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1 Expressions for regression coefficients adjusting for 2, 3,
and 4 covariates

1.1 Two covariates

In a linear model with outcome Y , and covariates X1, X2, in a column matrix X =
[1, X1, X2], we estimate parameters β = [β0, β1, β2]

′. The equation for these parameters
is[1]

β̂ = (X ′X)−1X ′Y (1)

From this it can be shown

β1 =
var(X2) cov(X1, Y ) − cov(X1, X2) cov(X2, Y )

var(X1) var(X2) − (cov(X1, X2))2

β2 =
var(X1) cov(X2, Y ) − cov(X1, X2) cov(X1, Y )

var(X1) var(X2) − (cov(X1, X2))2

1.2 Three covariates

With three covariates, X1, X2 and X3, the vector X = [1, X1, X2, X3] and we estimate
parameters β = [β0, β1, β2, β3]

′ to solve equation (1). Let us define

D3 = var(X1) var(X2) var(X3) + 2 cov(X1, X2) cov(X1, X3) cov(X2, X3)

− var(X1)(cov(X2, X3))
2 − var(X2)(cov(X1, X3))

2 − var(X3)(cov(X1, X2))
2

Then it can be shown that

1



β1 =
a11 cov(X1, Y ) + a12 cov(X2, Y ) + a13 cov(X3, Y )

D3

β2 =
a21 cov(X1, Y ) + a22 cov(X2, Y ) + a23 cov(X3, Y )

D3

β3 =
a31 cov(X1, Y ) + a32 cov(X2, Y ) + a33 cov(X3, Y )

D3

where

a11 = var(X2) var(X3) − (cov(X2, X3))
2

a12 = cov(X1, X3) cov(X2, X3) − var(X3) cov(X1, X2)

a13 = cov(X1, X2) cov(X2, X3) − var(X2) cov(X1, X3)

a21 = cov(X1, X3) cov(X2, X3) − var(X3) cov(X1, X2)

a22 = var(X1) var(X3) − (cov(X1, X3))
2

a23 = cov(X1, X2) cov(X1, X3) − var(X1) cov(X2, X3)

a31 = cov(X1, X2) cov(X2, X3) − var(X2) cov(X1, X3)

a32 = cov(X1, X2) cov(X1, X3) − var(X1) cov(X2, X3)

a33 = var(X1) var(X2) − (cov(X1, X2))
2)
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1.3 Four covariates

With four covariates, X1, X2, X3 and X4, the vector X = [1, X1, X2, X3, X4] and we
estimate parameters β = [β0, β1, β2, β3, β4]

′ to solve equation (1). Let us define

D4 = var(X1) var(X2) var(X3) var(X4) + 2 var(X1) cov(X2, X3) cov(X2, X4) cov(X3, X4)

+ 2 var(X2) cov(X1, X3) cov(X1, X4) cov(X3, X4)

+ 2 var(X3) cov(X1, X2) cov(X1, X4) cov(X2, X4)

+ 2 var(X4) cov(X1, X2) cov(X1, X3) cov(X2, X3)

+ (cov(X1, X2))
2(cov(X3, X4))

2 + (cov(X1, X3))
2(cov(X2, X4))

2 + (cov(X1, X4))
2(cov(X2, X3))

2

− var(X1) var(X2)(cov(X3, X4))
2 − var(X1) var(X3)(cov(X2, X4))

2

− var(X1) var(X4)(cov(X2, X3))
2 − var(X2) var(X3)(cov(X1, X4))

2

− var(X2) var(X4)(cov(X1, X3))
2 − var(X3) var(X4)(cov(X1, X2))

2

− 2 cov(X1, X2) cov(X2, X3) cov(X3, X4) cov(X1, X4)

− 2 cov(X1, X2) cov(X2, X4) cov(X3, X4) cov(X1, X3)

− 2 cov(X1, X3) cov(X2, X3) cov(X2, X4) cov(X1, X4)

Then it can be shown that

β1 =
b11 cov(X1, Y ) + b12 cov(X2, Y ) + b13 cov(X3, Y ) + b14 cov(X4, Y )

D4

β2 =
b21 cov(X1, Y ) + b22 cov(X2, Y ) + b23 cov(X3, Y ) + b24 cov(X4, Y )

D4

β3 =
b31 cov(X1, Y ) + b32 cov(X2, Y ) + b33 cov(X3, Y ) + b34 cov(X4, Y )

D4

β4 =
b41 cov(X1, Y ) + b42 cov(X2, Y ) + b43 cov(X3, Y ) + b44 cov(X4, Y )

D4

where
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b11 = var(X2) var(X3) var(X4) + 2 cov(X2, X3) cov(X2, X4) cov(X3, X4)

− var(X2)(cov(X3, X4))
2 − var(X3)(cov(X2, X4))

2 − var(X4)(cov(X2, X3))
2

b12 = var(X3) cov(X1, X4) cov(X2, X4) + var(X4) cov(X1, X3) cov(X2, X3)

+ cov(X1, X2)(cov(X3, X4))
2 − var(X3) var(X4) cov(X1, X2)

