Appendix

Throughout the appendix, we assume that h = h (n) is a sequence such that as n — oo, h — 0,
and nh — oco. We also assume that z is an interior point of the support of Z. We assume the
following regularity conditions:

i) 0(-) and fz(-) satisfy the smoothness assumptions of Fan, et. al. (1995);

ii) The estimating functions in the right hand side of naive kernel estimating equations,
IPW kernel estimating equations, and AIPW kernel estimating equations are twice continuously
differentiable with respect to a at a target point z, and the second derivatives are uniformly
bounded.

A.1 Sketch of the Proof of Theorem 1

If u(l){gnaive (2)} # 0, simple calculations show that the solution of equation (7) for @mme(z) is
(1{Onaive(2)} = E(RY|Z = 2) JE (R|Z = z), which is equal to cov (R,Y|Z = z) JE(R|Z = 2) +
{0 (z)}. This gives the expression for Aém,;ve (z) stated in the theorem.

Next study the expression of O7pyw (). The left hand side of (8) is equal to

E‘(R‘Y%’/Z’l])ljl(l){glpw (z)}vfl{,é[pw (Z) ;E} Y — M{5[PW (Z)}} ‘ Z = Z:|

by taking a double expectation given Y, Z and U. If model (3) of 7 is correctly specified, then
7 = E(R|Z,U). Also under MAR, E(R|Y,Z,U) = E(R|Z,U). Therefore the above quantity
equals to E[uM{01pw (2)} x V" H0rpw (2); HY —u{0rpw (2)}1Z = 2). It uW{01pw (2)} # 0,
solving for 0;pw (z) vields p{0;pw (2)} = E[Y|Z = 2] = p{6(z)}. Therefore, Orpw (z) is a
consistent estimator of §(z) when model (3) of 7 is correctly specified or 7 is known by design.

Now study the expression of 0 47pw (2) from (9). Under the MAR assumption (2), the left

hand side of (9) can be rewritten as
FE [u(l){aA]pW (Z)}V_l{EAIPW (Z) 92} [Y - M{EAIPW (Z)}} ’Z = z}
+ E [(1; - 1> M(l){gAIPW (Z)}V_l{EAIPW (2) ,E} {Y —5(27 U)}] 1Z = Z] =0. (A1)

If model (3) for 7 is correctly specified, i.e., # = E(R|Z,U), or model (6) for §(-) is correctly
specified, i.e., 6(Z,U) = E(Y|Z,U), one can easily sec that the second term of (A.1) is 0. Hence
(A.1) is equal to

E [M(l){gAIPW (2)}V " HOarpw (2)3C} |Y = p{barpw <2)}] 12 = z} =0

It follows that if u(l){gAij (2)} # 0, we have gAjpw(Z) =6(2), i.e., /Q\AIPW (z) is a consistent

estimator of 6(z).



A.2 Proof of Theorem 2: Asymptotic Bias and Variance of the IPW Estimator

We first assume that mg is known by design and prove that the asymptotic distribution of
0rpw (2) is given in (10). We also assume that the variance parameter ¢ in the working variance
V is known. We will then extend the results when m and ¢ are estimated. For any interior
point z, reparameterize o as {6 (z) , ht’ (z)}T and denote by 0y(z) the true value of 0(z), ag =
{00(2), hy(2)}T and épw (2) the solution of the local linear IPW kernel estimating equations.

A Taylor expansion of the local linear IPW kernel estimating equations gives
Vnh{arpw (z) — o} = —Vnh {Th(o)} ' An(a),

where a, is between arpw (z) and ap, and

—pL ZRZW (Zi, UNKn(Zi — 2)ui (2, )V (2, ) G(Zi — 2)[Y; — p{G(Z; — 2)T )],

where ,u( )(z,a) = G (Z; — 2)Ta} and Vi(z,a) = V[u{G(Z; — 2)Ta};¢y] , Thla) =
OAL(a)/0al.

