Web-based supplementary materials for “Estimation of stratified mark-specific proportional

hazards models with missing marks” by Yanqing Sun and Peter Gilbert.
Web Appendix A

In this and the rest of Appendices, the references and equation numbers not defined in the

Appendices refer to the expressions in the main paper.

The following Lemma 1 and Lemma 2 are extensions of Theorem 5.7 and Theorem 5.9 of

van der Vaart (1998), respectively, and will be used to prove the uniform consistency of B(v)

Lemma 1. Ler Q,,(v,0) be random functions and let Q(v, ) be a fixed function of (v,0) €
[a,b] x ©, © C RP. Let 3(v) be a fixed function of v € [a,b] taking values in ©. Assume
that sup,, g |Qn(v,0) — Q(v, «9)\i>0 and that for every € > 0 there exists an > 0 such that
SUP|jg—g(w)||>c @, 0) < Q(v, B(v)) —n for v € [a,b]. Then for any sequence of estimators
B(v), with Qn(v, B(v)) > Qn(v, B(v)) — 0p(1) uniformly in v € [a,b], we have ﬁ(v)iﬁ(v)

uniformly in v € [a,b].

PROOF.  For every € > 0, there exists a n > 0 such that
{sup 16(v) = B)|l > €} € Uu{]IB(v) = B)I| > €} € U{Q(v, B(v)) < Q(v, B(v)) = n}.

Since Qu (v, B(v)) > Qu (v, B(v)) — 0,(1)~—Q(v, (v)). uniformly in v € [a,b], we have

Qn (v, B(v)) > Q(v, B(v)) — 0p(1), uniformly in v € [a, b]. It follows that

U Q(v, () < Q(v, 8(v)) = 1} C Up{Q(v, 5(v)) < Qu(v, B(v)) — 0+ 0p(1)}
= {inf(Q(v, 5(v)) — Qu(v, B(v))) < =1+ 0,(1)}
= {sup(@n(v, B(v)) = Q(v, 5(v))) > n = 0p(1)}

(v, 0

< {sup |@n(v, f(v)) — Q(v, B(v))] > n = 0p(1)},

whose probability goes to 0 by the uniform convergence of Q),, (v, 6) to Q(v, #). Hence P{sup,,

16(v) =B(w)l| > e} — 0. 0

Lemma 2. Let V,,(v,0) be random vector-valued functions and let V(v,0) be a fixed vector-

valued function of (v,0) € [a,b] x ©, © C RP. Let (v) be a fixed function of v € [a, b] taking



values in ©. Assume that sup,, g ||V, (v, 0) — (v, 0)]| L.0and that for every € > 0 there exists
an > 0 such that inf|g_g)|>e (v, 0)[| > ¥ (v, B(v))|| +n = nforv € [a,b]. Then for
any sequence of estimators 3(v), with || ¥, (v, 3(v))|| = 0p(1) uniformly in v € [a,b), we have

B(U)Lﬁ(v) uniformly in v € [a, b].

PROOF.  Lemma 2 follows from applying Lemma 1 to the function @, (v,0) = —||¥,,(v, 8)||
and Q(v,0) = —||¥ (v, 8)||. O
Lemma 3. Suppose that (W;, X;),i = 1,...,n, are independent random variables satisfying

SUP1<i<n E(Xfl) < M < oo SUP1<i<n E(gi(Wz)) — 0, and SUP;£; E{gn(vVi)Xign(Wj)

X} = o(n™t), where g,(-) is a random function. Then

n 2
E <n—1/2 Zgn(Wi)Xi> —0.
=1

PROOF OF LEMMA 3.

" 2
E <n1/2 Z gn(Wi)Xi>

_1ZZE{9n ) Xign (W;) X}

i=1 j=1
=n! ZE {(gn(Wz)Xz)Q} +o(1)
“ZE{E (90 (W) 2IWAE[(X:)2 Wi} + o(1)
IZ{E g (W)Y T2 B[(X) "} + o(1)

= 0(1). O

PROOF OF THEOREM 1.  Let ¢ be the true value of 1y, such that 7, (Wg;) = 7(Wki, ¥ro)

under the correctly specified model for r(1y;). Then 1&;@ iﬂﬁko- Let vo = (Y10, ..., ¥K0)s

