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model with multiple variance components”

A1. Proof of Theorem 1

We prove the theorem under the model (5) with L = 2. We present a spectral decomposition

of RSS0, RSS1, T1 and T2 through two equivalent models. For simplicity, we suppress γ in

the notation of V 0(γ) and suppress γ and λ in the notation of V 1(γ, λ). We first consider

the case where γ is known and then proceed to estimated γ. Multiplying both sides of (5)

by V
−1/2
0 to obtain an equivalent model under the null hypothesis as

Ỹ = X̃0β + ε̃1, ε̃1 ∼ N(0, σ2
εIn), (A.1)

where Ỹ = V
−1/2
0 Y and X̃0 = V

−1/2
0 X0. Under the alternative hypothesis, the equivalent

model is

Ỹ = X̃1β + ε̃2, ε̃2 ∼ N(0, σ2
εṼ ), (A.2)

where X̃1 = V
−1/2
0 X1, Ṽ = V

−1/2
0 V 1V

−1/2
0 = In + λZ̃Σ2Z̃

T
, and Z̃ = V

−1/2
0 Z2.

Denote p = rank(X̃1). Applying results from Patterson and Thompson (1971) and Kuo

(1999) to the equivalent models (A.1) and (A.2), there exists an n× (n− p) matrix W such

that

W TW = In−p, WW T = In − X̃1(X̃
T

1 X̃1)
−1X̃

T

1 ,

W T Ṽ W = W T (I + λZ̃Σ2Z̃
T

)W = diag{1 + ξs(γ, λ)},

where

ξs(γ, λ) = eigens(λW
T Z̃Σ2Z̃

T
W )

= λ eigens(W
TV

−1/2
0 Z2Σ2Z2

TV
−1/2
0 W )

= λρs(γ),



eigens(M) denotes the sth eigenvalue of the matrixM , and recall ρs(γ) = eigens(W
T Z̃Σ2Z̃

T
W ).

To obtain the matrix W explicitly, let UDUT be the singular value decomposition (SVD)

of P̃ 1 = In − X̃1(X̃
T

1 X̃1)
−1X̃1, and let A = UD1/2. Then by the idempotent of

P̃ 1, we have AAT = P̃ 1 and ATA = In−p. Let U 1D1U
T
1 be the SVD of AT Ṽ A,

then W = AU 1. To verify this, note that WW T = AU 1U
T
1A

T = AAT = P̃ 1,

W TW = UT
1A

TAU 1 = UT
1 In−pU 1 = In−p, and

W T Ṽ W = UT
1A

T Ṽ AU 1 = UT
1U 1D1U

T
1U 1 = D1 = diag{1 + ξs(γ, λ)}. (A.3)

We now show the spectral decomposition of RSS0 and RSS1. Let H(X,V ) ,

X(XTV −1X)−1XTV −1. Then we have

RSS1(γ, λ) =
1

σ2
ε

Ỹ
T{I −H(X̃1, Ṽ )}Ṽ −1{I −H(X̃1, Ṽ )}Ỹ

=
1

σ2
ε

Ỹ
T
Wdiag[{1 + λρs(γ)}−1]W T Ỹ .

The last step follows from Patterson and Thompson (1971), Kuo (1999) and Crainiceanu

and Ruppert (2004). Note that

W T Ỹ ∼ N(0, σ2
εdiag{1 + λ0ρs(γ0)}),

where γ0 and λ0 are the true values of γ and λ. Since under the null specified in (4) we have

λ0 = σ2
b/σ

2
ε = 0, it follows that W T Ỹ ∼ N(0, σ2

εIn−p) under the null. One desirable feature

of this decomposition is that the distribution of W T Ỹ under the null does not depend on

the true values of the nuisance parameters θ0 or γ0. Under the null, we have

RSS1 =d σ2
ε

n−p∑
s=1

1

1 + λρs(γ)
u2s, (A.4)

where us are independent and identically distributed N(0, 1) random variables. Under the

alternative, we have

RSS1 =d σ2
ε

n−p∑
s=1

1 + λ0ρs(γ0)

