
Solution to regularized sparse random graph
model

The objective function of the regularized sparse random graph model (RSRGM)
is: 

minθ,ψ −
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2
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(
θTDθ

)
+ Tr

(
ψDψT

)
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)
s.t. θ ≥ 0, ψ ≥ 0.

(1)

Here, we use the multiplicative updating rule [2] to solve this nonnegative con-
strained optimization problem.

Let φik and ωkj be the Lagrange multipliers for constraints θik ≥ 0 and ψkj ≥
0, respectively, and φ = (φik), ω = (ωkj). The Lagrange function L is

L (θ, ψ, φ, ω) = −
n∑
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Aij log
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(θψ)ij

)
+
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ωkjψkj. (2)

The gradients of Lagrange function L with respect to θik and ψkj are:

∇θikL = −
n∑
j=1

Aij
ψkj

(θψ)ij
+

n∑
j=1

ψkj + λ+ β(Dθ)ik − β
(
AψT

)
ik
+ φik, (3)

and

∇ψkj
L = −
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+
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θik + λ+ β(ψD)kj − β
(
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)
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+ ωkj. (4)
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Since the estimators of θik and ψkj need to satisfy∇θikL = 0 and∇ψkj
L = 0, we

can get

φik =
n∑
j=1

Aij
ψkj

(θψ)ij
−

n∑
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ψkj − λ− β(Dθ)ik + β
(
AψT

)
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, (5)

and
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θik − λ− β(ψD)kj + β
(
θTA

)
kj
. (6)

Using the Karush-Kuhn-Tucker (KKT) conditions [1], φikθik = 0 and ωkjψkj = 0,
we get the following equations for θik and ψkj:

θik

(
n∑
j=1

ψkj + λ+ β(Dθ)ik

)
= θik

(
n∑
j=1
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ψkj

(θψ)ij
+ β

(
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)
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)
, (7)

and

ψkj

(
n∑
i=1
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)
= ψkj

(
n∑
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(
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)
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)
. (8)

Then, it is easy to obtain the updating rules:

θik ← θik

∑n
j=1Aij

ψkj

(θψ)ij
+ β

(
AψT

)
ik∑n

j=1 ψkj + λ+ β(Dθ)ik
, (9)

and

ψkj ← ψkj

∑n
i=1Aij

θik
(θψ)ij

+ β
(
θTA

)
kj∑n

i=1 θik + λ+ β(ψD)kj
. (10)

By initializing θ and ψ randomly and updating θ and ψ alternatively according to
Equations (9) and (10), respectively, we can obtain the solution to the regularized
sparse random graph model (1).

References
[1] H.W. Kuhn and A.W. Tucker. Nonlinear programming. In Proceedings of

the second Berkeley symposium on mathematical statistics and probability,
volume 1, pages 481–492. California, 1951.

2



[2] Daniel D. Lee and H. Sebastian Seung. Algorithms for non-negative matrix
factorization. In Advances in neural information processing systems, vol-
ume 13, pages 556–562, 2001.

3


