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Web Appendix A: Assumptions

The following list of conditions are assumed throughout the paper:

L[] Awo(t)dt < oo.

3. ANkKi(+), Yii(+), Zpi(+), i = 1, ..., ng br—1,. s are independently distributed; for regular strat-
1ﬁed data, {N]m(), Ykz()u Zkl()}lzl

.....

each stratum &.
4. regularity conditions for different regimes:

e For regular stratified data, there exists a neighborhood B of 3, and scalar,vector

and matrix functions 5,(60), s,il) and s,(f) defined on B x [0, 7] such that for p = 0,1, 2,

1 0 2 0
SUP, 0.1 Besl ST (B,1) — s (B,1)]| 2> 0. Define e = s /s and vy, = s /5" —
e?.

The matrix Xy, = [ ve(By, )5 (B, t) Aox(t)dt is positive definite.

e For highly stratified data, both

I = lim;_.oos 'Y, E [Z?ﬁl oA Zyi(u) — Zy,(B,, U)}®2Yk§(u)€ﬁozki(")sjg+gsm]

for censoring complete case and

- _ s n T 7 "7 (u) dNpg(u
I=lim, s>, E [Ziil 0 1Zri(u) — Zi(By, ) } 2wy (1) Vi (u) ePoZril )WAOL)
for right censored case are positive definite.
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Web Appendix B: Consistency of ﬁ for Censoring Complete Highly Stratified Data

Let C(B,t) be the logarithm of the partial likelihood evaluated at time t, so we have

[Z / B'Zi(w)d Ny (u / {logZYkl B'Zki'W)}de(u)],

where Nj = Zi:ko Ny; and ny, is finite. We also have C(8, 1) = log L(3). B is the solution to
the estimating equation (0/03)C(8,7) = 0.

Consider the process
X(B,t) = sH(C(B,t) — C(By, 1))

— g1 s [ —B.N7.. . > Yk?(u)eﬁlz’“”(u) ~—
— g Z ;/0 (B = By) Zii(u)dNy;(u) — /0 log{zil:1 Yk’;,(u)eﬁézw(“)}de(u)]

k=1
S (8 vz anu — [(og ] S5 B0 x
=5 ; Z/o(ﬁ Bo) Zii(w)dNg;(u) /olg{S,gO)(ﬂo,u)}d k( )]-

where S, (8,t) = nir ' 2, Yy () Z(£)2PeB 2™ p = 0,1, 2. Define

ng t t (0) u L
Xi(B,t) = Z/O (B — Bo) Zi(u)d Ny (u) — /0 log {M} dNi(u), k=1,...s.

0
51 (Bo.w)
Then, X(8,t) = s> "7 | Xi(B,t). For convenience, we suppress t at ¢ = 7 in these expres-

sions. Hence, Xy (8,7) = Xx(B), and X(8,7) = X(3).

Suppose X(8) = E{Xx(8)} and X(8) = lims—0o s D 1, Xk(B).

The conditions 1 and 2 lead to the fact that dN(¢) and Slio) (B,t) have bounded varia-
tion (Lin et al. , 2000). This result and the finiteness of strata sizes nj’s can be used to
show that X(8),k = 1,...,s are bounded. As a result, s™' > _ | E{|Xx(8) — X(8)*} <
maxye(1, s} B{|Xk(8) — X(B)|*} is bounded. Hence, s™2>";_ E{|Xx(8) — X(B)|*} — 0.
In addition,the condition 3 guarantees the independence of Xj(3)’s. Therefore, By Kol-
mogorov Strong Law of Large Numbers ; X (3) converges to X' (3) almost surely, for all 3 € B,
where B is any compact neighborhood of 3, (Sen and Singer, 1993, chap.2).
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Xk(B) is random concave by Anderson and Gill (1982). Therefore, X(3) is a random
concave function since it is just a sum of random concave functions. This implies the uniform
convergence of X (3) to X'(83) on compact subspaces 3 € B. That is, SUP Geps |1 X(B)—-X(B)| =,
0 (Rockafellar, 1970, Theorem 10.8).

Now by the boundedness conditions and the independence of range of integral on 3, we
can evaluate the first and second derivatives of X(3) by taking partial derivatives inside the

integral and expectation. Clearly, the first derivative evaluated at 3, is a);(ﬁﬁ) | B-8 = 0, since
-0

the expected value of the score function (0/98)C(8,7) equals to 0 at 8 = 3,. Furthermore,

0’ X(B) N Syl A . Ty AN (1)
o3 — Jim s 1;]3 [;/0 {Zi(u) — Zn(B, u) 22V (u)eP ()m , (A

which equals to I when evaluated at 8,. By condition 4, (A.1) is negative definite. Therefore,
X(B) is a concave function of B with a unique maximum at 3,. Thus, the maximizer of

X(B) : ﬁ converges in probability to the unique maximum of X'(3) : 3, (Anderson and Gill,

1982, Corollary 11.2).

