mass of biomarker in plasma d×VPL (in the case of biomarker 

secretion by tumor cells only) or to cut-off limit c×VPL (in the case of biomarker secretion by 

tumor and healthy cells), and can subsequently be solved for t to determine the earliest possible 

detection time tD. 

 

2. Gompertzian Growth Model 

For the Gompertzian model, we replace Eq. 4 with 

 

€ 

NT (t) = NT ,0e
kGR

kDECAY

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 1−e −kDECAYt( )

 (Eq. 10) 

 

Eq. 6 is then solved numerically for qPL(t), and set equal to d×VPL or c×VPL. 

 

 

  



Supplementary Methods 

Parameter Ranges Examined 

We performed one-way sensitivity analyses on the following 9 parameters, with 

parameter ranges listed explicitly in Table 2 and justified below. 

1. fPL,T, the fraction of biomarker entering plasma. Because the fraction of interstitial 

CA125 entering plasma has not been measured, we used a baseline value of fPL,T = 0.1, as has 

been done previously (1), and then examined a range of fPL,T values from 1×10-4 to 1. 

2.  RT, the biomarker shedding rate from tumor cells. The shedding rates of CA125 in 

ovarian cancer cell lines OVCAR-3, SK-OV8, SK-OV-3 range from 2 to 13 U/(105 cells)/(48 h) 

(2). We used a baseline CA125 shedding rate of RT = 4.5×10-5 U/cell/day. To account for 

possibly higher shedding rates due to influences from the tumor microenvironment in vivo, as 

well as varying basal shedding rates between individual patients, we simulated a wide range of 

shedding rates from 4.5×10-11 to 0.45 U/cell/day. 

3.  NT,0, the initial number of biomarker-shedding tumor cells.  To simulate the genesis of 

a tumor, we set NT,0 = 1, and then examined a range of values up to 1×1010 cells, at which point 

the tumor is assumed to be well-established.  Values of NT,0 > 1 can represent scenarios after the 

first malignant cell has proliferated, e.g., when the primary tumor is more established, metastases 

have developed, or the cancer has recurred. 

4.  kGR, the growth rate of the tumor cell population. Brown and Palmer have estimated 

that human ovarian carcinomas have a doubling time of 4 months during the early disease stages 

(Stages I and II), and a 2.5 month doubling time during late disease stages (Stages III and IV) 

(3). Baseline tumor growth rate kGR = 5.8×10-4 day-1 was calculated using the formula kGR = (ln 

2)/(tDT), where tumor doubling time tDT = 120 days. We explored an extreme range of growth 

rates from 3.5×10-4 (200 day doubling time) to 0.58 day-1 (1 day doubling time). 

5.  kEL, the elimination rate of biomarker from plasma. The mean serum half-life for 

CA125 is 6.3 days (4), so we used a baseline elimination rate of kEL = (ln 2)/(6.3 day) = 0.1104 

day-1. We simulated an extreme range of elimination rates from 1.1×10-6 to 5.12 day-1, 

(corresponding to half-times ranging from 1720 yr to 3.25 hr). 

6.  kdecay, the rate of decay of the growth rate. The values of kdecay have not been estimated 

for human ovarian carcinoma, but a linear correlation between kGR and kdecay has been shown for 



the human colon carcinoma cell line LoVo (5).  We used a baseline value of kdecay = 1×10-4 and 

then simulated a range of values from 1.29×10-6  to 2.15×10-4. 

7.  d, the minimum concentration of biomarker detectable in plasma (detection limit of 

assay). Current clinical CA125 ELISA assays are capable of detecting as low as 1.5 U/ml (2, 6, 

7). Newer technologies are capable of detecting as low as 50 attomolar (5×10-17 M) (8). We used 

a baseline value of d = 1.5 U/ml and simulated a range of detection limits from 5×10-10 to 15 

U/ml. 

8.  fPLRHNH,0, the (constant) amount of biomarker shed by healthy cells per unit time. 

Since experimental values for fPL,H, RH, and NH,0 are not known separately for CA125, we 

examined the unknown lumped product of these values (fPL,HRHNH,0). We used fPLRHNH,0 to 

determine the effect of background healthy cell biomarker shedding on the estimate of tumor 

size, because the contributions of tumor vs. healthy cell shed biomarker are unknown. The 

baseline value for fPL,HRHNH,0 was calculated using the steady-state mass of biomarker, 

€ 

qSS =
fPL,HRHNH,0

kEL . 

