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Starting from the parent-offspring regression (Equation 31):
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we derive an expression for heritability in terms of the variance components of the mixed model
y=pltate, where a~N(0.G), G=Ac",and € ~ N(0.Io; ). The numerator (N) and

denominator (D) in Equation 31 are univariate random variables that can be written as quadratic

forms:
N=a'(y—d)=2'Q,z
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D= (y— ,ul‘)r (\ - ,ul) =2'Q.z
where the stacked vector z and matrices Qy, Qp are
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Since E[z'Qz] = tr(QV) for z~ N(0,V) (Searle 1971), it follows that
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Since the trace of G equals n(1+f)c®, an approximate formula for heritability is
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Equation S4 is only approximate because the expectation of the ratio of two random
variables does not equal the ratio of expectations. By Taylor series expansion a more accurate

formula is (Rice 2006)
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To investigate the magnitude of the correction term, note that for z ~ N(0,V),

\'al‘[z’QDz] = 2t1‘((QD\’)z)

: (S6)
cov[z'Q,z.2'Q,z]=2tr(Q,VQ,V)
(Searle 1971). Upon substituting S2 into S6 and simplifying, the result is
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where

A=Y >4 (S8)

i=l j=1

is the mean-squared element of A. From Equation S7 the correction is
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where the last expression holds for large populations.
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Using Equation 13, the mean-squared realized relationship is

i Hi iz

V3= Clpa)) m ZEEI e - 20 ) (T 20K 22 ) -20) (510)
- (2 <f)1‘j1 >)_3 i Zkz Jk;( P2:49:Pv s
where

i

T = (ﬁkékﬁk'éjk )712 ”712(}?& - 215]6)(‘{{;% -2p, ) (S11)

i=1

is the correlation between loci. If the correlation length between causal loci is small compared to

the size of the genome, then <4U> will also be small. For example, if the causal loci are in

linkage equilibrium, then
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More generally we can write < >— ¢/m for some finite constant ¢, which upon substitution in

Equation S9 shows the correction term tends to zero under the infinitesimal model (/77 — ).
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