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1 Expressions for regression coefficients adjusting for 2, 3,
and 4 covariates

1.1 Two covariates

In a linear model with outcome Y, and covariates X, Xo, in a column matrix X =
[1, X1, Xso], we estimate parameters 3 = [fy, 81, 52)'. The equation for these parameters
is[1]

B=(X'X)'X'Y (1)

From this it can be shown

8 = var(Xs) cov(X1,Y) — cov(X1, X2) cov(Xo,Y)
var(X7) var(Xs) — (cov(Xy, X2))?

By = var(X1) cov(X2,Y) — cov(Xy, X2) cov(X1,Y)
var(X7) var(Xs) — (cov(Xy, X2))?

1.2 Three covariates

With three covariates, X1, X2 and X3, the vector X = [1, X7, X9, X3] and we estimate
parameters 3 = [0, 51, B2, B3] to solve equation (1). Let us define

D3 = VaI‘(Xl) Var(Xg) V&I’(Xg) + 2 COV(Ale7 XQ) COV(Xl, Xg) COV(XQ, Xg)
— var(X1)(cov(Xa, X3))? — var(Xs)(cov(X1, X3))? — var(X3)(cov(X1, Xo))?

Then it can be shown that



3 ail COV(Xl,Y) + a9 COV(XQ,Y) + a3 COV(Xg,Y)
1 pu—
D3

5 a1 cov(X1,Y) 4+ azo cov(Xs,Y) + ags cov(Xs, Y)
2 p—

D3

5 aszy cov(X1,Y) + aszcov(Xa,Y) + agz cov(X3,Y)
3 =

D3

where
a1 =var(Xs) var(X3) — ((:OV(XQ,X;»,))2
ajo = cov(Xy, X3) cov(Xe, X3) — var(X3) cov(X1, X2)
a1z = cov(Xy, Xa) cov(Xa, X3) — var(Xa) cov(X1, X3)
a1 =cov(Xy, X3) cov(Xe, X3) — var(X3) cov(X1, X2)
ago = var(X1) var(X3) — (cov(X1, X3))?
azs = cov(Xy, Xo) cov(X1, X3) — var(X1) cov(Xa, X3)
a1 = cov(Xy, Xo) cov(Xa, X3) — var(Xa) cov(X1, X3)
aze =cov(X1, Xs) cov(X1, X3) — var(X7) cov(Xe, X3)

aszs = var(X;) var(Xq) — (COV(Xl,Xg))2)



1.3 Four covariates

With four covariates, X7, Xo, X3 and X4, the vector X =
[Bo, 51, B2, B3, Ba]” to solve equation (1). Let us define

estimate parameters 3 =

Dy = var(X;) var(Xs) var(X3) var(
+ 2var(Xsg) cov(X1, X3) cov(X1, Xy4) cov(Xs, Xy)
+ 2 var(X3) cov(X1, X2) cov(Xi, X4) cov(Xa, X4)
+ 2 var(Xy) cov(X1, Xa) cov(X1, X3) cov(X2, X3)

+ (cov(X1, X2))2(cov (X3, X4))? +
— var(X1) var(Xs)(cov(X3, X4))? —
— var(X1) var(Xy)(cov(Xa, X3))? —
— var(Xy) var(X4)(cov(X1, X3))? —
— 2cov(Xy, X2) cov(Xa, X3) cov(Xg, X4) cov(X7q,
— 2cov(X1, X2) cov(Xa, Xy4) cov(Xs, X4) cov(Xy, X,
— 2cov(Xy, X3) cov(Xe, X3) cov(Xa, Xy) cov(Xy, X

Then it can be shown that

+ (cov(X1, X3))2(cov(Xa, X4))? +
var(X) var(X3)(cov(Xz, X4))?
(
(

[1,X1,X2, Xg,X4] and we

var(Xy) + 2 var(X;) cov(Xa, X3) cov(Xs, X4) cov(Xs, Xy4)

(cov(X7y, X4))2(COV(X2, X3))2

var(Xs) var(X3) (cov(X1, X4))?

(X3) var X4) COV(Xl, XQ))2

3

(
(
X4)
)
)

4

b1 COV(Xl, Y) + by9 COV(XQ, Y) + b13 COV(Xg, Y) + by4 COV(X4, Y)

B = Dy

3 _b21 COV(Xl, Y) + bao COV(X2, Y) + bos COV(X3, Y) + boy COV(X4, Y)
2 = D

5 _ b31cov(X1,Y) + b3z cov(Xa,Y) + b3z cov(X3,Y) + bgg cov(Xy,Y)
3= Dy

5 b1 cov(X1,Y) 4 baz cov(X2,Y) 4 byz cov(X3,Y) + byg cov(Xy,Y)
4= D

where



b11 = V&I"(XQ) Val"(Xg) Var(X4) + 2 COV(XQ, Xg) COV(XQ, X4) COV()(?,7 X4)
— var(X2)(cov(X3, X4))? — var(X3)(cov(Xe, X4))? — var(Xy)(cov(X2, X3))?