1 + λρs(γ)
u2s, us ∼i.i.d. N(0, 1). (A.5)

2



Now we assess RSS0. Again using the equivalent models (A.1) and (A.2), we have

RSS0 =
1

σ2
ε

Ỹ
T{I −H(X̃0, In−p)}T{I −H(X̃0, In−p)}Ỹ

=
1

σ2
ε

Ỹ
T{I −H(X̃1, In−p) +H(X̃1, In−p)−H(X̃0, In−p)}Ỹ

=
1

σ2
ε

Ỹ
T{I −H(X̃1, In−p)}Ỹ +

1

σ2
ε

Ỹ
T{H(X̃1, In−p)−H(X̃0, In−p)}Ỹ

=
1

σ2
ε

Ỹ
T
WW T Ỹ (A.6)

+
1

σ2
ε

Ỹ
T

[{I −H(X̃0, In−p)} − {I −H(X̃1, In−p)}]Ỹ . (A.7)

It is easy to see that the second term (A.7) is the difference of residual sum of squares of

least squares fit from two nested models, one with X̃0 as fixed effects and the other with

X̃1 as fixed effects. Therefore it is standard to show that

Ỹ
T

[{I −H(X̃0, In)} − {I −H(X̃1, In)}]Ỹ =d σ2
ε

p−q∑
s=1

(θs + vs)
2,

where vs ∼ N(0, 1), θs is the sth component of {H(X̃1, In) −H(X̃0, In)}X̃1β (see for

example, page 50 of Christensen 1996). In other words, (A.7) follows a χ2 distribution with

degrees of freedom p−q and noncentrality parameter
∑
θ2s . Under the H0, the expectation of

Ỹ is X̃0β0, and by {H(X̃1, In−p)−H(X̃0, In−p)}X̃0 = 0, we have βT0 X̃
T

0 {H(X̃1, In−p)−

H(X̃0, In−p)}X̃0β0 = 0. Therefore (A.7) divided by σ2
ε follows a χ2 with degrees of freedom

p− q and noncentrality parameter zero. Further observe that W TX̃1 = 0 and W TX̃0 = 0,

we obtain that (A.7) is uncorrelated to (A.6). It follows that under the alternative,

RSS0 =d σ2
ε

{
n−p∑
s=1

u2s +

p−q∑
s=1

(θs + vs)
2

}
,

where vs ∼ N(0, 1) are independent of us. Under the null, we have

RSS0 =d σ2
ε

(
n−p∑
s=1

u2s +

p−q∑
s=1

v2s

)
, us ∼i.i.d. N(0, 1), vs ∼i.i.d. N(0, 1). (A.8)

Putting together the spectral decompositions of RSS0 and RSS1 and by (6), we arrive

at the decomposition for T1 in (8) of Theorem 1. When γ is unknown but consistently
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estimated, V̂
−1/2

0 V 0V̂
−1/2

0 = In + op(1). Therefore the variance of Ỹ under the equivalent

model (A.1) is approximately σ2
εI and under the equivalent model (A.2) is approximately Ṽ .

It follows that replacing γ0 by γ̂ in the expression (6), we obtain a spectral representation of

T2 in Theorem 1. Finally, we give the decomposition of the restricted likelihood, fn(λ, γ), in

this Online Appendix A3 which completes the proof of Theorem 1.

A2. Simultaneous diagonalizing

Here we verify (10). Let W ∗ denote the matrix that simultaneously diagonalizes Z1Σ1Z
T
1

and Z2Σ2Z2
T . That is, W T

∗Z2Σ2Z2
TW ∗ = diag(µs), and γW T

∗Z1Σ1Z
T
1W ∗ = γdiag(ωs).