− cov(X1, X4) cov(X2, X3) cov(X3, X4) − cov(X1, X3) cov(X2, X4) cov(X3, X4)

b13 = var(X2) cov(X1, X4) cov(X3, X4) + var(X4) cov(X1, X2) cov(X2, X3)

+ cov(X1, X3)(cov(X2, X4))
2 − var(X2) var(X4) cov(X1, X3)

− cov(X1, X2) cov(X2, X4) cov(X3, X4) − cov(X1, X4) cov(X2, X3) cov(X2, X4)

b14 = var(X2) cov(X1, X3) cov(X3, X4) + var(X3) cov(X1, X2) cov(X2, X4)

+ cov(X1, X4)(cov(X2, X3))
2 − var(X2) var(X3) cov(X1, X4)

− cov(X1, X2) cov(X2, X3) cov(X3, X4) − cov(X1, X3) cov(X2, X3) cov(X2, X4)

b21 = var(X3) cov(X1, X4) cov(X2, X4) + var(X4) cov(X1, X3) cov(X2, X3)

+ cov(X1, X2)(cov(X3, X4))
2 − var(X3) var(X4) cov(X1, X2)

− cov(X1, X3) cov(X2, X4) cov(X3, X4) − cov(X1, X4) cov(X2, X3) cov(X3, X4)

b22 = var(X1) var(X3) var(X4) + 2 cov(X1, X3) cov(X1, X4) cov(X3, X4)

− var(X1)(cov(X3, X4))
2 − var(X3)(cov(X1, X4))

2 − var(X4)(cov(X1, X3))
2

b23 = var(X1) cov(X2, X4) cov(X3, X4) + var(X4) cov(X1, X2) cov(X1, X3)

+ cov(X2, X3)(cov(X1, X4))
2 − var(X1) var(X4) cov(X2, X3)

− cov(X1, X2) cov(X1, X4) cov(X3, X4) − cov(X1, X3) cov(X1, X4) cov(X2, X4)

b24 = var(X1) cov(X2, X3) cov(X3, X4) + var(X3) cov(X1, X2) cov(X1, X4)

+ cov(X2, X4)(cov(X1, X3))
2 − var(X1) var(X3) cov(X2, X4)

− cov(X1, X2) cov(X1, X3) cov(X3, X4) − cov(X1, X3) cov(X1, X4) cov(X2, X3)
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b31 = var(X2) cov(X1, X4) cov(X3, X4) + var(X4) cov(X1, X2) cov(X2, X3)

+ cov(X1, X3)(cov(X2, X4))
2 − var(X2) var(X4) cov(X1, X3)

− cov(X1, X2) cov(X2, X4) cov(X3, X4) − cov(X1, X4) cov(X2, X3) cov(X2, X4)

b32 = var(X1) cov(X2, X4) cov(X3, X4) + var(X4) cov(X1, X2) cov(X1, X3)

+ cov(X2, X3)(cov(X1, X4))
2 − var(X1) var(X4) cov(X2, X3)

− cov(X1, X3) cov(X1, X4) cov(X2, X4) − cov(X1, X2) cov(X1, X4) cov(X3, X4)

b33 = var(X1) var(X2) var(X4) + 2 cov(X1, X2) cov(X1, X4) cov(X2, X4)

− var(X1)(cov(X2, X4))
2 − var(X2)(cov(X1, X4))

2 − var(X4)(cov(X1, X2))
2

b34 = var(X1) cov(X2, X3) cov(X2, X4) + var(X2) cov(X1, X3) cov(X1, X4)

+ cov(X3, X4)(cov(X1, X2))
2 − var(X1) var(X2) cov(X3, X4)

− cov(X1, X2) cov(X1, X3) cov(X2, X4) − cov(X1, X2) cov(X1, X4) cov(X2, X3)

b41 = var(X2) cov(X1, X3) cov(X3, X4) + var(X3) cov(X1, X2) cov(X2, X4)

+ cov(X1, X4)(cov(X2, X3))
2 − var(X2) var(X3) cov(X1, X4)

− cov(X1, X2) cov(X2, X3) cov(X3, X4) − cov(X1, X3) cov(X2, X3) cov(X2, X4)

b42 = var(X1) cov(X2, X3) cov(X3, X4) + var(X3) cov(X1, X2) cov(X1, X4)

+ cov(X2, X4)(cov(X1, X3))
2 − var(X1) var(X3) cov(X2, X4)

− cov(X1, X3) cov(X1, X4) cov(X2, X3) − cov(X1, X2) cov(X1, X3) cov(X3, X4)

b43 = var(X1) cov(X2, X3) cov(X2, X4) + var(X2) cov(X1, X3) cov(X1, X4)

+ cov(X3, X4)(cov(X1, X2))
2 − var(X1) var(X2) cov(X3, X4)

− cov(X1, X2) cov(X1, X4) cov(X2, X3) − cov(X1, X2) cov(X1, X3) cov(X2, X4)

b44 = var(X1) var(X2) var(X3) + 2 cov(X1, X2) cov(X1, X3) cov(X2, X3)

− var(X1)(cov(X2, X3))
2 − var(X2)(cov(X1, X3))

2 − var(X3)(cov(X1, X2))
2
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