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Proofs of the Propositions and Theorems

In this section, we give proofs for Propositions 1-2 and Theorems 1-5. First, we present a method for the
calculation of Eg ,(u,v).

1). For the calculation of Eg o(u, v) = E(Xy[1, 5] X [1, 5]), we first define I; (u) = T(ApApyr -+ Apyr—1 =
u). Then we have

B—k+1 B—k+1
B 0a) ~B( 3 () + L) 3 10+ 1)

B—k+1B—k+1

= Z Z E(Ii(uﬂj(V)+Ii(u)1j(v)+Ii(u)fj(v)+1i(u)1j(v))

=(B-k+1) (ﬁu,v(O)P(uov) + Bu,v(0)P(uoV) + Bav(0)P(ugv) + ﬂu’v(O)P(ﬁOV))

B—2k
S B2kt ) (Eh(u)fkm (v) + BL (W T145(9) + BL (@) [ (v) + E11<u>fk+1+j<v>)

j=0
B—2k

+ > (B-2k—j+1) (Efl(V)Ik+1+j(u) +EL (V) es145(0) + BL (V) L1 45(0) + EL (‘_’)Ik+1+j(ﬁ))7
=0

where u;v=u;---u;vy - v
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2). For 0 <n < (-1, we have
Eﬁﬂ(uvv)::Eﬁ—ﬁﬂ(u’v)

+ Z <77 77 ] + 1) V1 =+ 1> (/Bu,v(l)P(ujV) + ﬁuj(l)P(u]‘\?) =+ ﬁmv(Z)P(ﬁjV) + ﬂuw(l)P(u]'V))

+Z<(ﬂ—n—k—j+1)A(ﬁ—k+1)—(ﬂ—k+2—j)v(n+1) D) (Buv0Pav

j=1
+ Bus ()P(u;¥) + Fan (D P(;v) + ﬁu,v(l)P(ujv>>

B+n—2k
N (Eh Y >+Eh<u>fk+1+j<v>+E11<a>fk+1+j<v>+Eh<a>fk+1+j<v>)

B—2k
3 )+ (B (0115 (6) + BI (W) 145(5) + BA (@)1 1450) + L (@) 1s145(9) )

where the summations are 0 when the upper limit is smaller than the lower limit,

Jtk, 0<j<n—FkK
h; =<7, n—k<ji<p-2k+1;
B4n—2k—j+1,8-2k+1<j<pB+n— 2k

and we use the abbreviation L(j) = (6—2k—j+2)V(n+1) and R(j) = (B—k+1)A(n+8—-2k—j+1).
The By, (1) is the overlap bit which equals 1 if wjy; = v;,4=1,2,--- ,k — 1, and By v(I) = 0 otherwise.
3). For n > 3, we have

n+8—2k

Esy(w,v)= > fy(j) (Eh )Ik+1+j(")+Efl(u)fk+1+j(‘_’)+E11(ﬁ)fk+1+j(v)+E11(1_1)Ik+1+j(‘7))7
Jj=n—8

where f,(j) = (B+j+)Am+B-k+1)—j—k-(n+1-j-k)VIi+1
Proof of Proposition 1:

For the calculation of the covariance of X,, and X, we have
n—pFG+1

Cov(Xu, Xy) = (M + M(M - 1) Z )\2) (Eg o(u,v) — (B — k +1)2(P(u) + P(1)(P(v) + P(v)))

n—pG+1 n—i—B+1

G130 A X v (Bag(uw) + Baylvon) =206~  + V(PG + P@)(PY) + P9) ).

n=1

So if limy,—0o(n — B3 —1n + 1) Z?:_f—"'ﬂ AiXitn = 1 and M depends on n such that lim,, . M/n =6,
then

. Cov(Xu, Xy)
1 I S R
A M

= (14 0r0) (Bao(u,v) = (9~ b+ 1P(P() + P@)(P() + P(v))) O
03 1 (Boa:v) 4 Bay(vow) = 200~ k4 12(P) + P@)PE) + P9) ).