Using the baseline value for kEL (0.1104 day-1) and the measured steady-state value qSS = 13.1 ± 

6.8 U/ml (9), we calculated a baseline fPL,HRHNH,0 value of 4.56×103 U/day. We then simulated a 

range of values from 4.56×10-6 to 4.56×104 U/day. 

9.  c, the plasma biomarker “cut-off” level for  healthy vs. disease states. The mean 

plasma CA125 concentration in healthy women, as measured using a monoclonal antibody 

immunoradiometric CA125 assay, is 13.1 ± 6.8 U/ml (9). We used 34.11 U/ml as the baseline 

value for c, as calculated previously (1). This is reasonable, as CA125 levels less than 35 U/ml 

are typically considered normal (9, 10).  We then simulated a range of cutoff values from 13.6 to 

135.8 U/ml (from 53% to approximately 100%). 

 We note that cutoff level c is dependent on the mean CA125 levels in healthy women,
 

€ 

qSS =
fPL,HRHNH,0

kEL . Because c is directly proportional to fPL,H, RH and NH,0, increasing lumped 

product fPL,HRHNH,0 by a factor of n would also increase c by a factor of n.  Similarly, c is 

inversely proportional to kEL, so changing kEL to n×kEL would change c to c/n.  Therefore, in the 

sensitivity analyses, when either fPL,HRHNH,0, or kEL were perturbed, c was also proportionally 

altered. 



Supplementary discussion of five example early detection strategies evaluated using the 1-

compartmental model. 

An important result of this study is the identification of the biological processes involved 

in biomarker shedding that can (or cannot) be exploited to improve blood biomarker 

detectability. Here, we used the model to evaluate the following five specific strategies in terms 

of their ability to detect sub-millimeter diameter tumors: 

1. Increasing tumor cell biomarker shedding rate, RT. (As noted previously, the term 

“shedding” is intended to include any mechanism of biomarker release into the interstitium, e.g., 

secretion, cell apoptosis.) At baseline, RT = 4.5×10-5 U/day/cell (Table 2). In the presence or 

absence of background biomarker shedding, the model indicates that the most effective method 

is to increase RT. We found that increasing RT by a factor of 104 above baseline (or alternatively, 

using a different biomarker with a 104-fold higher RT) allowed detection of tumors less than (1 

mm)3 in the case of tumor and healthy cell shedding, and less than (0.39 mm)3 in the case of 

tumor cell shedding only. Tables 3 and 4 and Figures S2B and S3B also illustrate other outcomes 

resulting from changing RT. Increased tumor cell shedding rates are now becoming possible with 

strategies such as the application of low frequency ultrasound to induce biomarker shedding 

from suspect tumor sites (11). 

2. Decreasing the biomarker influx, fPL,HRHNH,0, from healthy (non-cancerous) cells. At 

baseline, fPL,HRHNH,0 = 4.56×103 U/day (Table 2). The ideal cancer biomarker would not be shed 

by healthy cells. Using the baseline parameter values provided in this study, we quantified that 

decreasing healthy cell biomarker influx 104-fold would allow detection of sub-millimeter 

tumors (Table 2). While it may not be physiologically plausible to halt shedding of a biomarker 

by healthy cells, this result implies that the ideal candidate biomarker should not be released 

from healthy cells at an influx rate more than 0.456 U/day. This translates to a 104-fold decrease 

in the mean steady-state biomarker concentration observed in healthy patients (without cancer); 

thus qSS/VPL should not exceed 0.0013 U/ml. Although we are unaware of any clinical blood 

biomarker that satisfies this requirement, this provides a more rigorous guideline as to how the 

biomarker production levels by tumor cells vs. healthy cells could be defined. 

3. Decreasing the assay detection limit, d. At baseline, d = 1.5 U/ml (Table 2). In the case 

of shedding by tumor cells only, decreasing d from 1.5 to 1.5×10-3 U/ml (a 103-fold decrease) 

would allow detection of tumors as low as 0.85 mm in diameter (Figures S2G and Table 3). This 



is becoming possible as newer detection technologies, such as the magneto-nanosensor being 

developed in our group, are capable of detecting biomarker concentrations as low as 50 

attomolar (5×10-17 M) (8). The model suggests that a 106-fold decrease in d would be required to 

detect tumors smaller than (0.1 mm)3. In the case of background shedding by healthy cells, d is 

essentially irrelevant because plasma biomarker levels presumably exceed the detection limit. 