A K ng Ru:
n n~t (Zii(t) — Zi(t, 0, 0p)) ——— Ny (dt, du),
a1 ,;;// kil #l ¢k)>7fk(@kia¢k kil du)



K N

-1 Rk u

k=1 i=1

Under the conditions of Theorem 1, ,,(v, 8, 1) = &,(v, 0,10) + Op(n~'/?), uniformly in v €
[0,1] and

A 1 A
n_lUipw(Uaevw) = /0 Kh(U—U)nn(dU,Qﬂﬁ)
1
= / K (u —v)&,(du, 0,10) + Op(n~1/2h71), (W.1)
0

uniformly in (v, 0) € [0,1] x [-M, M], for M > 0.

By application of the Glivenko—Cantelli and Donsker theorems, similar to the proofs of
Lemma 2 and Theorem 1 of Sun et al. (2009), &, (v, 6,10) = &(v, 0,0) +Op(n~1/?), uniformly
in (v,0) € [0, 1] x [-M, M|, where

Zpk:E[ / / (Zualt te))@iiwzvm(dt du)}

Zpk{E[/ /T (Zi(t) — 2k (¢, 0)) Nk (dt, du)] (W.2)

—E[// (Zui(t ""’”9”( <Qiz,wko>>N’“(dt d“)”

The first expectation is zero under model (2) by Sun et al. (2009). Using the double expectation

f(?), 97 Q;Z)O)

formula E[-| = E{E[|Vii, Wi, 0r;]} and the missing at random assumption (3), the second

expectation is zero. Hence
1
0 Wipw(v,0,9) = / K (u—)&(du, 0,30) + Op(n™?h71) = 0,(1),
0

uniformly in (v, 0) € [a,b] x [-M, M] for M > 0. By Lemma 2, Bipw(v)Lﬂ(v) uniformly

inv € [a,b] as nh? — oo. m

PROOF OF THEOREM 2.

By a Taylor expansion, Uiy (v, 8(v),1) — Uipw (v, B(v),¥0) = U, (v, 8*(v), %) (B(v) —
B(v)), where 3*(v) is on the line segment between 3(v) and 3(v). Hence,

n1/2h1/2(3ipw(v)_18(v)) - _( zpw( ( ) )/n) ! _1/2h1/2Upr(vaﬁ(v)71&)
= (B) PR Ui (v, 8(0),9) + 0p(1), (W)



where the last equality is obtained by the uniform consistency of 3(v) on v € [a,b] C (0,1),

the uniform consistency n_lUZ-’pw (v, B*(v), 1/1)i> — X(v) inv € [a, b], and the convergence in
distribution of n~'/2hY2U;,,, (v, B, ) to N (0, 1oX*(v)) which we show next.

In the rest of the proof, we set 5 = (3(v) for simplicity. Under Condition A, using a second
order Taylor expansion for A (¢, u|Z;(t)) in the neighborhood of v, we have

K ng

1 T
n~1/2 U— v i —Z ,,A RikZA
;;/0 /o Ki( N Zki(t) — Zi(t, 8 ¢k)]7rk(Qki7¢k)
Yiei (8) [N (8, w| Zri (1)) — Aie(t, 0] Z3i (1)) didu

1
= §u2n1/2h219(v) + 0,(n'/?1?),
uniformly in v € [0, 1]. It follows that

nil/QUipw (U, B, @2)

1/2 s [T - . Ry
=n" K (u—0)[Zii(t) — Zi(t, B, o)) ————
! ;1;/0 /0 = ol = 2t wkonm(@m%)
[Nki(dt, du) — Yki (t))\k(t, 1)|Zkz(t)) dtdu]
1/2 & T - . Rpi
=n" K, (v —v)[Zyi(t) — Zi(t, 3, —_ Ww.4
! 1;;/0 /0 = ol = 2t wkﬂ??k(@kmﬁko) W4

1
[Nki (dt, du) = Yii ()Mt ul Zi(1)) dtdu] + S pon' B0 (v) + 0p(n'/2h?),

uniformly in v € [0, 1].
Let

ngk

nY2Hy(t,v) = ny /2 1

M Mt v). (W.5)
i=1 ﬂk(kawk) ‘ ( )

By the first order Taylor expansion in 1&1?,

nV2H () = 2SR (e
k(tv) ¥ ;ﬂ'k(ka‘a@DkO) kilt,v)