Proposition 2 can be proved easily by the Central Limit Theorem.
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Proof of Theorem 1:

It is obvious that a word pattern w occurs in a read or it’s complement if and only w or w occurs in

the read from the forward strand. So we have EXy, = M (8 — k + 1)(P,(w) + P,(w)).
ED; = Y EXEYy = M*(B—k+1)*) (Py(w) + Pp(w))?,
Also we have EXy, = M(3 — k + 1)(P,(w) + P,(W) — pw — pw). Thus,

(Py(w) + Py(W) — pw — pw)?
DPw + Pw '

EX,EYy
2 M3 =k +1)(pw + pw)
For the proof of the approximate mean of D3, we first use the Taylor expansion,
(x+a)ly+a) _ la|  sign(a)

VE+a?2+y+a? V2 2V2

For each w, let a = (B — k4 1)(Py(W) + P)(W) — pw — Pw), © = Xw/M — (8 — k + 1)(P,(w) + P,(W)),
and y = Yw/M — (8 — k+1)(P,(w) + P,(W)). Then with the Taylor expansion,

ED} =

=M@B-k+1))

(x +y) + O(x? + y?).

XoYo (B-k+1) _
- (Byw) + Po(®) ~ pu )
My\/X2, + Y2 V2 et
(58— k + Dsign(Py(w) + (%) ~ pw — ) ( Ko+ Yo ,
v - (B = 25— k4 (B ) + P )

2

+ O<(XW/M = (B =k +1)(Pp(w) + Pp(W)))" + (Ya/M = (8 =k + 1)(Pp(w) + Pp(W)))z)-

Taking expectation, we have

S
nIEEOEJ\% 8- k+1z‘

(W) = (pw + pw)|-

Further, we refine the Taylor expansion to

(x+a)ly+a) _ la|  signfe)

3 2
Tarar el V2 oava Y T g )

Thus, we have

. EDS - k+1 _ 3v2 op(w)
nl;n;QM( i Z| ) (pw+PW)|>__8(5_k+1)2|(pp(w)+Pp())—(pw+pw)|.

Proof of Theorem 2:
From the definition of D5, we have
= A =S (B - 0 b DB + )+ (3 b+ DB+ P )
<Yw —(B=k+1)(Py(w)+ P,(w)) + (B—k+1)(P,(w) + Pp(w)))

= (ﬁ;’ — (B k+1)(Py(w) + Pp(w))) (Yw = (B=k+1)(Pp(w) + Pp(W))>

= k) S (Bl + ) (33 - (0= k4 DB w) + Py () )

=k )3 (P + ) (5~ (0= DB + Py () )

+(B—k+1)7) (Py(w) + Py(w))*.
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Therefore,

m(ﬁi —(B-k+ 17D (Po(w) + Pp(w))2>

- \/LM > W(ﬁ}” — (B =k +1)(Py(w) + PAM))W(E —(B—k+1)(P,(w) + Pp(v"v))>

. ©)
(B —k+1)Y (Po(w) + Py(w)) (W (W -

i (B—k+1)(Py(w)+ Pp(w))>

+vVM q}” — (B =k +1)(Py(w) + Pp(w))> )

For 0 < p <1, it has been shown in Proposition 2 that in distribution,

n—oo

lim \/J\7<)§Z; —(B=k+1)(Py(w)+ Pp(w))> = N(0, O’?,(W)),

) P
n—oo

lim \/M<}]/\v4v —(B—k+1)(Py(w) + Pp(w))> = N(0,02(w)),

2

Var(Xw)
where o, —r

(w) = limy,— o . Therefore, the first term in (2) tends to 0 when M — oco. Thus,

(m ()Zf;” —(B—k+1)(P,(w) + Pp(w))>+m G}” — (B —k+1)(P,(w) + P,,(w))) > — N(0,202%(w)).

Let o,(w, w’) = limy, oo % which can be calculated as in (4) in the main text. Since {Xw,w €

AF} and {Yy,,w € A¥} are independent, the second term in equation (2) is asymptotically normal with
mean 0 and variance 2(X,)%. The first term in equation (2) tends to 0. Theorem 2 is proved.

Proof of Theorem 3:

a). For the case of p =1, we have

i VEF(S - (5 D+ ) ) = NO.0EW), ®)
i VAT (2 (5 K Do+ ) = VO ()

From the definition of D3, we have
XY,
li D* — I wiw
A Di= D TR Diow T e)
— | (Xw - M(ﬁ_ k+ 1)(pw +pW))(Yw - M(ﬂ_ k+ 1)(pw +pw))
= lim Z
n—oo M(ﬂ —k+ 1) (pw + pW)

angrolozm()j}v—(B—k+1)(pw+pw))\/ﬂ(§v; —(6—k+1)(pw+pw))/(ﬁ—k+1)(pw+pw)