4. Decreasing biomarker elimination rate from plasma, kEL. At baseline, kEL = 0.11 day-1 

(Table 2). For shedding by tumor cells only, if kEL is decreased to 0.5% of its baseline value, then 

a tumor of volume (3.21 mm)3 could be detected 7.4 years after its genesis (Figure S2F). 

Decreasing kEL any further would not improve early detection because the detection limit of the 

assay would become the limiting factor. For shedding by tumor and healthy cells, if kEL is 

decreased, then c would proportionally increase; thus the minimum detection volume (and 

corresponding time until detection) would not decrease (Figure S3F). Therefore, using a 

biomarker that maintains a long half-life in blood is not the most effective solution. 

5. Increasing the fraction of biomarker entering plasma, fPL,T.  At baseline, fPL,T = 0.1 

(Table 2). Interestingly, even if 100% of shed biomarker were to enter blood, the model indicates 

that the smallest detectable tumor for a biomarker shed by both tumor and healthy cells would 

only be (9.49 mm)3 vs. baseline (20.44 mm)3, and would become detectable (with an assay of d = 

1.5 U/ml) approximately 9.0 years after the genesis of the tumor (Table 4). For a biomarker shed 

by tumor cells only, the smallest detectable tumor would be (3.94 mm)3 vs. baseline (8.48 mm)3, 

becoming detectable 7.7 years after the genesis of the tumor (Table 3). Detecting smaller tumor 

volumes would not be possible with an assay of this sensitivity because fPL,T cannot be increased 

beyond 1. 
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Figure S1. Earliest possible detection time vs. actual blood-based detection times. (A) When 
biomarker is shed by tumor cells only, the assay detection limit determines the earliest possible 
blood-based detection time. Green circles represent blood biomarker levels at periodic sampling 
times. Before the genesis of the parental tumor cell, blood biomarker levels are 0. The actual 
blood-based detection time occurs when the first blood sampling test exceeds the assay detection 
limit. (B) When biomarker is also shed by healthy cells, blood biomarker concentrations are 
presumably already above the assay detection limit. The earliest possible detection time is then 
determined by the “cut-off” level for healthy vs. disease states. The actual blood-based detection 
time occurs when the first blood sampling result exceeds the disease “cut-off” level. 
 



 

 
Figure S2. Earliest possible detection time tD (left y-axis) and diameter of tumor at 
detection (right y-axis), calculated for the indicated range of parameter values (x-axis) 
assuming biomarker shedding by tumor cells only. Early detection time tD was approximated 
using both mono-exponential (––––) and Gompertzian (––––) tumor growth models. Tumor 
diameter (––––) was approximated assuming a cell density of 106 cells/mm3. Dashed vertical line 
(– – –) indicates baseline parameter value. (A) fPL,T, the fraction of biomarker entering tumor 
vasculature. (B) RT, the biomarker shedding rate per tumor cell. (C) NT,0, the initial number of 
biomarker-shedding tumor cells. (D) kGR, the growth rate of the tumor cell population. (E) kdecay, 
the rate at which the tumor growth rate decreases. (F) kEL, the elimination rate of biomarker from 
plasma. (G) d, the detection limit of the assay. 
 



 

 
 

Figure S3. Earliest possible detection time tD (left y-axis) and diameter of tumor at 
detection (right y-axis), calculated for the indicated range of parameter values (x-axis) 
assuming biomarker shedding by tumor and healthy cells. Early detection time tD was 
approximated using both mono-exponential (––––) and Gompertzian (––––) tumor growth 
models. Tumor diameter (––––) was approximated assuming a cell density of 106 cells/mm3.  
Dashed vertical line (– – –) indicates baseline parameter value. (A) fPL,T, the fraction of 
biomarker entering tumor vasculature. (B) RT, the biomarker shedding rate per tumor cell. (C) 
NT,0, the initial number of biomarker-shedding tumor cells. (D) kGR, the growth rate of the tumor 
cell population. (E) kdecay, the rate at which the tumor growth rate decreases. (F) kEL, the 
elimination rate of biomarker from plasma. (G) fPL,HRHNH,0, the biomarker shedding rate for 
healthy cells. (H) c, the plasma biomarker “cut-off” for healthy and disease states.  


