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γ-Function and Derivative ∂γab
∂Ua

The γ-function is described in detail in refs 1,2 and when introducing the abbreviations α = 16
5 Ua,

β = 16
5 Ub, r = |Rb−Ra| it can be written as (for the γh-function see below)

γab =



1
r −Sf r 6= 0,α 6= β

1
r −Sg r 6= 0,α = β

5
16α r = 0

(1)

(2)

†Karlsruhe Institute of Technology
‡University of Wisconsin, Madison
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Sf = e−αr f (α,β ,r)+ e−β r f (β ,α,r) (3)

Sg = e−αrg(α,r) (4)

f (α,β ,r) =
αβ 4

2(α2−β 2)2 −
β 6−3α2β 4

(α2−β 2)3r
(5)

g(α,r) =
1

48r

(
48+33αr +9α

2r2 +α
3r3) (6)

Thus, we find for the derivative (for the derivative of the γh-function see below):

∂γab

∂Ua
=

16
5

∂γab

∂α
=

16
5



−∂Sf

∂α
r 6= 0,α 6= β

−∂Sg

∂α
r 6= 0,α = β

5
16 r = 0

(7)

∂Sf

∂α
= e−αr ∂

∂α
f (α,β ,r)− re−αr f (α,β ,r)+ e−β r ∂

∂α
f (β ,α,r) (8)

∂Sg

∂α
= e−αr ∂

∂α
g(α,r)− re−αrg(α,r) (9)

∂

∂α
f (α,β ,r) = −β 6 +3α2β 4

2(α2−β 2)3 −
12α3β 4

(α2−β 2)4r
(10)

∂

∂α
f (β ,α,r) =

2β 3α3

(β 2−α2)3 +
12β 4α3

(β 2−α2)4r
(11)

∂

∂α
g(α,r) =

1
48
(
33+18αr +3α

2r2) (12)

Note the symmetry of γ: γab = γba and ∂γab
∂Ua

= ∂γba
∂Ua

.

Kohn-Sham Equations

To determine the MO coefficients cµi of the LCAO ansatz

ψi = ∑
a

∑
µ∈a

cµiφµ (13)

2



Michael Gaus et al. Supporting Information: Extension of the SCC-DFTB Method

approximate Kohn-Sham equations are derived by finding the maximum of the total energy with

respect to the coefficient cδd i, the basis function δ being located at atom d. Therefore, taking into

account the constraints ∫
ψiψid3r = 1 ∀i (14)

the respective derivative is given by

∂

∂cδd i

[
EDFTB3−∑

j
n jε j

(
∑
ab

∑
µ∈a

∑
ν∈b

cµ jcν jSµν −1

)]
= 0 ∀d,δ ∈ d, i. (15)

The total energy expression

EDFTB3 = EH0 +Eγ +EΓ +Erep

= ∑
iab

∑
µ∈a

∑
ν∈b

nicµicν iH0
µν +

1
2 ∑

ab
∆qa∆qbγab +

1
3 ∑

ab
∆q2

a∆qbΓab +Erep
(16)

as derived in the manuscript can now be inserted, and the Mulliken charge analysis for estimating

the charge fluctuations ∆qa = qa−q0
a can be employed

qa = ∑
j

n j ∑
µ∈a

∑
b

∑
ν∈b

cµ jcν jSµν (17)

where Sµν =
〈
φµ |φν

〉
are the overlap matrix elements. Taking advantage of the symmetry of

H0
µν = H0

νµ and Sµν = Sνµ eq 15 can be formed to

2∑
b

∑
ν∈b

nicν iH0
δdν

+
∂Eγ

∂cδd i
+

∂EΓ

∂cδd i
−2niεi ∑

b
∑
ν∈b

cν iSδdν = 0 (18)

∂Eγ

∂cδd i
=

∂

∂cδd i

1
2 ∑

ab
∆qa∆qbγab =

1
2 ∑

ab

∂qa

∂cδd i
∆qb (γab + γba) (19)

