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Web Appendix A

In this and the rest of Appendices, the references and equation numbers not defined in the

Appendices refer to the expressions in the main paper.

The following Lemma 1 and Lemma 2 are extensions of Theorem 5.7 and Theorem 5.9 of

van der Vaart (1998), respectively, and will be used to prove the uniform consistency of β̂(v).

Lemma 1. Let Qn(v, θ) be random functions and let Q(v, θ) be a fixed function of (v, θ) ∈
[a, b] × Θ, Θ ⊂ Rp. Let β(v) be a fixed function of v ∈ [a, b] taking values in Θ. Assume

that supv,θ |Qn(v, θ) − Q(v, θ)| P−→0 and that for every ε > 0 there exists a η > 0 such that

sup‖θ−β(v)‖>ε Q(v, θ) < Q(v, β(v)) − η for v ∈ [a, b]. Then for any sequence of estimators

β̂(v), with Qn(v, β̂(v)) > Qn(v, β(v)) − op(1) uniformly in v ∈ [a, b], we have β̂(v) P−→β(v)

uniformly in v ∈ [a, b].

PROOF. For every ε > 0, there exists a η > 0 such that

{sup
v
‖β̂(v)− β(v)‖ > ε} ⊂ ∪v{‖β̂(v)− β(v)‖ > ε} ⊂ ∪v{Q(v, β̂(v)) < Q(v, β(v))− η}.

Since Qn(v, β̂(v)) > Qn(v, β(v)) − op(1) P−→Q(v, β(v)), uniformly in v ∈ [a, b], we have

Qn(v, β̂(v)) > Q(v, β(v))− op(1), uniformly in v ∈ [a, b]. It follows that

∪v{Q(v, β̂(v)) < Q(v, β(v))− η} ⊂ ∪v{Q(v, β̂(v)) < Qn(v, β̂(v))− η + op(1)}

= {inf
v

(Q(v, β̂(v))−Qn(v, β̂(v))) < −η + op(1)}

= {sup
v

(Qn(v, β̂(v))−Q(v, β̂(v))) > η − op(1)}

⊂ {sup
v
|Qn(v, β̂(v))−Q(v, β̂(v))| > η − op(1)},

whose probability goes to 0 by the uniform convergence of Qn(v, θ) to Q(v, θ). Hence P{supv

‖β̂(v) −β(v)‖ > ε} → 0.

Lemma 2. Let Ψn(v, θ) be random vector-valued functions and let Ψ(v, θ) be a fixed vector-

valued function of (v, θ) ∈ [a, b]×Θ, Θ ⊂ Rp. Let β(v) be a fixed function of v ∈ [a, b] taking
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values in Θ. Assume that supv,θ ‖Ψn(v, θ)−Ψ(v, θ)‖ P−→0 and that for every ε > 0 there exists

a η > 0 such that inf‖θ−β(v)‖>ε ‖Ψ(v, θ)‖ > ‖Ψ(v, β(v))‖ + η = η for v ∈ [a, b]. Then for

any sequence of estimators β̂(v), with ‖Ψn(v, β̂(v))‖ = op(1) uniformly in v ∈ [a, b], we have

β̂(v) P−→β(v) uniformly in v ∈ [a, b].

PROOF. Lemma 2 follows from applying Lemma 1 to the function Qn(v, θ) = −‖Ψn(v, θ)‖
and Q(v, θ) = −‖Ψ(v, θ)‖.

Lemma 3. Suppose that (Wi, Xi), i = 1, . . . , n, are independent random variables satisfying

sup1≤i≤n E(X4
i ) ≤ M < ∞, sup1≤i≤n E(g4

n(Wi)) → 0, and supi6=j E{gn(Wi)Xign(Wj)

Xj} = o(n−1), where gn(·) is a random function. Then

E





(
n−1/2

n∑

i=1

gn(Wi)Xi

)2


 → 0.

PROOF OF LEMMA 3.

E





(
n−1/2

n∑

i=1

gn(Wi)Xi

)2




= n−1
n∑

i=1

n∑

j=1

E {gn(Wi)Xign(Wj)Xj}

= n−1
n∑

i=1

E
{
(gn(Wi)Xi)2

}
+ o(1)

= n−1
n∑

i=1

E
{
E[(gn(Wi))2|Wi]E[(Xi)2|Wi]

}
+ o(1)

≤ n−1
n∑

i=1

{E[(gn(Wi))4]}1/2{E[(Xi)4]}1/2 + o(1)

= o(1).