B Ry <57T k(Qkis Yro
(7% (Qris Vro))? oL

Ve ki ,
= n — Mt v
F ;Wk(Qkiaka) kilt,0)

L Ry O (Quis Yro) \
S g ()

T
)> Mki(t,v)(i/;k — ko) + 0p(1)

Qri» Vro))? Oy,

xny, 2N (L) TS + op(1),
=1



where S;fi and I}f are defined in (17) and (18). Following the proof of Lemma 2 in Sun et

al. (2009), it is easy to show that nk_l/ 2H, (t,v) converges weakly to a mean-zero Gaussian

process. By Condition A, ||5’,Ef) (t, B,1%) — s,(gj)(t7 B)|| = op(n~1/?+9), uniformly in ¢ for j =
0,1,for0 < § < 1/2. Note that h = n~* with & < 1/2. We can choose J > 0 such that o+ <
1/2. Thus n=1/2+0p=1/2 = o(RY/2). We have h/2 K, (u — v)||SY (¢, 8, ) — s (¢, )| goes

in probability to zero. Applying Lemma 2 of Gilbert et al. (2008),

n 2R 20U, (v, B(v), D)

K ng

=n1/2pl/2 u—v —Z
h ZZ//Kh )[Z0i() — 20t )] —— 2 (Qk“%)

k=1 i=1
[Nki(dt> du) - Ykz( ))‘k(tv u|Zki (t)) dtdu]

1
+§u2n1/2h5/219(v) + 0, (nY?1%/?) + 0, (h1/?)

K ng

n—1/2p1/2 U — _z
23y / / K — 0) [ Ziat) — 54(t, Blu))] ——— (@m, .

k=1 1=1
[Nii(dt, du) — Yii (8) A (t, u| Zysi () didu]
1
—|—§u2n1/2h5/219(v) + 0, (n?h%?) + 0, (h1/?)

K ng

= n_l/Zhl/QZZA/m—Fh /QZ (ng/n) 1/ Dk\/i(qﬁk — ko)

k=1 i=1

+%u2n1/2h5/279(v) + 0, (nY2h%/2) + 0, (h1/?),

(W.6)

where Ay; and Dy, is defined in (19). Note that ¢y, — 1xo = n,:l Z?’“l(ﬂ’) 1S¢ + op(n 1/2)

‘We have
*1/2h1/2Uzpw( ,B(), D)
K ng LS
n—1/2p1/2 Z ZA’” 4+ l/2p/2 Z ZDk(IZ)ASIﬁ
k=1 i=1 k=1i=1

1
+§u2n1/2h5/219(v) + 0, (nY2h%2) + 0, (R1/?).
It follows that

020 2 U (v, B(0), D)
K ng

—n1/2h1/222/ / Kp(u —0)[Zi(t) — Zi(t, B(u))]

k=1 i=1

Ry; X Ry
Mz, (dt,du) +
[Wk(t,kaSkiAki,%o) il ) T (ty Zkis Oki Aki, Yro)

(W.7)

Ao (t, w) Yii (8) dtdu



Ry; | |
T @, ) b 0l 2 (0) Vi (1) dtdu]

K ng
+n—1/2h1/2zzpk(1w 1S¢ n 1M 128329 (v )+op(n1/2h5/2)+op(h1/2)
k=1 i=1
1 3 1
i / K (1 — v) W, (du) + B2 / K (1 — 0)6 (du)
0 0

K ng
+n 2R TN D (1) Sy, (W.8)
k=1 1i=1

1
+§,u2n1/2h5/219(v) + 0,(nY2h%2) + 0,(h1/?) 4 0,(1)

where
K ng Rk

Wa(v) = n~'/2 / / [Z1i(t) — Z(t : M (dt, du
kZ“Z; kil (b, Al ))]Wk(t,Zki,(SkiAki,%bko) kil )
K ng

on(v) = _1/222/ / [Zri(t) — Zx(t, B(u))]
k=1 1=1

Ry; Ry }
(b u) — ————— A (t, u| Zyi () pYyi(t) dtdu.
{Wk(t,Zm,5kiAkuwko) balty ) = T (Qki» ko) et ulZia(D) ( Yia(?)