∂EΓ

∂cδd i
=

∂

∂cδd i

1
3 ∑

ab
∆q2

a∆qbΓab =
1
3 ∑

ab

∂qa

∂cδd i
∆qb (2∆qaΓab +∆qbΓba) (20)
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The derivative of the Mulliken charge with respect to cδd i can be written as

∂qa

∂cδd i
= δad ∑

c
∑
ν∈c

nicν iSδdν + ∑
µ∈a

nicµiSδd µ . (21)

Thus, eqs 19 and 20 expand to

∂Eγ

∂cδd i
=

1
2 ∑

bc
∆qb(γdb + γbd + γcb + γbc) ∑

ν∈c
nicν iSδdν (22)

∂EΓ

∂cδd i
=

1
3 ∑

bc
∆qb (2∆qdΓdb +∆qbΓbd +2∆qcΓcb +∆qbΓbc) ∑

ν∈c
nicν iSδdν . (23)

Dividing eq 18 by (2ni), combining with eqs 22 and 23, and renaming indices gives

∑
b

∑
ν∈b

cν i
(
Hµν − εiSµν

)
= 0, ∀a,µ ∈ a, i (24)

Hµν = H0
µν +Sµν ∑

c
∆qc

(
1
4
(γac + γca + γbc + γcb)+

+
1
3
(∆qaΓac +∆qbΓbc)+

∆qc

6
(Γca +Γcb)

)
(25)

∀a,b,µ ∈ a,ν ∈ b.

Taking advantage of the symmetry γab = γba (note, that Γab 6= Γba is not symmetric!), and renaming

the indices results in

∑
b

∑
ν∈b

cν i
(
Hµν − εiSµν

)
= 0, ∀a,µ ∈ a, i (26)

Hµν = H0
µν +Sµν ∑

c
∆qc

(
1
2
(γac + γbc)+

1
3
(∆qaΓac +∆qbΓbc)+

∆qc

6
(Γca +Γcb)

)
(27)

∀a,b,µ ∈ a,ν ∈ b
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Total Energy

The total energy (eq 16) as derived in the manuscript can also be express the energy in terms of εi

using eqs 13, 14, 24, 25, the symmetry Sµν = Sνµ , and the definition of qa (eq 17):

∑
i

niεi = ∑
iab

∑
µ∈a

∑
ν∈b

nicµicν iHµν

= ∑
iab

∑
µ∈a

∑
ν∈b

nicµicν iH0
µν +∑

iab
∑
µ∈a

∑
ν∈b

nicµicν i

Sµν ∑
c

∆qc

(
1
4
(γac + γca + γbc + γcb)+

1
3
(∆qaΓac +∆qbΓbc)+

∆qc

6
(Γca +Γcb)

)
= ∑

iab
∑
µ∈a

∑
ν∈b

nicµicν iH0
µν +∑

ac
qa∆qc

(
1
2
(γac + γca)+

2
3

∆qaΓac +
1
3

∆qcΓca

)
(28)

Thus, inserting eq 28 into eq 16 and using ∆qa = qa−q0
a, the total energy can be written as

EDFTB3 = ∑
i

niεi−∑
ac

qa∆qc

(
1
2
(γac + γca)+

2
3

∆qaΓac +
1
3

∆qcΓca

)
+

1
2 ∑

ab
∆qa∆qbγab

+
1
3 ∑

ab
∆q2

a∆qbΓab +Erep

= ∑
i

niεi−
1
2 ∑

ab
∆qb(qaγba +q0

aγab)−
1
3 ∑

ab
∆qa∆qbΓab(qa +q0

a)−
1
3 ∑

ab
qa∆q2

bΓba +Erep

(29)

Considering the symmetry γab = γba the total energy can be simplified to

EDFTB3 = ∑
i

niεi−
1
2 ∑

ab
(qa +q0

a)∆qbγab−
1
3 ∑

ab
(qa +q0

a)∆qa∆qbΓab−
1
3 ∑

ab
qa∆q2

bΓba +Erep.