PROOF OF THEOREM 1. Let ψk0 be the true value of ψk such that rk(Wki) = rk(Wki, ψk0)

under the correctly specified model for r(Wki). Then ψ̂k
P−→ψk0. Let ψ0 = (ψ10, . . . , ψK0),

ηn(u, θ, ψ̂) = n−1
K∑

k=1

nk∑

i=1

∫ u

0

∫ τ

0
(Zki(t)− Z̃k(t, θ, ψ̂k))

Rki

πk(Qki, ψ̂k)
Nki(dt, du),
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ξn(u, θ, ψ0) = n−1
K∑

k=1

nk∑

i=1

∫ u

0

∫ τ

0
(Zki(t)− z̄k(t, θ))

Rki

πk(Qki, ψk0)
Nki(dt, du).

Under the conditions of Theorem 1, ηn(v, θ, ψ̂) = ξn(v, θ, ψ0) + Op(n−1/2), uniformly in v ∈
[0, 1] and

n−1Uipw(v, θ, ψ̂) =
∫ 1

0
Kh(u− v)ηn(du, θ, ψ̂)

=
∫ 1

0
Kh(u− v)ξn(du, θ, ψ0) + Op(n−1/2h−1), (W.1)

uniformly in (v, θ) ∈ [0, 1]× [−M,M ], for M > 0.

By application of the Glivenko–Cantelli and Donsker theorems, similar to the proofs of

Lemma 2 and Theorem 1 of Sun et al. (2009), ξn(v, θ, ψ0) = ξ(v, θ, ψ0)+Op(n−1/2), uniformly

in (v, θ) ∈ [0, 1]× [−M, M ], where

ξ(v, θ, ψ0) =
K∑

k=1

pkE

[ ∫ v

0

∫ τ

0
(Zki(t)− z̄k(t, θ))

Rki

πk(Qki, ψk0)
Nki(dt, du)

]

=
K∑

k=1

pk

{
E

[ ∫ v

0

∫ τ

0
(Zki(t)− z̄k(t, θ))Nki(dt, du)

]
(W.2)

−E

[ ∫ v

0

∫ τ

0
(Zki(t)− z̄k(t, θ))

(
1− Rki

πk(Qki, ψk0)

)
Nki(dt, du)

]}
.

The first expectation is zero under model (2) by Sun et al. (2009). Using the double expectation

formula E[·] = E{E[·|Vki,Wki, δki]} and the missing at random assumption (3), the second

expectation is zero. Hence

n−1Uipw(v, θ, ψ̂) =
∫ 1

0
Kh(u− v)ξ(du, θ, ψ0) + Op(n−1/2h−1) = op(1),

uniformly in (v, θ) ∈ [a, b] × [−M,M ] for M > 0. By Lemma 2, β̂ipw(v) P−→β(v) uniformly

in v ∈ [a, b] as nh2 →∞.

PROOF OF THEOREM 2.

By a Taylor expansion, Uipw(v, β̂(v), ψ̂) − Uipw(v, β(v), ψ̂) = U ′
ipw(v, β∗(v), ψ̂) (β̂(v) −

β(v)), where β∗(v) is on the line segment between β̂(v) and β(v). Hence,

n1/2h1/2(β̂ipw(v)− β(v)) = −(U ′
ipw(v, β∗(v), ψ̂)/n)−1n−1/2h1/2Uipw(v, β(v), ψ̂)

= (Σ(v))−1n−1/2h1/2Uipw(v, β(v), ψ̂) + op(1), (W.3)
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where the last equality is obtained by the uniform consistency of β̂(v) on v ∈ [a, b] ⊂ (0, 1),

the uniform consistency n−1U ′
ipw(v, β∗(v), ψ̂) P−→− Σ(v) in v ∈ [a, b], and the convergence in

distribution of n−1/2h1/2Uipw(v, β, ψ̂) to N(0, ν0Σ∗(v)) which we show next.

In the rest of the proof, we set β = β(v) for simplicity. Under Condition A, using a second

order Taylor expansion for λk(t, u|Zi(t)) in the neighborhood of v, we have

n−1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)[Zki(t)− Z̃k(t, β, ψ̂k)]

Rki

πk(Qki, ψ̂k)

Yki(t)[λk(t, u|Zki(t))− λk(t, v|Zki(t))] dtdu

=
1
2
µ2n

1/2h2ϑ(v) + op(n1/2h2),

uniformly in v ∈ [0, 1]. It follows that

n−1/2Uipw(v, β, ψ̂)

= n−1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)[Zki(t)− Z̃k(t, β, ψ̂k0)]

Rki

πk(Qki, ψ̂k)

[Nki(dt, du)− Yki(t)λk(t, v|Zki(t)) dtdu]

= n−1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)[Zki(t)− Z̃k(t, β, ψ̂k)]

Rki

πk(Qki, ψ̂k0)
(W.4)

[Nki(dt, du)− Yki(t)λk(t, u|Zki(t)) dtdu] +
1
2
µ2n

1/2h2ϑ(v) + op(n1/2h2),

uniformly in v ∈ [0, 1].