It is easy to see that the third term in (W.8) is Op(hl/ 2). Now we check that the expecta-

tion of each term in the summand of ¢,(v) is zero. Applying double expectation E(-) =
E[E(-|Qki, Yii(t))], we have

Ry;

E{ [Z1i(t) — Zk(t, B(U))]m

)\k(tvu|Zki(t))Yki(t)} =0.

By (16), we have

Ry;

Tk (t, Zhis OkiAkis Vo)
Ry

Tk (t, Zhis OkiAris Vo)

{ Zii(t) — z(t, B(u))] )‘Zi(tyu)yki(t)} didu

E{wm()—zdtﬁ(b] Nmuadm}

= E{[Zki(t) - Zk(t,ﬂ(u))]W}ZWNm(dt du)}
_ E{[z,m-(t) 5 B)E [m W,m,am] Nyi(dt, du)}
= B{ 200 = 2000 90 Wit ) | = W9)

By Lemma 1 of Sun & Wu (2005), the process d,,(v), 0 < v < 1, converges weakly to a
mean-zero Gaussian process and consequently, the second term in (W.8) converges to zero in

probability.



Following the proof of Theorem 1 of Sun & Wu (2005), W, (U)AW(U), where W (v) is
a p-dimensional mean-zero Gaussian martingale with continuous sample path on [0,1]. The
covariance matrix of W (v) is [ X*(u) du.

By the almost sure representation theorem (Shorack & Wellner, 1986, p.47), there exist
W*(v) and W*(v) on some probability space with the same distributions and sample paths as
W, (v) and W (v), respectively, such that W (v) =W *(v) uniformly in v € [0,1]. Hence
fol Ky (u—v) Wi(du) = fol Kpp(u—v) W*(du) + O,(n~/2h~1) by integration by parts since

K (-) has bounded variation. It follows that
1 1
B/ / Kot — v) Wi (du) 2 h1/2 / Kon(u— v) W (du)
0 0
1
- h1/2/ Kp(u — v) W*(du) + Op(n~/2h71/2),
0

Since W*(v) is a Gaussian martingale with covariance matrix of [ ¥*(u) du, hl/2 fol Kp(u—
v) W*(du) is a mean zero Gaussian random vector with covariance matrix equal to h fol K2 (u—
v)S*(u) du — 1pX*(v) as h — 0. Hence, h'/? fol Kp(u —v) Wn(du)iN(O,VOZ*(v)) as
h — 0, nh — oco. By the Slutsky theorem, n=Y/2hY 20U, (v, B,40) — Spon®/2h%/29(v)
converges weakly to N(0,9X*(v)) as nh? — oo and nh® = O(1). It follows from (W.3)
that (nh)/2[37* (v) — B(v) + %ugh%‘(v)]LN(O, X (v)T1E*(v)X(v) ") as nh? — oo and
nh® = O(1). O

PROOF OF THEOREM 3.

Suppose g (alt, u, z)ig}é(t, u, z) under the parametric model g (alt, u, z, k). Let

v 1
pZ(v,w) = / )\k(t,u\Z)gZ(a]t,u,z) dU// )\k(t,u]Z)gZ(Cdt,u, Z) du,
0 0

(1, 0, 4b, p7(-))
K g u pT
=n! Zii(t) — Zi(t, 0 W.10
n;;/o/oum (£,0)) (W.10)
Tk (Qriyr V1) Tk (Qriy V1)

Enlu, 0,0, p" ("))

K ng

:nlzZ/ou/OT <Zm-(t) —zk(t,9)> (W.11)

k=1 1i=1

) N, W) |

Ry

Ry;
{mc( Nii(df, dz) + (1 e (Qri, ko)

T ) NE (dt)d(p} (. Wm-))}.

7



By the conditions of Theorem 3, 1, (v, 8,1, 7 (-)) = &.(v,8,%0, p*(-)) + Op(n=1/?),

uniformly in v € [0, 1] and
. 1 ~ .
W g (0,0, 65,57() = [ K= 0,0, 570

1
- /0 Kt — 0)a(du, 0, ¢, p()) + Op(n~1/2071),

uniformly in (v, ) € [0, 1] x [-M, M], for M > 0.

