The mathematical relationship between Pdif value calculated using genotype information and
LD calculated from allelic information

Let ® and b be random variables for alelle from loci 4 and B where
ac{—=1,1}§and b € {—1,1} and the observed haplotype frequency is shown in Table 1.
Table 1: Two haplotype observed frequency
Al A2
By 121 a2

We denote alelle frequency from loci 4 and B as in Table 2.
Table 2: Estimated allele frequency

A1 Ay Bi1 B
Pr P2 41 a2
Given that the loci A and B are independent, expected haplotype frequency is determined by

T11 = P141
T12 = P1G2
L21 = P24q1
L22 = P2G2

Linkage disequilibium (LD) is defined as the deviation of the expected haplotype frequency and the
definition of LD is given in Table 3.
Table 3: Two observed haplotye frequency

Ay As

B1 xi1=pign+D x21 =p2q1 — D
By xi2=pig2 — D x22 =pag2+ D

Let us compute the covariance of haplotype from two locus. The covariance is defined by
Cov(a,b) = Efab] — E[a]E[b]

From Table 1, £[ab] calculation is shown in the following equation:
Elab] = —1x—-1Xz114+—-1X1Xzo1+1X—-1Xz12+1x1X x99
= 11 — X21 — T12 + T22
and FlalE[b] is given by
Ela|lEb] = (—1xp1+1xp2)(—1xq +1xgz)
= P191 —P192 — P291 + P2q2
It follows that the haplotype covariance is
Elab] — Ela]|E[l] = 11 — 221 — T12 + 222 — (P1q1 — P1G2 — P2q1 + P2G2)
= (z11 —p1q1) — (x21 — p2q1) — (212 — P1@2) + (T22 — P2q2)
From the relationship between observed haplotype frequency and LD in Table 3, we have

E[ab] - E[G]E[b] = (IL‘11 - plQl) - (5821 - pz(h) - (9612 —p1Q2) + ($22 - p2CI2)
D—(-D)—(-D)+D
= 4D

which is the relationship between covaraince and LD.

Next, we consider genotype correlation. Let S; and S2 be random variables of SNP1 and SNP2
respectively with the values of 1 € {—1,0,1} and S2 € {—1,0,1}  The observed genotype
frequency is given Table 4.



Table 4: Genotype observed frequency
A1A1 A1Ay AsAs
B1Bs  far Ja2 Jas3
BaBy  fa f32 f33

If two genotype locus are independent, the expected frequencies are given in Table 5.
Table 5: Genotype expected frequency

A1 A1 Al A2 AQ AZ
BiB, ¢} 2p143 P3q3
B1B> 2pipiqi 4pipeqige 2p3q192
BsBs  pig3 2p1p2G3 P393

Since 51,52 € {—1,0,1} | the covariance of two SNPs is computed by
E[51S2] = *]_X*1Xf11+*]_><1><f13+]_><*]_><f31+1><1Xf33

= Ji1— fiz — fs1+ f33
and

E[Si1]B[S:] = (-1xpi+1xp3)(~1xq¢i +1xq3

piai — p3ai — pids + pads
and, hence
E[S155] — E[S1]E[S2] = fi1 — fis — fa1 + f3s — (pTa} — p3¢5 — pid5 + p3d5)
= (fun —pigi) — (fi3 = p3a7) — (fs1 — pig3) + (f33 — P343)
Again, using the relationship in Table 3, we have
E[S152] — E[S1]E[S2] =
(fi1 = (11 — D)?) = (f13 — (z12 + D)?) — (fs1 — (w21 + D)?) + (f3s — (w22 — D)?)

In conclusion, we have shown that the relationship between LD and correlation between haplotype
of two locus is given by

‘ Covlab] = 4D ‘

Moreover, there is a relationship between covariance of two SNPs with {—1,0,1} representation
and LD as shown in the following equation.

Cov[S152] = (fi1 — (z11 — D)?) — (fiz — (z12 + D)?) — (f31 — (x21 + D)?) + (f33 — (x22 — D)?)