ARA
(B—k+ 1)(Pw —5-]7‘7‘/)7

where {Z‘(,V1 ) we Ay} and {Z‘(,\,2 ) we Ay} are independent and have the same mean 0 normal distribution.
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b). To prove the second part, we note that

M M2(3 — k + 1) (pw + pw)

=X G 1;(]3 - ()]f}” (Bt 1)(Py(w) + P,,(w))) q}” (B k4 1)(Po(w) + pp(w)))

Y (£p(w) +]1:vpv(f;; Pw — Pw) <)§}V — (B =k + 1) (P, (W) + Py(W)) + Yﬁw — (B—k+1)(P,(w) + pp(w))>
B (Pp(w) + Bp(W) — pw — Pw)”

+ kJrl)Z Pw + Pw .

It follows from the normal approximation for individual word counts that in distribution,

Jim \/MZT Jlrpv-v ()]iz; — (B =k +1)(Py(w) +PP(V_V))> (};V/[V — (B =k +1)(Py(w) +PP(W))> — 0.

Therefore, in distribution,

lim m(lj)\j_(ﬁ_k_’_l)z (PP(W>+PP(V_V>_pW_pw)2)

n—oo pw+pv‘v
_ P,(W) 4 P,(W) — pw — P Xw _
:7}5202( ( )+pw(+LWp p )m(M_(ﬂ_k+1)(Pp(W)+Pp(w))
Yo

+

= (3= k() + F()):

So the expression has a normal distribution with mean 0 and variance 2(2;)2, where X7 is given in the
main text of Theorem 3. The theorem is proved.

Proof of Theorem 4:

a). The proof of this part is similar to the proof of the first part of Theorem 3 and is omitted here.
b). For this part, using Taylor expansion, it is straightforward to show that for any a # 0 and
(z,y) in the neighborhood of (0,0),
(z+a)(y +a) la|  sign(a) 2, 9
=—+ z+y)+ 0@ +y°).
Vi+a?+y+a? V2 22 ( )+l )
For each word w, let a = (8 —k+1)(P,(W) + Py(W) — pw — pw ), = 3 — (B — k+ 1)(Py(w) + P,(W)),

and y = Yo — (8 — k + 1)(P,(W) 4+ P,(W)). Then, with the Taylor expansion,

XwY¥w (ﬁ_k+1)|Pp(W)+Pp(V_V)_pw_pv’v‘

My/X2 472 V2
+ Sign(]Dp(W) + PP(W) — Pw 7pv'v) <‘XW _
2v/2 M
Y,

+ 35— (B R 1)(Po(w) + Pp(V‘V))>

(B =k +1)(P,(w) + P,(w))

co((Fr- -+ 1EW) +Pp<w>>)2 (- 0=k DBw) +P,,<w>>)2>.

Taking expectations we obtain that

wa/w ) _ (ﬁ_k+1)|Pp(W)+Pp<V_")_pw_pvv

M\/X2 4 V2 V2

Yy

+ O(Ep (‘)j}v —(B—k+1)(P(w)+ Pp(v‘v)))2 +E, (M —(B—k+1)(Py(w)+ Pp(v‘v))>2>.
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As Ey(Xe — (B =k + 1)(Py(w) + Py(W))? = L Var,(32) = O(M 1), we obtain that the asymptotic

VM
KoV -
mean of N7 equals (B —k+ 1)|Py(W) + P,(W) — pw — Pw|/V/2. Moreover, we have
D3 |Po(W) + Pp(W) — pw — pw|
m( 2 _(B-k+1 P P w_w >
ar @ )2 7

_ XY P,(W) + P,(W) = pw — pw|
_WZ<M 2472 ke V2 >

- 7 B L P e — o) g (T (5 ok )P, )+ B) + 1 — (5 + DB ) + By) )

1 Xw 2 Yw 2
5 W W) —Dw —DPw .
Similar to the proof of Theorem 3, we see that \/M(% -B-k+1> LB, HPP\(/; Pw P |) is

asymptotically normal with mean 0 and variance 2(X ;)9 )2.
Proof of Theorem 5:

The proof of the three equation are roughly the same, and thus we only give the proof for the first
equation. We consider one-sided test. For fixed type I error «, based on Theorem 2 (a), we find z, such
that P{Z1 > z,} = a. We reject the null hypothesis if Z; > z, which is approximately equivalent to
Dy > M?(8 —k +1)2A(1) + 2o/ M3. Thus, the power for Dy is approximately

1—B="P,(Dy>M*(B—k+1)2A(1) 4+ 2oV M3)
b (VM(A';@ — (8- k+1)24(p)) y VM (25 — (8~ k+1)*(A(p) —A(l))))
- V25, V25,

where A(p) = 3 c ax (Po(w) + P,(w))?. The last approximation holds because of Theorem 2 (b).