(30)

Forces

An analytical force equation is derived for a Cartesian coordinate system using the derivative of the

total energy with respect to the atomic coordinates Rkx, while subjecting to the constraints eq 14.

With k, the respective atom index, and an index x ∈ {1,2,3} for the Cartesian coordinate we can

5
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write using eq 13:

Fkx = − ∂

∂Rkx

[
EDFTB3−∑

i
niεi

(
∑
ab

∑
µ∈a

∑
ν∈b

cµicν iSµν −1

)]
∀k,x (31)

The energy depends explicitely on the atomic coordinates via Sµν , H0
µν , and γab and implicitly via

the coefficients cµi:

EDFTB3 = EDFTB3 (cµi(Rkx),Rkx
)

(32)

dEDFTB3

dRkx
= ∑

µi

dEDFTB3 (cµi(Rkx),Rkx
)

dcµi

dcµi

dRkx
+

∂EDFTB3

∂Rkx
(33)

Because of the variational principle (see eq 15) the implicit dependence via the coefficients cµi,

i.e., the first term of eq 32 is equal to zero. The second term, i.e., the explicit dependence of the

energy with respect to the coordinates ∂EDFTB3

∂Rkx
needs to be carried out and is shown in the following.

Inserting

EDFTB3 = EH0 +Eγ +EΓ +Erep (34)

into eq 31 gives

Fkx = − ∂

∂Rkx

[
EH0 +Eγ +EΓ +Erep−∑

i
niεi

(
∑
ab

∑
µ∈a

∑
ν∈b

cµicν iSµν −1

)]

= FH0
kx +Fγ

kx +FΓ
kx +F rep

kx +Fnorm
kx ∀k,x, (35)
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where

FH0
kx = − ∂

∂Rkx
∑
iab

∑
µ∈a

∑
ν∈b

nicµicν iH0
µν = −∑

iab
∑
µ∈a

∑
ν∈b

nicµicν i
∂H0

µν

∂Rkx
(36)

Fγ

kx = − ∂

∂Rkx

1
2 ∑

ab
∆qa∆qbγab

= − 1
2 ∑

ab
γab

(
∂∆qa

∂Rkx
∆qb +∆qa

∂∆qb

∂Rkx

)
− 1

2 ∑
ab

∆qa∆qb
∂γab

∂Rkx

= Fγ1 + Fγ2 (37)

FΓ
kx = − ∂

∂Rkx

1
3 ∑

ab
∆q2

a∆qbΓab

= − 1
3 ∑

ab
∆qaΓab

(
2

∂∆qa

∂Rkx
∆qb +∆qa

∂∆qb

∂Rkx

)
− 1

3 ∑
ab

∆q2
a∆qb

∂Γab

∂Rkx

= − 1
3 ∑

ab

∂qa

∂Rkx
∆qb (2∆qaΓab +∆qbΓba)−

1
3 ∑

ab
∆q2

a∆qb
∂Γab

∂Rkx

= FΓ1 + FΓ2 (38)

F rep
kx = − ∂Erep

∂Rkx
= −∑

ab

∂V rep
ab

∂Rkx
(39)

Fnorm
kx =

∂

∂Rkx
∑

i
niεi

(
∑
ab

∑
µ∈a

∑
ν∈b

cµicν iSµν −1

)
= ∑

iab
∑
µ∈a

∑
ν∈b

niεicµicν i
∂Sµν

∂Rkx
. (40)

Because H0
µν = H0

νµ ,
∂H0

µν

∂Rkx
=

∂H0
νµ

∂Rkx
, and H0

µν with µ ∈ a and ν ∈ b is only dependent on the

coordinates Ra and Rb,1 and for a = b it is not dependent on any coordinate1 FH0
kx can be simplified

to

FH0
kx = −∑

ab
∑
µ∈a

∑
ν∈b

∑
i

nicµicν i
∂H0

µν

∂Rkx

= −∑
b 6=k

∑
µ∈k

∑
ν∈b

∑
i

nicµicν i
∂H0

µν

∂Rkx
−∑

a 6=k
∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂H0

µν

∂Rkx

−∑
µ∈k

∑
ν∈k

∑
i

nicµicν i
∂H0

µν

∂Rkx
−∑

a6=k
∑
b6=k

∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂H0

µν

∂Rkx

= −2 ∑
a6=k

∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂H0

µν

∂Rkx
(41)