By application of the Glivenko—Cantelli and Donsker theorems, similar to the proofs of
Lemma 2 and Theorem 1 of Sun et al. (2009), &,,(v, 0, 1o, p*(+)) = &(v, 0, 1y, p*(~))+0p(n_1/2),
uniformly in (v, 8) € [0,1] x [-M, M], with

f(v,9,¢ovp*('))
K v pT
:;pw[/o /0 (Zualt) — 2(t,0))

{W(Qiilbko) Nyi(dt, du) + ( W) Nz (dt)d( i (u, Wki))}]

—EK: { {/ /T(Zki(t)—zk(t,e))Nki(dt,du)}
_E{// (Zalt t9))< M) (W.12)

NE(ING ()~ d(gin, W)L}

The first expectation is zero under model (2) by Sun et al. (2009). Using the double expec-
tation formula E[| = E{E[|Vi;, Wi, x|} and the missing at random assumption (3), the
second expectation is zero if 7 (Wy;, %) or gx(alt, v, z, k) is correctly specified which leads

to pi.(v, w) = pr(v, w). It follows that
0 Vg (0, 0, 8, 577 / (1 — 0)&(du, 0, o, p(-)) + Op(n~2h~1) = op(1),

uniformly in (v, 0) € [a,b] x [-M, M] for M > 0. By Lemma 2, B(v)iﬁ(v) uniformly in

v € [a,b] as nh? — oo. O

PROOF OF THEOREM 4.

By a Taylor expansion, Usug (v, 89(0), b, 57" (-)) =Usug (v, B(0), 8, p7(-)) = Uty (v, 5% (v),
¥, pP(+)) (3749 (v)— B(v)), where 3* (v) is on the line segment between (3(v) and 3(v). Hence,

nM 2239 () ~ B(v))



= — (U (v, B* (), b, 57 () /0) " 0™ 2R 2 U g (v, B(0), 4, p7()). (W.13)

By Condition A and the uniform consistency of 5%“9(v) on v € [a,b] C (0, 1), n= UL, (v, B*(v),
¥, pP(-)) = =(v) + 0p(1), uniformly in v € [a, b].

Next we study the asymptotic property of n~'/2hY/2U,,, (v, 3, ¥, pPY(-)). Let g (Wi, v) =
Jo En(uw = v)d(pr(u, Wii) — pi(Wii, u)) and

K ng

C = WY S Wiao) [ () - Zute ) (1- — ) N,
k=1 i=1 0 T (Qri» V)
It follows that g,, (W, U)LO uniformly in Wy, for v € [a, b]. By the Taylor expansion of @k
around g,
K ng
C = n ' PREY TN g (Wi v)Chi
k=1 i=1
K ng r -
+n 2R N " g (Wi, v) / (Zki(t) — Zk(t, B)) N (dt)
k=1 i=1 0
Ry <87Tk(Qki7 1/1k0)>T D
— + 0,(1),
(71 (Qi> Yro))? Oy, (W = ¥r0) + 0p(1)
where

_ 70— 7 Bk e
G = [ (2t ~ 2t ) (1= ) wta),

The first term of C' is 0,(h'/?) by Lemma 3. The second term of C is at the order of 0,(h'/?)
since niﬂ(d}k — o) = Op(1), and gp (Wi, U)LO uniformly in Wj,;. Hence C' = o0, (h'/2).

Note that

n PR 2 Ugug (v, B, 4, 57()

VISV kil i /01 /OT Kn(u —v)(Zis(t) — Zat, ﬁ)){&Nki(dt, du)
(1 g ) NG W)}
2 é i:; /01 /OT En(u— 0)(Za(t) — Zat, 5)){7%(;5%%(&, du)
+(1 - m(ci"“w> NE(dt)d(pr(u, W,m-))} +C
K ng 1 pr )
IS VISYE ; ;/0 /O Kt —v)(Zs(t) — Za(t, ﬁ)){w M (dt, du)



e )i
(1= — ) BIM(dt, du)| Qg W.14
< Tk (Qris Vi) (haldts 1) Qi Y
K ng 1 p7
+n-1/2p1/2 Z Z/ / Kp(u—v)(Zyi(t) — Zp(t, 8)) Yii () M (£, w) dtdu + C.
k=1i=1"0 /0

Since h/2K), (u — v)[Zi(t, B) — Zx(t, B(u))]—=0 uniformly in u € [a, b], applying Lemma 2
of Gilbert et al. (2008), we can replace Z(t,3) with 2z (¢, 3(u)) in the first two integrations.