Web Appendix C.1: Consistency of B for Right Censored Highly Stratified Data
When the highly stratified data are right censored, we show the consistency of B by mod-

ifying the proof in Appendix A. Note that the risk process Y*(t) = I(C > t)Y(t) is replaced

~

by Y (t) = @(t)Y (t), where @(t) = I(C > T A t)G(t)/G(X At). Thus, we have

6’(,@, t) = Z [Z/(; /B,Zkl(u)de(u) — /0 {lOgZﬁ?}“’/ (U)Yki/(t)eﬁlzki’(u)} dﬁk(u)] .

Since w(t) — w(t) = I[(C > TAt)G(t)/G(X At), where G(t) = Pr(Cy; >T), k=1,...,s; 1=



1,...,n, we further have

= Z [Z/O B'Zy.i(u)dNyi(u) —/0 {1ngwki/(u)Yki/(u)eﬁ/Zkz }de( )

=

Hence,

X(B,1)
“HC(B,t) — C(By, 1))

s

v W (1) Vi (w)eB 2@ |

- 1; Z/ (8= Bo) s ()Nl /0 log{ i 11'wkz (U)Yki’(u)Qﬁ,OZki’(u)}de(U) +op(1)
ey )|

_g ! ) Zigi () d N ( 1 d + 0,(1),

) ;Z/ﬁ Bo) B} /g{ 0 >} | et

where

Nk
S By t) = np "D wii(t) V(£ Zg ()P0 p=0,1,2.

i=1

Correspondingly,

N m C(800B,u) )
Xk(ﬁ,t):;/o (g_ﬂo)/zki(u)d]\fki(u)—/o 1og{%}dm(u),

%(8) = {XB)}, and
X(B) = lim s7 ) " X(B)
R
Since w(t)Y (t) < I(C > t)Y (1), SV(B8,1) < SV(B,t) . We can show Xy(8),k =1,...,s

are bounded using the boundedness results from appendix A. Therefore, s' > _ | E {|)? k(B) — fk(ﬁ) |2}
< maxgeqr,. s E {|)?k(6) — fk(6)|2} is bounded. Hence, 727 | E {|)?k(6) — fk(ﬁ)|2} —
0. In addition, condition 3 guarantees the independence of )A(:k(ﬁ)’s. Therefore, By Kol-
mogorov Strong Law of Large Numbers, X (B3) converges to X (B3) almost surely, for all 3 € B,

where B is any compact neighborhood of 3, (Sen and Singer, 1993, chap.2).
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The uniform convergence is showed next.

m = —8_1 8 nk ' () — 7 U ®2w (u (u eﬁlzki(u) dﬁk(u)
08’ kz:; [;/0 {Zkz( ) — Zx(B, )} ki (1) Yii(w) §,§°)(ﬁ,u) , (A2)

where Zp(By,t) = S\ (B4, 1)/S\”(By,1). Since wy(u)Yis(w), dNi(u) and S\ (8, u) are all
nonnegative, (A.2) is negative semidefinite. Thus, X () is a random concave function.

Now by the boundedness conditions and the independence of range of integral on 3, we
can evaluate the first and second derivatives of X (B) by taking partial derivatives inside the
integral and expectation. Clearly, the first derivative evaluated at 3 is %(6@| B-B, = 0, since
the expected value of the score function (9/ 8,8)5’ (B,7) equals to 0 at 3 = B,. Furthermore,

L () = —slirglos 1ZE [2/ {Zi(u) — Zy,(B, 1)} wyi(u )Yki(u)eﬁlzm

0B

de( )
V(B u)

(A.3)

which equals to I when evaluated at B, By condition 4, (A.3) is negative definite. Therefore,

X(B) is a concave function of B with a unique maximum at B;,. Thus, the maximizer of

X(B) : ﬁ converges in probability to the unique maximum of X (B) : By (Anderson and Gill,

1982, Corollary 11.2).