7
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The same applies for Fnorm
kx which can be simplified to

Fnorm
kx = ∑

iab
∑
µ∈a

∑
ν∈b

niεicµicν i
∂Sµν

∂Rkx
= 2 ∑

a6=k
∑
µ∈a

∑
ν∈k

niεicµicν i
∂Sµν

∂Rkx
(42)

The derivative of the atomic charge with respect to an atomic coordinate is given by

∂qa6=k

∂Rkx
= ∑

µ∈a
∑
ν∈k

∑
i

nicµicν i
∂Sµν

∂Rkx
(43)

∂qk

∂Rkx
= ∑

µ∈k
∑
b6=k

∑
ν∈b

∑
i

nicµicν i
∂Sµν

∂Rkx
+ ∑

µ∈k
∑
ν∈k

∑
i

nicµicν i
∂Sµν

∂Rkx

= ∑
µ∈k

∑
b6=k

∑
ν∈b

∑
i

nicµicν i
∂Sµν

∂Rkx
, (44)

where the last recasting in latter equation is due to the fact that the overlap of two basis functions

centered at one atom does not change with a change in the coordinate of that atom. Further the basis

functions centered on one atom are orthogonal to each other. Taking advantage of the symmetry

8
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Sµν = Sνµ and ∂Sµν

∂Rkx
= ∂Sνµ

∂Rkx
we can rewrite Fγ1 and FΓ1 (see eqs 37 and 38).

Fγ1
kx = − 1

2 ∑
a 6=k

∂qa

∂Rkx
∑
b

∆qb(γab + γba)−
1
2

∂qk

∂Rkx
∑
b

∆qb(γkb + γbk)

= − 1
2 ∑

a 6=k
∑
b

∆qb(γab + γba) ∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂Sµν

∂Rkx

− 1
2 ∑

b
∆qb(γkb + γbk) ∑

µ∈k
∑
c6=k

∑
ν∈c

∑
i

nicµicν i
∂Sµν

∂Rkx

= − 1
2 ∑

a 6=k
∑
b

∆qb(γab + γba + γkb + γbk) ∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂Sµν

∂Rkx
(45)

FΓ1
kx = − 1

3 ∑
a 6=k

∂qa

∂Rkx
∑
b

∆qb (2∆qaΓab +∆qbΓba)−
1
3

∂qk

∂Rkx
∑
b

∆qb (2∆qkΓkb +∆qbΓbk)

= − 1
3 ∑

a 6=k
∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂Sµν

∂Rkx
∑
b

∆qb (2∆qaΓab +∆qbΓba)

− 1
3 ∑

µ∈k
∑
b 6=k

∑
ν∈b

∑
i

nicµicν i
∂Sµν

∂Rkx
∑
c

∆qc (2∆qkΓkc +∆qcΓck)

= − 1
3 ∑

a 6=k
∑
b

∆qb (2∆qaΓab +∆qbΓba +2∆qkΓkb +∆qbΓbk) ∑
µ∈a

∑
ν∈k

∑
i

nicµicν i
∂Sµν

∂Rkx
(46)

Taking advantage of the derivatives ∂γkk
Rkx

= 0 and ∂Γkk
Rkx

= 0 we can also expand Fγ2
kx (eq 37) and FΓ2

kx

(eq 38) to

Fγ2
kx = − 1

2 ∑
a

∆qa∆qk
∂γak

∂Rkx
− 1

2 ∑
b

∆qk∆qb
∂γkb

∂Rkx

= − 1
2

∆qk ∑
a6=k

∆qa

(
∂γak

∂Rkx
+

∂γka

∂Rkx

)
(47)