Supplementary Figures
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Fig. 1. (Supplementary Figure S1). The power of D} (a,b), and D5 (c,d) under the homogeneous (left column)
and the heterogeneous (right column) NGS read sampling as a function of sequence length and read length g.
Here GC-rich distribution, p = 0.99, k = 5, and 8 = 200.
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gc-rich;p=0.99;C=10;B=200

6000 8000 10000 12000

length

0 2000 4000

(a) D3, homogeneous sampling

14000

gc-rich;p=0.99;C=10;3=200

1F T T T

L L
6000 8000

length

L L
0 2000 4000 10000 12000

(c) D5, homogeneous sampling

14000

0 L
0 2000

gc-rich;p=0.99;C=10;3=200

6000 8000 10000 12000

length

] 2000 4000

(b) D3, heterogeneous sampling

14000

gc-rich;p=0.99;C=10;3=200

L
4000 6000 8000 10000 12000

length

(d) D5, heterogeneous sampling

14000

Fig. 2. (Supplementary Figure S2). The power of D} (a,b), and D5 (c,d) under the homogeneous (left column)
and the heterogeneous (right column) NGS read sampling as a function of sequence length and with/without
sequencing errors. Here GC-rich distribution, p = 0.99, k = 5, and § = 200.
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Fig. 3. (Supplementary Figure S3). The power of D»(a,b), D3(c,d), and D5 (e,f) under the homogeneous (left
column) and the heterogeneous (right column) NGS read sampling as a function of sequence length and word size
k. Here GC-poor distribution: p = 0.99, coverage = 10 and 5 = 200.
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Fig. 4. (Supplementary Figure S4). The power of D3 (a,b), and D5 (c,d) under the homogeneous (left
column) and the heterogeneous (right column) NGS read sampling as a function of sequence length and coverage.
For comparison, the power of the statistics when the whole genome sequences are known is also shown (underline).

Here GC-poor distribution, p = 0.99, k = 5, and 8 = 200.
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Fig. 5. (Supplementary Figure S5). The power of D3 (a,b), and D5 (c,d) under the homogeneous (left column)
and the heterogeneous (right column) NGS read sampling as a function of sequence length and read length §.

Here GC-poor distribution, p = 0.99, k = 5, and 8 = 200.
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Fig. 6. (Supplementary Figure S6). The power of D3 (a,b), and D5 (c,d) under the homogeneous (left column)
and the heterogeneous (right column) NGS read sampling as a function of sequence length and with/without
sequencing errors. Here GC-poor distribution, p = 0.99, k = 5, and § = 200.
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13

Fig. 7. (Supplementary Figure S7). The power of Ds(a,b), D3(c,d), and D5 (e,f) under the homogeneous (left
column) and the heterogeneous (right column) NGS read sampling as a function of sequence length and word size
k. Here uniform distribution: p = 0.99, coverage = 10 and 3 = 200.
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Fig. 10. (Supplementary Figure S10). The power of D} (a,b), and D5 (c,d) under the homogeneous (left col-
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sequencing errors. Here uniform distribution, p = 0.99, k = 5, and 8 = 200.
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Fig. 12. (Supplementary Figure S12). The values of B(p), B*(p) and B®(p) as a function of 1 — p from 0 to

Song et al.
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Fig. 13. (Supplementary Figure S13). The clusterings of the five mammalian species with dissimilarity mea-
sures, from left to right dz(a), d3(b), and d5(c) with k = 7 using only the reads with Xy /FXw < 2.
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Fig. 14. (Supplementary Figure S14). The clusterings of the 13 tree species with dissimilarity measures, from
left to right de(a), d3(b), and d5(c) with k = 7 using all the reads. The number on each internal branch is the
fraction of times the branch occurs in 100 random sampling using d = 5% of the reads.
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Fig. 15. (Supplementary Figure S15). The clusterings of the 13 tree species with dissimilarity measures, from
left to right da(a), d5(b), and d5 (c) with k = 11 using all the reads. The number on each internal branch is the
fraction of times the branch occurs in 100 random sampling using d = 5% of the reads.