Hence

n_1/2h1/2Uaug<vv ﬁa &7 pAzpw())
K ng

1 pr7
=n'hl? u—v (1) — 2 U L . U
h ;;/0/0 Kp(u—v)(Zri(t) — Zu(t, B( ))){M(kak) Myi(dt, du)

+<1 - 7%(5222,1/%)) E{My;(dt, du)’Qki}}

K ng

1 p7
+n 2Ry Z/O / Kn(u — 0)(Zi(t) — Zi(t, 5))Yis () A (£, w) dtdu + o,(hY/?)

k=11:=1
= I+ IT+ III + 0,(h*/?). (W.15)

By A\ii(t,u) = Agi(t,v) + (Agi(t, w) — Agi(t,v)) and applying Taylor expansion, the third term
is
K N

1 T
11 = n_1/2h1/222/0 /0 Kp(u—v)(Zyi(t) = Zi(t, B)) Yii(8) M (£, u) dtdu

k=1 1i=1

= %ugnlﬂhwzﬂ(v) + 0, (nY2h%2) + 0, (h1/?).

Applying Taylor expansion at 1y,
K ng
I+11 = n7'2RM2Y "N (A + B (W.16)
k=1 i=1
K ng 1 pr
2SS [ K= 0)(Ziatt) - 2t 5(w)
k=11i=1"0 70
{ — Ry O (Qiy Vro)
(7 (Qkis Vro))? Oy
— Ry Ok (Qkir Yro)

- ) U ) h, o (RY/2).
gy O ) 0] Qu) b o) + o)

By the missing at random assumption (3), Ry; and My;(t,v) are independent conditioning on

Mii(dt, du)

Qp;. It follows that

E{ —Ry; 01 ( Qi Yro)
(71(Qri» Yro))? Oy,

Myi(dt, du)

10



n Ry Ok (Qri» Yro)
(71 (Qri» Yro) )? Oy,

By the central limit theorem, the last term in (W.16) is 0,(h'/?). Hence

E{M,;(dt,du) \Qm}} = 0.

K ng
I+ 1T =n"12p1/2 Z Z(Aki + Bii) + op(h*/?).
k=1 i=1
By (W.15) and (W.16), we have
R K ng
nT PR AU g (0, 8,0) = nTERMEN TN (A + Bra) (W.17)
k=1 i=1

1
+§u2n1/2h5/219(v) + 0, (n*2h%/2) + 0, (h1/?).
Since n~1/2p1/2 Ziil ok By = Op(hl/Q), it follows from (W.7) and (W.8) that

n 2R U g (v, B3, HPU())
1 1
- hl/?/ K (u — 0) W (du) + h1/2/ Kp(u—v)6p(du) (W.18)
0 0

—l—%,ugnl/zhg’/zﬁ(v) + O,(hY?) + 0, (n*/20%/?).

By the Slutsky theorem, n~'/2hY/2U,,, (v, 3,40) — %u2n1/2h5/219(v) converges weakly to
N(0, 9%*(v)) as nh? — oo and nh® = O(1). It follows from (W.18) that (nh)'/2[3%9 (v) —
B(v) + %MthE_l(v)ﬂ(v)]LN(O, o2 (v)T1E*(v)X(v) 7t as nh? — oo and nh® = O(1).

We now show that 3% (v) is more efficient than 5%% (v). By (W.17), we have,

(nh) 259 (0) ~ 5(0) + 2?5 (0)9(0)]
K ng

= —(S() VRS TN (A + Bri) + 0p(n'/2h¥2) 4 0, (h1?). (W.19)
k=1 i=1

Let Oy; = Dy,(1)~'S}.. Then by (W.7),

K ng K nyg
V2R U (v, Byh) = nTY/2R1? Z Z Agi +n~1/2p1/2 Z Z Ohi
k=1 i=1 k=1 i=1

—I—%ugnl/gh‘r’ﬂﬂ(v) + 0, (nY2h%2) + 0, (R1/?).
Thus,

(nh) 2[5 (0) ~ B(0) + L5 (0)9(0)]

11



K ng
= —(S() 2R TN (A + Opi) + 0p(n'/2B2) 4 0, (h1/?)
k=1 1=1
K ng
= —(S) 2R TN (A + Bri) + (Ori — Ba)] + 0p(n!2h5%) + 0, (R1/?).