Let

n−1/2Hk(t, v) = nk
−1/2

nk∑

i=1

Rki

πk(Qki, ψ̂k)
Mki(t, v). (W.5)

By the first order Taylor expansion in ψ̂k,

n−1/2Hk(t, v) = nk
−1/2

nk∑

i=1

Rki

πk(Qki, ψk0)
Mki(t, v)

− Rki

(πk(Qki, ψk0))2

(
∂πk(Qki, ψk0)

∂ψk

)T

Mki(t, v)(ψ̂k − ψk0) + op(1)

= nk
−1/2

nk∑

i=1

Rki

πk(Qki, ψk0)
Mki(t, v)

−nk
−1

nk∑

i=1

Rki

(πk(Qki, ψk0))2

(
∂πk(Qki, ψk0)

∂ψk

)T

Mki(t, v)

×nk
−1/2

nk∑

i=1

(Iψ
k )−1Sψ

ki + op(1),
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where Sψ
ki and Iψ

k are defined in (17) and (18). Following the proof of Lemma 2 in Sun et

al. (2009), it is easy to show that nk
−1/2Hk(t, v) converges weakly to a mean-zero Gaussian

process. By Condition A, ‖S̃(j)
k (t, β, ψ̂k) − s

(j)
k (t, β)‖ = op(n−1/2+δ), uniformly in t for j =

0, 1, for 0 < δ < 1/2. Note that h = n−α with α < 1/2. We can choose δ > 0 such that α+δ <

1/2. Thus n−1/2+δh−1/2 = o(h1/2). We have h1/2Kh(u− v)‖S̃(j)
k (t, β, ψ̂k)− s

(j)
k (t, β)‖ goes

in probability to zero. Applying Lemma 2 of Gilbert et al. (2008),

n−1/2h1/2Uipw(v, β(v), ψ̂)

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)[Zki(t)− z̄k(t, β)]

Rki

πk(Qki, ψ̂k)

[Nki(dt, du)− Yki(t)λk(t, u|Zki(t)) dtdu]

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2) (W.6)

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)[Zki(t)− z̄k(t, β(u))]

Rki

πk(Qki, ψ̂k)

[Nki(dt, du)− Yki(t)λk(t, u|Zki(t)) dtdu]

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2)

= n−1/2h1/2
K∑

k=1

nk∑

i=1

Aki + h1/2
K∑

k=1

(nk/n)1/2Dk
√

nk(ψ̂k − ψk0)

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2),

where Aki and Dk is defined in (19). Note that ψ̂k − ψk0 = n−1
k

∑nk
i=1(I

ψ
k )−1Sψ

ki + op(n
−1/2
k ).

We have

n−1/2h1/2Uipw(v, β(v), ψ̂)

= n−1/2h1/2
K∑

k=1

nk∑

i=1

Aki + n−1/2h1/2
K∑

k=1

nk∑

i=1

Dk(I
ψ
k )−1Sψ

ki (W.7)

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2).

It follows that

n−1/2h1/2Uipw(v, β(v), ψ̂)

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)[Zki(t)− z̄k(t, β(u))]

[
Rki

πk(t, Zki, δkiAki, ψk0)
M∗

ki(dt, du) +
Rki

πk(t, Zki, δkiAki, ψk0)
λ∗ki(t, u)Yki(t) dtdu
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− Rki

πk(Qki, ψk0)
λk(t, u|Zki(t))Yki(t) dtdu

]

+n−1/2h1/2
K∑

k=1

nk∑

i=1

Dk(I
ψ
k )−1Sψ

ki +
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2)

= h1/2

∫ 1

0
Kh(u− v)W̃n(du) + h1/2

∫ 1

0
Kh(u− v)δn(du)

+n−1/2h1/2
K∑

k=1

nk∑

i=1

Dk(I
ψ
k )−1Sψ

ki (W.8)

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2) + op(1)

where

W̃n(v) = n−1/2
K∑

k=1

nk∑

i=1

∫ v

0

∫ τ

0
[Zki(t)− z̄k(t, β(u))]

Rki

πk(t, Zki, δkiAki, ψk0)
M∗

ki(dt, du)

δn(v) = n−1/2
K∑

k=1

nk∑

i=1

∫ v

0

∫ τ

0
[Zki(t)− z̄k(t, β(u))]

{
Rki

πk(t, Zki, δkiAki, ψk0)
λ∗ki(t, u)− Rki

πk(Qki, ψk0)
λk(t, u|Zki(t))

}
Yki(t) dtdu.