Supplementary Tables
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D, D} DS
nx 1074 % o(NDs) x 107° % o(ND3) x 1072 % o(ND§) x 1072
0.32 6.50 8.65 3.17 3.25 5.86 6.02
0.64 6.50 8.92 3.15 2.72 6.23 6.63
1.28 6.50 8.62 3.16 2.54 6.89 7.14
2.56 6.50 8.54 3.15 2.54 7.67 7.32
10 6.50 8.17 3.15 2.34 9.51 7.67
20 6.50 8.32 3.15 2.22 9.61 7.92
Theory 6.50 8.45 3.15 2.09 13.66 8.28

Table 1. (Supplementary Table S1). Comparison of simulated means and variances of N Dy, ND3, and ND3
for different sequence length n with the corresponding theoretical limits, with GC-poor background and mo-
tif=AGCCA, C =1, p = 0.99 and for the expectation, word length k = 5, and for the covariance, word length
k = 2. The number of simulations is 10,000.

Do D3 D3
n x 10~ *[Theory Simulated|Theory Simulated|Theory Simulated
0.1 1.1 3.3 69.5 67.3 53.4 17.3
0.2 1.4 2.5 90.0 92.4 89.0 27.9
0.32 1.1 1.6 98.0 99.5 98.8 49.6
0.4 0.8 1.5 99.4 99.9 99.5 59.0
0.5 1.1 1.4 100 100 99.7 72.2
0.64 1.1 1.3 100 100 99.9 90.8
1.28 0.6 0.7 100 100 99.9 98.4

Table 2. (Supplementary Table S2). Comparison of the theoretical and the simulated power for D2, D35 and
D5 for different sequence length n with GC-poor background and motif=AGCCA, C' = 1, p = 0.99 and word
length k& = 5. The type I error @ = 0.05. The number of simulations is 10,000.

Do D3 D3
n x 1074 BED2A0 (N Dy) x 102| ZXDEXI0 5(N D3) x 102 % o(NDS)
0.32 420 9.53 1.51 5.44 504 15.40
0.64 4.20 7.01 1.51 6.15 548  11.33
1.28 4.20 5.5 1.50 6.83 6.01 9.04
2.56 4.20 4.68 1.50 6.95 6.75 7.57
10 4.20 4.35 1.50 7.62 8.46 7.32
20 4.20 1.22 1.50 7.93 8.61 7.11
Theory 4.20 411 1.50 8.31 1280  6.10

Table 3. (Supplementary Table S3). Comparison of simulated mean and variance of NDz, ND3, and N D5
for different sequence length n with the corresponding theoretical limits, with uniform background and mo-
tif=AGCCA, C =1, p = 0.99 and for the expectation, word length k = 5, and for the covariance, word length
k = 2. The number of simulations is 10,000.

D, D} D3
n x 10~ #[Theory Simulated|Theory Simulated|Theory Simulated
0.1 35.1 35.5 35.1 35.5 54.2 12.1
0.2 71.7 68.2 71.7 68.2 90.9 27.2
0.32 90.1 91.9 90.1 91.9 98.3 41.1
0.4 94.4 95.9 94.4 95.9 99.7 48.5
0.5 97.7 99.4 97.7 99.4 99.9 63.0
0.64 99.2 99.9 99.2 99.9 99.9 74.8
1.28 100 100 100 100 100 96.6

Table 4. (Supplementary Table S4). Comparison of the theoretical and the simulated power for D2, D3 and
D5 for different sequence length n with uniform background and motif=AGCCA, C = 1, p = 0.99 and word
length k£ = 5. The type I error @ = 0.05. The number of simulations is 10,000.
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Group |Species Name SRA accession No.
Fagaceae: |1 Lithocarpus balansae SRR035946
2 Lithocarpus grandifolius SRR037157
3 Lithocarpus hancei SRR037158
4 Lithocarpus xylocarpus SRR037437
5 Lithocarpus calolepis SRR037484
6 Trigonobalanus doichangensis SRR037802
7 Castanopsis echinocarpa SRR037535
8 Castanopsis indica SRR037537
Moraceae:|1 Ficus altissima SRR037748
2 Ficus langkokensis SRR037751
3 Ficus microcarpa SRR037888
4 Ficus tinctoria SRR038268
5 Ficus fistulosa SRR035147

Table 5. (Supplementary Table S5). The names of the 13 tree species and their NCBI short read archive
(SRA) accession numbers.



