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Supplementary Material

This Supplementary Material presents the proofs for Theorem 2.1, Theorem 2.2 and Theorem

3.1 of the paper. Please refer to the main paper for notations not defined here.

Lemma 1 Under conditions (A.1)-(A.3), S,(Cj)(t,v,ﬁ) converges to s,gj)(t,v,ﬁ) in probability uni-

formly in (t,v,3) € [0,7] x [0,1]> x Basn — oo, for j =0,1,2and 1 <k < K.

PrROOF OF LEMMA 1.
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Let S,(fl:)(t,v,B) = Yiei(t) exp{ BT Zyi(t,v)} Zys (t,v)®I.  Then Slgj)(t,v,ﬁ) =
nlzl Sk S,gz)(t,v,B). We prove the lemma for the case when j = 0. The proofs for
j = 1 and 2 follow similarly. Let wy; = (Xpi, Zri). Then wy, @ = 1,...,nk, is a ran-

dom sample from a probability distribution P, on a measurable space (Xj,.Ax), where
Xr = [0,7] x RP and Ay, is its Borel o-field. Let F be the class of all coordinate projections
fiwp(wri) © X — R, where f, , 5(wri) = S,i?)(t,v,ﬁ), for (t,v,B) € [0,7] x [0,1]? x B. Then
SO0, 8) = m T fr @ni): Let [ fusllper = (Pulfooa)Y" = (BelSE (0, )Y
be L,(Py)-norm of f,, 5. Next, we show that F is Glivenko-Cantelli (van der Vaart, 1998).
Since Z;(+) is of bounded variation, for simplicity we assume that Zi;(-) is an nonnegative
monotone increasing process. In general, Zj;(-) can be expressed as the difference of two
nonnegative monotone increasing processes plus a constant. In this case, the class of functions
of interest, F, is the product of several functional classes. It is Glivenko-Cantelli if each of them
is Glivenko-Cantelli.

Let {5}, {v;} and {B,,} be the grid points of finite partitions of the intervals [0, 7], [0, 1], and
B, respectively. Let {t,/,tn}, {v;/,v;} and {B,,/, Bm} be the grid points on the opposite ends of a
hyper-cubic of the partitions such that 0 < ¢, —t,» <€, 0 < vy — vy <eand 0 < By, —Bm/ < efor
¢ > 0. Define the bracketing functions 1,/ = S,(C?)(th/,vj/,ﬁm/) and wpjm = 59 (th, v}, Bm)-
Then for any f,, 5 € F, there is a bracket [l,/,,/,unjm] such that f, , 3 € [l 7,7, Unjm)-

Further,

0 A 0 A
ngm = by g P2 < ISK (b3 Bn) = SK2 (b, 050, B Ml 2
= [[Vei (tn)exp{ Bh Zni(tn, v5)} — Yai(ty )exp{BL Zyi(ty ,v;)}|py 2
< [Culitn =ty |l + Callv; — vyr || + Csll B — B 1

<O,
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where C7, C3, C3 and C are some positive constants. Hence, the bracketing number
N{j(€Y/2, F, Ly(Py)) is of the polynomial order (1/€)**3. Thus Nyj(e, F, La(P)) is of the or-
der (1/€)?(4r+3). By the Glivenko-Cantelli Theorem (Theorem 19.4 of van der Vaart, 1998),

S,go)(t,v,ﬁ) converges in probability uniformly to s,C (t v, 3) for (t,v,B) € [0,7] x [0,1]% x B.

O

PrROOF OF THEOREM 2.1.

Let

M (B) =n""(U(B) — 1(Bo))

e kZKli/ / [ﬂ Bo)T Zyi(s,u) — IOg{;((;)((;sg))) HNkl(ds du).

By the condition (A.2), Lemma 1 and the uniform convergence of nj 'Y 7* Nki(t,v)i)

fot fov 8;0) (5,1, Bo) Aok (s, w) dsdu (Gilbert, Mckeague and Sun, 2004), we have 1,,(3) i>77(B), where

ZpkE( [ 6307 2t -0 - ()(”5) b )50 o) s

(S u ﬂo)
uniformly in 3 € B. Further, —92n,,(3)/03% = n~1I(j3) converges in probability to ¥(3) uniformly

in B € B. The limiting matrix function is a positive definite matrix for 3 € B under the conditions
(A.2) and (A.3). Hence, 1,,(3) converges in probability to 7(3) which is a concave function with
a unique maximum at 3. Since E is the maximizer of 7, (3), we have é converges in probability

to By as n — o0, see van der Vaart (1998). |

PROOF OF THEOREM 2.2.
Note that U(é) —U(By) = —I(B*)(é — o), where 3* is on the line segment between é and
Bo. By the uniform convergence of n='1 (B)LZ(B) in probability in 8 € B and the consistency

ofé to By, we have

n2(3 = Bo) = (I(B*)/n)~'n~ /U (Bo)
= (S(Bo)) "0~ 2U (Bo) + 0p(1). (S.1)
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It remains to show that nil/QU(BO)gN(O, ¥(Bo)). Observe that

n=Y20(By) _nl/Qii/ / {Z;CZ (t,u) (’752;} My (dt, du). (S.2)

k=1 1i=1 S(O)(

By Lemma 1 of this Appendix and Lemma 2 of Gilbert, Mckeague and Sun (2008),

K ng

n-1/20(3 _nl/zkzuz;//{zmu ()EizgﬂM;ﬂ(dtduH%(l) (5.3)

which converges in distribution to N (0,%(f)). This completes the proof. O

PROOF OF THEOREM 2.3.