FΓ2
kx = − 1

3

(
∑
a6=k

∆q2
a∆qk

∂Γak

∂Rkx
+ ∑

b 6=k
∆q2

k∆qb
∂Γkb

∂Rkx

)

= − 1
3

∆qk ∑
a6=k

∆qa

(
∆qa

∂Γak

∂Rkx
+∆qk

∂Γka

∂Rkx

)
(48)

Thus, the final expression for the force can be shortly written by instering eqs 37, 38, 41, 42, and

9



Michael Gaus et al. Supporting Information: Extension of the SCC-DFTB Method

45 - 48 into eq 35, using γab = γba and reordering terms as

Fkx = −∑
a6=k

∑
µ∈a

∑
ν∈k

∑
i

nicµicν i

(
2

∂H0
µν

∂Rkx
−2εi

∂Sµν

∂Rkx
+

∂Sµν

∂Rkx
·

(
∑
c

∆qc

(
γac + γkc +

1
3
(2∆qaΓac +∆qcΓca +2∆qkΓkc +∆qcΓck)

)))

−∆qk ∑
a6=k

∆qa
∂γak

∂Rkx
− 1

3
∆qk ∑

a6=k
∆qa

(
∆qa

∂Γak

∂Rkx
+∆qk

∂Γka

∂Rkx

)
− ∂Erep

∂Rkx
∀k,x.

(49)

The derivatives
∂H0

µν

∂Rkx
and ∂Sµν

∂Rkx
are determined by taking the numerical derivative of the tabulated

integrals H0
µν and Sµν . The force contribution ∂Erep

∂Rkx
is also calculated analytically. Details about

the representation of Erep can be found in ref 3.

In the remainder of this subsection the analytical expressions for ∂γkb
∂Rkx

and ∂Γkb
∂Rkx

are derived.

With eq 1, the definition of Γ (as discussed in the manuscript)

Γab =
∂γab

∂qa

∣∣∣∣
q0

a

=
∂γab

∂Ua

∂Ua

∂qa

∣∣∣∣
q0

a

with a 6= b,

Γba =
∂γab

∂qb

∣∣∣∣
q0

b

=
∂γab

∂Ub

∂Ub

∂qb

∣∣∣∣
q0

b

with a 6= b,

Γaa =
∂γaa

∂qa

∣∣∣∣
q0

a

=
1
2

∂γaa

∂Ua

∂Ua

∂qa

∣∣∣∣
q0

a

,

(50)

eq 7, and

rkb = |Rb−Rk| rak = |Rk−Ra|

rkb =
√

∑
3
x=1(Rbx−Rkx)2 rak =

√
∑

3
x=1(Rkx−Rax)2

∂ rkb

∂Rkx
=
−(Rbx−Rkx)

rkb

∂ rak

∂Rkx
=

(Rkx−Rax)
rak

(51)

10
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∀a,b,k,x, we can write

∂γkb

∂Rkx
=

∂γkb

∂ rkb

∂ rkb

∂Rkx

∂γak

∂Rkx
=

∂γak

∂ rak

∂ rak

∂Rkx
(52)

∂Γkb

∂Rkx
=

∂Γkb

∂ rkb

∂ rkb

∂Rkx

∂Γak

∂Rkx
=

∂Γak

∂ rak

∂ rak

∂Rkx
, (53)

and for easier writing we use α = 16
5 Ua, β = 16

5 Ub, r = rab, and yield (for the derivative of the

γh-function see below)

∂γab

∂ rab
=

∂γab

∂ r
=



− 1
r2 −

∂Sf

∂ r
r 6= 0,α 6= β

− 1
r2 −

∂Sg

∂ r
r 6= 0,α = β

0 r = 0

(54)

∂Sf

∂ r
= e−αr ∂ f (α,β ,r)

∂ r
−αe−αr f (α,β ,r)+ e−β r ∂ f (β ,α,r)