Recall that ρs(γ) = eigens(W
T Z̃Σ2Z̃

T
W ), it suffices to show

eigens(W
T Z̃Σ2Z̃

T
W ) = eigens(W

TV
−1/2
0 Z2Σ2Z2

TV
−1/2
0 W )

= eigens(Z2Σ2Z2
TV

−1/2
0 WW TV

−1/2
0 )

= eigens[Z2Σ2Z2
TV

−1/2
0 {I − V −1/2

0 X1(X
T
1V

−1
0 X1)X1V

−1/2
0 }V −1/2

0 ]

= eigens[Z2Σ2Z2
T{V −1

0 − V −1
0 X1(X

T
1V

−1
0 X1)

−1XT
1V

−1
0 }]

= eigens[Z2Σ2Z2
T{I −H(X1,V 0)}TV −1

0 {I −H(X1,V 0)}]

= eigens
[
Z2Σ2Z2

TW ∗{diag(1 + γωs)}−1W T
∗
]

= eigens
[
W T

∗Z2Σ2Z2
TW ∗{diag(1 + γωs)}−1

]
= eigens

[
diag(µs){diag(1 + γωs)}−1

]
= diag

(
µs

1 + γωs

)
.

Here the fourth line is by straightforward matrix algebra and the fifth line is by various

properties of W ∗ including that it diagonalizes V 0 = I + γZ1Σ1Z1
T and W ∗W

T
∗ = I −

H(X1, I) (Kuo 1999).
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A3. Spectral decompositions of (restricted) log-likelihood

Under the alternative, the profile log-likelihood is obtained by plugging β̂1(γ, λ) into the

likelihood, which leads to

L(γ, λ) = −nlog{RSS1(γ, λ)} − log|V 1|.

Using (A.4) and a result from Kuo (1999), we obtain that the log-likelihood assuming Ha

has the spectral decomposition

L(γ, λ) = −nlog

{
K∑
s=1

u2s
1 + λρs(γ)

+

n−p∑
s=K+1

u2s

}
−

K∑
s=1

log{1 + λϕs(γ)} −
K∑
s=1

log(1 + γωs).

Here we used the fact that only K eigenvalues ρs(γ) are non-zero. Using (A.8) it is easy to

obtain that the likelihood under the H0 has the representation

L(γ, 0) = −nlog

(
n−p∑
s=1

u2s +

p−q∑
s=1

v2s

)
−

K∑
s=1

log(1 + γωs).

By the above spectral decompositions of L(γ, λ) and L(γ, 0) and some algebra, it follows

that LRT1 has the exact distribution shown in (11). Similar to T2, when γ is unknown but

can be consistently estimated, the null distribution of LRT2 can be obtained by

nlog

(
1 +

∑p−q
s=1 v

2
s∑n−p

s=1 u
2
s

)
+ sup

λ,γ
gn(γ, λ).

Using a result from Kuo (1999), the restricted profile log-likelihood assuming Ha is

RL(γ, λ)

= −(n− p)log

{
K∑
s=1

u2s
1 + λρs(γ)

+

n−p∑
s=K+1

u2s

}
−

K∑
s=1

log{1 + λρs(γ)}

−
K∑
s=1

log(1 + γωs)− log(|XTX|),
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which is fn(γ, λ) in Theorem 1 aside from a constant. Assuming H0, the corresponding

restricted log-likelihood is

RL(γ, 0) = −(n− p)log

(
n−p∑
s=1

u2s

)
−

K∑
s=1

log {1 + λρs(γ)} −
K∑
s=1

log(1 + γωs)− log(|XTX|).

After some algebra, we obtain the null distributions of RLRT1 and RLRT2 presented in

section 3.3.

A4. Additional information on the simulations

This section includes an expansion of Tables 1 and 2 in the main text. Here we report all

empirical rejection rates and their confidence intervals (Tables A1 and A2 correspond to

Table 1 in the main text, and Tables A3 and A4 correspond to Table 2 in the main text).
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