k=1 1i=1

Next we show that Cov{A; + Bgi, Oki — Bri} = 0. This will be followed by

Cov{(nh)"*[37" (v) — B(v) + %mhzﬁ‘l(v)ﬁ(v)]}

N 1
= Cov{(nh)'/[3**9(v) — B(v) + §uzh22‘1(v)19(v)]}
K n
+hE 7 0) ZkC'ov{O;ﬂ — B }X7Hw) + 0p(nh®) + 0,(h).
k=1
By the missing at random assumption (3), conditional on Qy;, Ry; and My; (¢, v) are inde-

pendent. We have

Cov -AkzaBk:z
- {/ / / / K (un = 0)Kn(uz =) (Zii(t) = 20t B(u1))(Zui(t) — 2(t, 5(u2)))
Rkl Rki
7 (Qkis Yko) < ka¢k0)> Myi(dt, duy) E{Mp;(dt, du2)|ka}}

= Ky (ur — ) Knp(uz = 0)(Zri(t) = 2(t, Bur))(Zri(t) — 2x(t, B(u2)))T)
el

Ry Ry
E[?Tk(Qki,%Z)ko) (1 (Qku%o))

Note that

Qm] E{Mya(dt, dun)|Qui} E{ My (dt. duQ)\Qm}}

Cov(Bgi, By;)
{/ / / / Kn(un = v)Kn(uz = v)(Zgi(t) = 26t 1)) (Zri(t) = 2(t, B(u2)))")

EKI Wk(Qiff%o))

Qm] E{Ma(dt, du)| Qus} E{ My (dt. duz)\@m}}

Since

Q] - ‘EKl <QR¢>) Q’ﬂ]

Ry Ry
E[Wk(Qki,wko) (1 B Wk(Qkuka))

we have C'ov(Ag; + By, Br;) =0
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By the conditional independence between Ry; and Vi; given Qg;,

Cov{Ag; + Bri, Ok }

[/ / Kn(u = v)(Z3ilt) = {7% Qm,%o
+<1 Rik > E{ Myi(dt, du)|Qu:} }Okz]
o

My (dt, du)

lea ka)

= {//Khuv (Zyi(t) —

Ry
+E<<1 (Qmﬂ%o))okl

- E[/ / Kp(u—v)(Zgi(t) — zk(t, B(u))) E{Oki| Qi } E{ Myi(dt, du)| Qi }
= 0.

Okz

b <7Tk: le Yro) ka) E{ My (dt, du)| Qi }

Qm) E{ My (dt, du)|Qpi} H

The equality holds since E{O;|Qr;} = (n)_1/2Dk(I;/))_1E{S,ﬁ\QM} = 0. |
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Figure 1: Bias of estimation of VE(v) using the AUG procedure based on 500 simulations for
n = 500, by = 0.1 and h = by = 0.15: (a) for model (M1), (b) for model (M2), (c¢) for model
(M3) and (d) for model (M4). AUG-AOQ is the AUG estimator corresponding to p = 0, AUG-A1
for p =~ 0.78, AUG-A2 for p ~ 0.92 and AUG-A3 for p ~ 0.98, where p is the correlation

coefficient between Ay; and V.
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Figure 2: Average standard errors of the estimates for VE(v) using the AUG procedure based on
500 simulations for n = 500, by = 0.1 and h = by = 0.15: (a) for model (M1), (b) for model
(M2), (c) for model (M3) and (d) for model (M4). AUG-AO is the AUG estimator corresponding
to p = 0, AUG-AI for p =~ 0.78, AUG-A2 for p ~ 0.92 and AUG-A3 for p ~ 0.98, where p is

the correlation coefficient between Ay; and V.
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Figure 3: Estimated pointwise coverage probabilities of 95% confidence intervals for VE(v)
constructed using the AUG estimator based on 500 simulations for n = 500, by = 0.1 and
h = by = 0.15: (a) for model (M1), (b) for model (M2), (c) for model (M3) and (d) for model
(M4). AUG-AOQ is the AUG estimator corresponding to p = 0, AUG-A1 for p =~ 0.78, AUG-A2
for p =~ 0.92 and AUG-A3 for p =~ 0.98, where p is the correlation coefficient between Ay; and
Vii.
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