Using the results in Appendix A.1, we have &rpw(z) — o in probability. Therefore,
o R ap. Under the MAR assumption (2), simple calculations show that

Th(a) = —E [Kh(Z ~ ) {,u(l)(z, ao)}2 V2, 0)G(Z — 2)G(Z — 2)T| + 0p(1)

= 120 (BO0))) VORI DIK) + 0, (1)
where D (K) is a 2 x 2 matrix with the (j, k)th element c; 1_2(K) x hUTF=2) and ¢, (K) =
[ s"K(s)ds. It follows that
1
Vi{asw(:) - ao) = { £2) (OO VIEENDED | VaiAs(a) + o). (42)

Now write Ay, (ag) = A (o) + Ao (), where

Ain(ag) = *IZRm (Zi, U)K (2 = 2)u) (2, 00)V, (2, 00) G (Zs = 2)[Yi = p{0(Zi))]

Asn(g) = n—IZRi%l(Zi,Uz-)Kh(zi—z)uﬁ”(z,aom*(z,ao)G(Zi—z)[u{e%)}—u{G(z—z>Tao}1.
=1

One can easily show that Ay, () is asymptotically normal with mean zero and asymptotic

variance

K3(Z = 2) {10 (z.00)} V22, a0) ( [on(g{ggzm) G(7Z - )G(7 - z>T]

(R [Ym)_( g’{fj()z ) > ’

var{Ain (o)} = %E

D(K?) + o(—),
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where D(K?) is defined similarly to D(K) with K replaced by K?2.
Now study Ag,, which contributes to the leading bias term. One can easily show under
MAR, we have

bias {Asn(0)} = E{Kn(Z = 2)u(z,00)V (2, 00) [140(2)} = 1 {G(Z — 2) a0} G(Z = 2) } + 0,(1)

= S0 [BO0ED] VTHOE A HK) 4 o(h?),

where H(K) is a 2 x 1 vector with the kth element c;41(K) x h*+t1). Note that the asymptotic
variance of Ag, is of order o(1/nh) and is asymptotically negligible compared to Aj,, and the
asymptotic covariance of Ay, and Ag, is 0. Applying these results to (A.2), simple calculations
show that the asymptotic distribution of the IPW estimator 0 1pw(z;m), the first element of
arpw, is given in (10).

We next study the distribution of 87py {z; 7(#)} when g is estimated consistently at the
Vvn-rate, i.e. \/n(T—7o) = Op(1), where T is the true value of 7. Suppose under some regularity
conditions, d0;py {z; 7(7)} /87T is bounded in the neighborhood of the 7o, i.e.,

001w {2 7(T)} T |renrirg) = Op(1),
where N (70)2{7 : ||7 — 70|| < ||7 — T0||}. We have

Vb0 pw{zm(7)} — 0(2)]
= Vnh[0pw{zn(#)} — Orpw{zi (1)} + Vnh[0rpw{z m(T0)} — 6(2)]

orT

i laﬁzpw{z; m(T)} |T*] Va(F — 7o) + Vah[Brpw {z: 7 (7o)} — 6(2)] (A.4)

for some 7* € {7 : || —7o|| < ||F—70l|}. Note v/n(+—70) = Op(1), 30rpw {z;7(7)} JOTT | 1r =
Op(1), and h — 0 as n — oo, the first term in (A.4) is 0,(1). Therefore, the asymptotic

distribution of 67 py {z; m(#)} when 7 is estimated consistently at /n-rate is the same as that
of ; pw(z;m) when 7 is known. Similar argument shows that the asymptotic distribution of
0, pw{z} remains the same if ¢ is estimated at the y/n-rate.

A.3 Proof of Theorem 3: Asymptotic Bias and Asymptotic Variance of AIPW
estimator

Following similar arguments as those in Appendix A.2, the asymptotic results hold when the
parameters (7,n) in 7 and 0 are estimated at the y/n-rate, or the probability limit of (7,7)
is used in the AIPW kernel estimating equations (4). Denote by (7,m) the probability limit
of (7,m), and let 7(Z;,U;) = 7(Zi, Ui 7) , 6(Z;,U;) = 6 (Zi, Uy 77). We focus our proof on
assuming that (7,7) are known. By a linear Taylor expansion of the AIPW estimating function
(4) about ap, the AIPW kernel estimator satisfies

Vnh{éarpw (2) — a0} = —Vnh {Th5(c)} ' Ays(eo),

(A.3)



where o, is between & arpw (2) and ay,

)

Angle) = *Z{ R (2, U Kn(Zi = 2l (2, )V, (2. )G(Zi = 2) [V - n{G(Z - ) a}]
— {RF N2, U) =1} Kl Zi — 2D (. 0)V; (2, )G (2 — 2) [8(20,U3) = {G(Z; - 2)"a}] }

and Ty, 5(a) = OA,5(c) /0T,

We consider the following two situations:

(1) When model (3) for the selection probability ;o is correctly specified, i.e. 7(Z;,U;) =
mio (Zi, Ui);

(2) When model (6) for E(Y|Z,U) is correctly specified, i.c. 6(Z;, U;) = E(Y;|Zi, U,).
As shown in Appendix A.1, &arpw(z) converges to ay when either of the above conditions

holds. Therefore, a, £, agp. We first show that under either of the above situations, we have

D) 2 —f2(2) [l {0(:))] V00 DIK). (A.5)

First consider situation (1), i.e., when 7(Z;,U;) = mi (Z;,U;). The second term of A,, 5(cx),
i.e. the augmentation term, has mean 0 under MAR . It follows that A,, 5(cw.) = Ay (o) +0p(1),
where A, is defined in Appendix A.2. Hence I',, 5(ax) = I';,(ag) + 0p(1). Therefore I',, 5(cx)
has the same probability limit as I';,(a). As shown in Appendix A.2, the probability of limit
of I';,(axy) is exactly the right hand side of (A.5), and thus (A.5) holds for I';, 5(cx) as well.
Next consider situation (2), i.e., when §(Z;, U;) = E(Y;|Z;, U;). Rewrite Ay s5(a) as

Ansle) = -12{ 72 U)KW(Z = 2 (2 0)V (2. )G~ 2) |Yi = 5(2,,U))

+ Kn(Zi — )6V (2, )V (2, ) G(Zi — 2) [S(zi, U,) — n{G(Zi - z)Ta}} } .

One can easily see the first term on the right hand side has mean 0. It follows that
Aps(on) = nt ZKh 1V (2, 00) Vi (2, @) G(Zi—2) [E (Yi| 2, Uy) — p {G(Zi — 2) g }]+0,(1).

Differentiating it with respect to a shows that I, 5(c.) = I'y(ag) + 0p(1). Therefore, (A.5)
still holds in this situation.

Therefore, when either the 7 or § model is correctly specified, we have

~1
Vi{aew () - a0} = { £2:) [l 0] VHIEIDE) ) VA san) + o,(1).
(A.6)
Write Anﬁ(ao) = Alm(s(ao) — Agnﬁ(ao) + A3n75(a0), where

Atz (o) 1ZR N2, Ui Kn(Z: = 2)u) (2, 00) Vi (2, 000) [V — i 0(2)}]) G(Zi = 2),



Aons (o) =S {RF (2, U~V Ew(Zi—2)i" (2, 00) V! (2, o) [E(Z,-, U, — u{e(zi)}} G(Z;—2),
=1

and
Agns (o) = n ' K(Zi—2)u (2, o)V (2 ) [10(Z0)} — 1{G(Z; — 2)" cw}] G(Zi—2).
=1

One can easily see that Ay, s(og) and Ag, 5(cg) have mean 0 when either 7 or § is correctly
specified. The third term As,, 5(cv) is the leading bias term. When 7; or ; is correctly specified,
simple calculations show that E [As, s(ay)] is equal to (A.3). It follows that

bias{é&arpw(2)} = %h26”(z)02(K) + o(h?).

Now study A1, s—Aagy, s, which contributes to the leading variance and asymptotic normality.
Note that the variance of Asy, 5 (g) is of order o(1/nh), and hence can be ignored asymptotically.
Under MAR, we have E[R|Y,Z, U] = E[R|Z,U] = my(Z,U), the true conditional mean of
[R|Z,U]. It follows that when either m or ¢ is correctly specified, Aj, 5(c) — Aoy 5(ag) is

asymptotically normal with mean 0 and variance

var {Ap,s(c) — Agns(ao)} = % [var {Aq25(c0)}],

where
Ai2s(ag) = Kp(Z — 2)p (2, 00)V "} (2, 0)G(Z — 2)
sz~ u0@N - { =70 -1} fz.0) - wo])

Further calculations show that

%W {Arss(c0)} = %E [K,%(z — ) {u ao)}2 V22, a0)G(Z — 2)G(Z — 2)7

X (?r'(ZRjU) Y —p{0(2)}] — {%’(ZRjU) _ 1} [g(Z ) - M{H(Z)}DQI

= ) [N Ve E | (5 I - ko)
2

_ {%(Zﬂj) _ 1} [5(z.0) - M{H(Z)}D 7=z

Applying these results to (A.6) and Theorem 3 follows.

D(K?) + o)