Note that

Aok (t,v) — Aok (t,v)

1 LY My (ds, du) s
3 Ny.(ds,d - 0., = .
// [nkS(O) u, B) nkS (87%30)} bl U)+/0 0 nkslio)(S,%Bo)Jrop(nk )
S(l B )] ) t v Mk(ds7du) _1/2
A Ny (ds,d _ My (ds, du)
/ /O ”kS(O) s,u, B)S (0)(5 u, Bo) Ll U)+/0 0 niS,” (s, u, fo) ol

S(l (s, Bo)]” (Bo — ) LY My (ds, du) ~1/2
. A dsd — (54
/ / S(O e f) ok (s,u) ds u—i—/o ; nkS,(CO)(S,u,Bo) +op(n, "), (S4)

where M. (t,v) = > F My;(t,v). By Slusky Theorem, Lemma 2 of Gilbert, Mckeague and Sun
i=1

(2008), Lemma A.2 of Sun et al. (2009), we have

Vi{Aok(t,v) — Agi(t, v)}
V(B — fo) // })\ok(s u)dsdu—kf/ UM+OP(1).

0 nksk (s u, Bo)
Since Mjy;(t,v)’s are mark-specific martingales, by (S.1) and (S.2), it is easy to check that
f(ﬁ Bo) is asymptotically independent of the processes ffo fo %, k=1,..., K.
Following the proof of Lemma A.2 of Sun et al. (2009), it can be shown that the latter are

asymptotically independent mean-zero Guassian random fields, each of them has independent

increments. O
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ProOOF OF THEOREM 3.1.

The cumulative martingale residuals are defined as

Vs (t,v) / / Nia(ds, du) — Yii(s) exp(37 Zu(s, u)) Aok (ds, du),

where Agg(t,v) fO fo kS(O) (s,u 6)}’1Nk.(ds,du) is the estimator of the doubly cumulative

baseline function Aoy (¢, v) fo fo Mok (8, u)dsdu. Tt follows that

Myi(t,v) = Myi(t,v) — //YkZ exp(ﬁTZkl(s u))[Aok(ds, du) — Aox(ds, du)]
- /0 /0 Yii (5)[exp (3 Zua(s, ) — exp(BT Zua(s, w)] Aow (ds, du)]. (S.5)

y (S.4), we have
Mk
Wi(t,v,2) =n~1/? ng(zki7 2)My;(t,v)

e [0S (s w2 B)ISE (5w, Bo)] T s o
g 1/2/ / g 5(0)(3,%60) Aok (s, u) dsdu (8 — Bo)

v 5O
_1/2/ / Skg S, U,z ,6) k(ds’du)

suﬁo

—nkn_l/z/ / [S’,(c;)(s, u, 2, Bo)]* Mok (s, u) dsdu (E — Bo) + o0p(1). (S.6)
0 Jo

Replacing B in S,(:;)(s, u, z, 5) by Bo results in a process that is equivalent to Wi (t,v, z) in prob-
ability by Slusky Theorem for the second term and by Lemma 2 of Gilbert, Mckeague and Sun
(2008) for the third term of (S.6).

From the proof of Theorem 2, we have n'/2(3 — o) = (£(5o))~n~Y/2U(By) + 0p(1). The

second term of (S.6) equals

S( ) 5 u /80 ®S ( 7256)]T o -1,.-1/2 )
(nse/) {/ / T Nok(5,1) dsdu}(Z(Bo)) "YU (Bo) + 0p(1)

Similarly, the fourth term of (S.6) is equal to

(ni/ ”){ / / 1S (5,1, 2, o) Aok (s, ) dsd“}@(ﬁo))‘ln‘”QU(ﬁo) T op(1).
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Bringing the above expressions into (S.6), we have

Wk:(tv v, Z)

Dk ooptopv s )(s u, 2, Bo)
_ o -1/2 ) kg
n Z / / [gk(zkz, S(O)(s - /60)} Myi(ds, du)

S Uu ﬁO) ®S (S»Uazaﬁo) — T
+nk/n/ / ( Sy )(8,u,50) Slg;)(&uvz’ﬁo)) Aok(s, ) dadu

(S(B0)"'n 12U (Bo) + 0p(1)

ng (0)
1/22//[ Zk“ S’kg(suzﬁo)} Mm(ds du)

S\ (s, u, Bo)

+(Re(t, v, 2))T(2(Bo))~* _1/222{/ / {Z“ (s,u) M}Mh(ds du)}T

=1 1i=1 5 Wy
+0p(1)

— L2 Z Z/ / <t) [gl(Zli,Z) — M] Mii(ds, du)

S (s,u, Bo)

=1 i=1
oSS [ Lo S8
+o,(1). (S.7)

By the uniform convergence of S,go)(s,u, Bo), S,il)(s,u,Bo), S,(cg) (s,u,2,Bo) and S,iz)(s,u, 2, Bo) to
sfco)(s,u,Bo), s,(cl)(s,u,Bo), s,(cz)(s, u, z, By) and s,(ct])(s,u, z,Bo) in (s,u) € [0,7] x [0,1]? in probabil-
ity, respectively, and by the weak convergence of n;1/2 S Myi(t,v) for k =1,... K, the terms
S,(CO)(S, u, Bo), S,(Cl)(s7 u, Bo), S,g(;)(s, u, z, Bp) and S,glg)(s, u, z, Bp) can be replaced by their expected

values respectively. This completes the proof. O