b1o = var(X3) cov(X1, X4) cov(Xa, X4) + var(Xy) cov(X1, X3) cov(Xa, X3)
+ cov (X1, Xo)(cov(X3, X4))? — var(X3) var(Xy) cov(X1, Xo)
— cov (X1, Xy4) cov(Xae, X3) cov(Xs, Xy) — cov(Xy, X3) cov(Xa, X4) cov(X3, Xy)

b3 =var(Xs) cov(Xy, Xy) cov(X3, X4) + var(Xy) cov(Xi, X2) cov(Xa, X3)
+ cov(X1, X3)(cov(Xa, X4))? — var(Xz) var(X,) cov(X1, X3)
— cov(X1, X2) cov(Xa, X4) cov(X3, X4) — cov(X1, X4) cov(Xa, X3) cov(Xa, Xy)

b14 = var(Xs) cov(Xy, X3) cov(Xs, X4) + var(X3) cov(X7, X2) cov(Xe, X4)
+ cov (X1, X4)(cov(Xa, X3))? — var(Xs) var(X3) cov(X1, X4)
— cov (X1, X2) cov(Xe, X3) cov(Xs, Xy) — cov(X7, X3) cov(Xa, X3) cov(Xa, Xy)

ba1 =var(Xs) cov(Xy, Xy) cov(Xa, X4) + var(Xy) cov(Xi, X3) cov(Xa, X3)
+ cov (X1, Xo)(cov(X3, X4))? — var(X3) var(Xy) cov(X1, Xo)
— cov (X1, X3) cov(Xe, Xy) cov(Xs, Xy) — cov(Xy, Xy) cov(Xe, X3) cov(X3, Xy)

boo = var(Xy) var(X3) var(Xy) + 2 cov(Xy, X3) cov(X1, Xy) cov(Xs, Xy)
— V&I"(Xl)(COV(Xg, X4))2 — V&I“(Xg)(COV(Xl, X4))2 — V&I“(X4)(COV(X1, X3))2

basz = var(X) cov(Xa, X4) cov(Xs3, X4) + var(Xy) cov(Xy, Xo) cov(Xi, X3)
+ cov(Xa, X3)(cov(X1, X4))? — var(X;) var(Xy) cov(Xs, X3)
— cov (X1, X2) cov(X1, Xy) cov(Xs, Xy) — cov(Xy, X3) cov(X7, Xy4) cov(Xa, Xy)

bag = var(X1) cov(Xa, X3) cov(Xs, X4) + var(X3) cov(X1, Xo) cov(Xy, X4)
+ COV(XQ, X4)(COV(X1, X3))2 - VaI“(X1) var(Xg) COV(XQ, X4)
— COV(Xl, XQ) COV(Xl, Xg) COV(X3, X4) — COV(Xl, X3) COV(Xl, X4) COV(X27 Xg)



bg1 = var(Xs) cov(X7, Xy) cov(Xs, X4) + var(Xy) cov(Xy, X2) cov(Xe, X3)
+ cov (X1, X3)(cov(Xa, X4))? — var(Xs) var(Xy) cov(X1, X3)
— COV(Xl, XQ) COV(XQ, X4) COV(X3, X4) — COV(AXPl7 X4) COV(XQ, X3) COV(AXQ7 X4)

b3a =var(X1) cov(Xa, Xy) cov(X3, X4) 4 var(Xy) cov(X7, X2) cov(X1, X3)
+ cov(Xa, X3)(cov(X1, X4))? — var(X;) var(Xy) cov(Xs, X3)
— cov (X1, X3) cov(X1, Xy) cov(Xa, Xy) — cov(Xy, Xo) cov(X7, X4) cov(X3, Xy)

b33 = var(Xl) Val"(Xz) Var(X4) +2 COV(Xl, XQ) COV(Xl, X4) COV(XQ, X4)
— var(X1)(cov(Xa, X4))? — var(Xy)(cov(X1, X4))? — var(Xy) (cov(X1, Xo))?

byq = var(X1) cov(Xa, X3) cov(Xa, X4) + var(Xa) cov(Xy, X3) cov(X1, X4)
+ cov(X3, X4)(cov(X1, X2))? — var(X1) var(Xs) cov(X3, Xy4)
— cov (X1, X2) cov(X1, X3) cov(Xa, Xy) — cov(X7, X2) cov(X1, X4) cov(Xa, X3)

by1 =var(Xs) cov(Xy, X3) cov(X3, X4) + var(X3) cov(Xi, X2) cov(Xa, X4)
+ cov (X1, X4)(cov(Xa, X3))? — var(Xs) var(X3) cov(X1, X4)
— cov(X1, X2) cov(Xa, X3) cov(X3, X4) — cov(X1, X3) cov(Xa, X3) cov(Xa, X4)

byo = var(X1) cov(Xs, X3) cov(Xs, Xy) + var(X3) cov(Xy, X2) cov(X1, X4)
+ cov(Xa, X4)(cov(X1, X3))? — var(X;) var(X3) cov(X2, X4)
— cov (X1, X3) cov(X1, Xy) cov(Xa, X3) — cov(X7, X2) cov(X1, X3) cov(X3, Xy4)

bz = var(X) cov(Xs, X3) cov(Xa, X4) + var(Xs) cov(Xy, X3) cov(Xi, X4)
+ cov (X3, X4)(cov(X1, Xo))? — var(X;) var(Xs) cov(X3, X4)
— cov(X1, X2) cov(Xy, X4) cov(Xa, X3) — cov(X1, Xa) cov(X1, X3) cov(Xa, X4)

bys = var(Xy) var(Xsa) var(Xs3) + 2 cov(X1, Xo) cov(X1, X3) cov(Xa, X3)
— var(Xl)(cov(Xg, X3))2 — V&I“(XQ)(COV(Xl, X3))2 — Var(Xg)(COV(Xl, Xg))Q
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