Web Appendix C.2: Asymptotic Normality of s‘éUl(ﬁo,t) for Highly Stratified

Right Censored Data

Rewrite equation (3): U1(By,t) = > 01 > [, {Zm( ) — zk(ﬁoau)}@ki(u)dei(ﬁoau)

as
UL(By.1) = / {Zia() — Z(By. )} B )AN By ) (A4)
1 =
+ZZ [ {2800 - 2800} N80,
k=1 i=1



where

nk
SP(B,1) =it Bri(1) Vea () Zia (1) PP 260 p =0, 2,
i=1

Zi(B,t) = S (8,1)/5" (8, 1),

Nk
S (B.0) = np "> wii(t)Yea() Zis (1) PP 250 p =0, 2,

i=1

Z:(8.1) =SV (8,1) /5 (B, 1).

Clearly,

S

first part of (A.4) Z Z/ Zm Zk (Bo, )} Wi (4)dNii (B, w)

k=1 i=1
since W;(u)dNii(By, u) = wii(u)dNpi( By, u).

We can now write

sU (B, t) ZUlk By, t) + H(By, 1)

where U14(8,, ) = >k o {Zkl( ) — Zk(ﬁo,u)} wii(w)d Ny (B, w), and H(B,,t) is the sec-
ond part of (A.4).

A first-order Taylor expansion of Zj(8y,u) — Zy(By,u) w.r.t. @pi(u) around wy(u),i =

1,...,ny gives:
2B 1)~ 81) = 3 A ) (7o) (1)
where
Ai(By, 1) = ij(u)?kj(u)eﬁgz’”(t)  Yiy(w)eP P S (8, 1)

— X =
nS\ (8o, u) nSY (Bg,u) S (Bo,t)

Yo () eBoZr; (1) ~
B st(gfﬁ u) S CEOREZCA)
k 0




Therefore,

s t Mk

H(By,t) = —s~" Z Z /0 Z A (Bo, w{w;(w) — wi;(w) pwei(uw)dNgi(u) + Op(1/s).
Now write
_ O ST A Gu)  G(u)
Wi (u) — wij(u) = 1(Crj = Tij Au) {@(Xk]) G(ij)}
=10 < wu) [ f‘f&) +o,(1),
where Y(y) = 1377 | I(X; > y) — 7(y) and M(y) = [(X <y, A=0)— [ [(X >t)dA(t)

is the martingale associated with the censoring process. Since we assume no strata effect on

the censoring process, a single index can be used, such that M¢(y) = > Mf(y).

This gives
= 'O tdM(y)
H(By,t) = ;;/ ZAkJ (Bos u)I(Xzj < w)wy;(u) /ij Yo (y) Wi (w)dNgi(w) + Oy(1/5)
s ng t Nk 00 dM¢
=g Z Z/ Z A (By, u)wg;(u) / I( Xy <y <u) n]\}{;((?gj))wkl(u)d]vkl(u) + O,(1/s)
k=1 i=1 70 0

s ng ng

B _1/ _1222/ Ap;i(Bo, w)[(Xij <y < u)wyj(u)wgi(u)dNyi(u )dM(()) +0,(1/s).

k=1 =1 j=1

Accordingly, H(By,00) =n~" >, [77Y(y) ' Q(By, y)dM(y) + O,(1/s), where

QBuy =533 / A (B ) 1(Xes < y < u)wgs(u)uwns(u)dNis(w).

k=1 =1 j=1

Since { N, Yiis Zrisi = 1, ... ng,n}, k= 1,..., s are i.i.d. for highly stratified data,

QB ) — [ZZ [ 4800106 < 0 < W)

Let o, = So0%, Jo~ aly) {mmm (y)YdMii(y), H(By, 00) = 571 34y 90 +0,(1/5), i = Uni(By, 1)-

Then,

s

S_IUl(ﬁoa T) = s Z(m + 1) + 0,(1),

k=1
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which is approximately a sum of s i.i.d. distributed random variables. By multivariate
central limit theorem, S_%Ul(,ﬁo,’T) is asymptotically normal with covariance matrix 3, =

E{(n, + ¥i)(m; + ;)" }. This can be estimated empirically by
I = a0
k=1
where ’I/Jk =31 k) [7°Q 6 y)/{mY(y )}d]\//ff(y) Here J/\/[\C(y) is defined analogously
to M¢(y) with A°(t) replaced by /A\C(t), and Q(B, y) is defined analogously to Q(B, y), with Z re-

placed by Z and wy; replaced by @y,;. Further, Ac = [inY(w)} ', dI(X; < u, A = 0)

and 7). is defined analogously to ﬁlk(ﬁ, T), with Z replaced by Z and wy, replaced by wy;.