∂ r
−βe−β r f (β ,α,r) (55)

∂Sg

∂ r
= e−αr ∂g(α,r)

∂ r
−αe−αrg(α,r) (56)

∂ f (α,β ,r)
∂ r

=
β 6−3α2β 4

(α2−β 2)3r2 (57)

∂g(α,r)
∂ r

= − 1
r2 +

3α2

16
+

α3

24
· r. (58)

Functions f (α,β ,r) and g(α,r) are defined in eqs 5 and 6, respectively. Similarly,

∂Γab

∂ rab
=

∂Γab

∂ r
=

∂

∂ r

(
∂γab

∂Ua

∂Ua

∂qa

)
=

∂ 2γab

∂Ua∂ r
∂Ua

∂qa
+

∂γab

∂Ua

∂ 2Ua

∂qa∂ r
=

=
∂ 2γab

∂Ua∂ r
∂Ua

∂qa
(59)

The latter term on right hand side of the first line is equal to zero, because the Hubbard-derivative

is not dependent on any atomic coordinate. Thus, we need eqs 7, 54, and (for the derivative of the

11
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γh-function see below)

∂ 2γab

∂Ua∂ r
=



− ∂ 2Sf

∂Ua∂ r
r 6= 0,α 6= β

− ∂ 2Sg

∂Ua∂ r
r 6= 0,α = β

0 r = 0

(60)

∂ 2Sf

∂Ua∂ r
=

∂

∂ r

(
16
5

∂Sf

∂α

)
=

=
16
5

[
e−αr

(
f (α,β ,r)(αr−1)−α

∂ f (α,β ,r)
∂α

+
∂ 2 f (α,β ,r)

∂α∂ r
− r

∂ f (α,β ,r)
∂ r

)
+e−β r

(
∂ 2 f (β ,α,r)

∂α∂ r
−β

∂ f (β ,α,r)
∂α

)]
(61)

∂ 2Sg

∂Ua∂ r
=

∂

∂ r

(
16
5

∂Sg

∂α

)
=

=
16
5

e−αr
(

(αr−1)g(α,r)−α
∂g(α,r)

∂α
+

∂ 2g(α,r)
∂α∂ r

− r
∂g(α,r)

∂ r

)
(62)

∂ 2 f (α,β ,r)
∂α∂ r

=
12α3β 4

(α2−β 2)4r2 (63)

∂ 2 f (β ,α,r)
∂α∂ r

= − 12α3β 4

(β 2−α2)4r2 (64)

∂ 2g(α,r)
∂α∂ r

=
3
8

α +
1
8

α
2r. (65)

12
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The γh-Function

The γh
ab = γh

ba function for HX atom pairs (X∈{C, H, N, O, P, S}) takes the form

γ
h
ab =

1
r
−S ·h (66)

h = exp

(
−
(

Ua +Ub

2

)ζ

r2

)
(67)

where S = Sf when α 6= β and S = Sg when α = β . Sf and Sg as well as α , β , and r are defined in

eqs 3 and 4. Eqs 7, 54, and 60 then change to:

∂γh
ab

∂Ua
= −

(
∂S

∂Ua
h+S

∂h
∂Ua

)
(68)

∂γh
ab

∂ r
= − 1

r2 −
(

∂S
∂ r

h+S
∂h
∂ r

)
(69)

∂ 2γh
ab

∂Ua∂ r
= −

(
∂ 2S

∂Ua∂ r
h+

∂S
∂Ua

∂h
∂ r

+
∂S
∂ r

∂h
∂Ua

+S
∂ 2h

∂Ua∂ r

)
(70)

with

∂h
∂Ua

= −ζ r2

2

(
Ua +Ub

2

)ζ−1

·h (71)

∂h
∂ r

= −2r
(

Ua +Ub

2

)ζ

·h (72)

∂ 2h
∂Ua∂ r

= ζ r
(

Ua +Ub

2

)ζ−1
(

r2
(

Ua +Ub

2

)ζ

−1

)
·h. (73)
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