It is easy to see that the third term in (W.8) is Op(h1/2). Now we check that the expecta-

tion of each term in the summand of δn(v) is zero. Applying double expectation E(·) =

E[E(·|Qki, Yki(t))], we have

E

{
[Zki(t)− z̄k(t, β(u))]

Rki

πk(Qki, ψk0)
λk(t, u|Zki(t))Yki(t)

}
= 0.

By (16), we have

E

{
[Zki(t)− z̄k(t, β(u))]

Rki

πk(t, Zki, δkiAki, ψk0)
λ∗ki(t, u)Yki(t)

}
dtdu

= E

{
[Zki(t)− z̄k(t, β(u))]

Rki

πk(t, Zki, δkiAki, ψk0)
Nki(dt, du)

}

= E

{
[Zki(t)− z̄k(t, β(u))]

Rki

πk(Wki, ψk0)
Nki(dt, du)

}

= E

{
[Zki(t)− z̄k(t, β(u))]E

[
Rki

πk(Wki, ψk0)

∣∣∣∣Wki, δki

]
Nki(dt, du)

}

= E

{
[Zki(t)− z̄k(t, β(u))]Nki(dt, du)

}
= 0. (W.9)

By Lemma 1 of Sun & Wu (2005), the process δn(v), 0 ≤ v ≤ 1, converges weakly to a

mean-zero Gaussian process and consequently, the second term in (W.8) converges to zero in

probability.
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Following the proof of Theorem 1 of Sun & Wu (2005), W̃n(v) D−→W (v), where W (v) is

a p-dimensional mean-zero Gaussian martingale with continuous sample path on [0, 1]. The

covariance matrix of W (v) is
∫ v
0 Σ∗(u) du.

By the almost sure representation theorem (Shorack & Wellner, 1986, p.47), there exist

W̃ ∗
n(v) and W ∗(v) on some probability space with the same distributions and sample paths as

W̃n(v) and W (v), respectively, such that W̃ ∗
n(v) a.s.−→W ∗(v) uniformly in v ∈ [0, 1]. Hence

∫ 1
0 Kh(u− v) W̃ ∗

n(du) =
∫ 1
0 Kh(u− v)W ∗(du) + Op(n−1/2h−1) by integration by parts since

K(·) has bounded variation. It follows that

h1/2

∫ 1

0
Kh(u− v) W̃n(du) D= h1/2

∫ 1

0
Kh(u− v) W̃ ∗

n(du)

= h1/2

∫ 1

0
Kh(u− v) W ∗(du) + Op(n−1/2h−1/2).

Since W ∗(v) is a Gaussian martingale with covariance matrix of
∫ v
0 Σ∗(u) du, h1/2

∫ 1
0 Kh(u−

v) W ∗(du) is a mean zero Gaussian random vector with covariance matrix equal to h
∫ 1
0 K2

h(u−
v)Σ∗(u) du → ν0Σ∗(v) as h → 0. Hence, h1/2

∫ 1
0 Kh(u − v) W̃n(du) D−→N(0, ν0Σ∗(v)) as

h → 0, nh → ∞. By the Slutsky theorem, n−1/2h1/2Uipw(v, β, ψ0) − 1
2µ2n

1/2h5/2ϑ(v)

converges weakly to N(0, ν0Σ∗(v)) as nh2 → ∞ and nh5 = O(1). It follows from (W.3)

that (nh)1/2[β̂ipw(v)− β(v) + 1
2µ2h

2ϑ(v)] D−→N(0, ν0Σ(v)−1Σ∗(v)Σ(v)−1) as nh2 →∞ and

nh5 = O(1).

PROOF OF THEOREM 3.

Suppose ĝk(a|t, u, z) P−→g∗k(t, u, z) under the parametric model gk(a|t, u, z, γk). Let

ρ∗k(v, w) =
∫ v

0
λk(t, u|z)g∗k(a|t, u, z) du/

∫ 1

0
λk(t, u|z)g∗k(a|t, u, z) du,

ηn(u, θ, ψ̂, ρ̂ipw(·))

= n−1
K∑

k=1

nk∑

i=1

∫ u

0

∫ τ

0
(Zki(t)− Z̄k(t, θ)) (W.10)

{
Rki

πk(Qki, ψ̂k)
Nki(dt, dx) +

(
1− Rki

πk(Qki, ψ̂k)

)
Nx

ki(dt)d(ρ̂ipw
k (x, Wki))

}
,

ξn(u, θ, ψ0, ρ
∗(·))

= n−1
K∑

k=1

nk∑

i=1

∫ u

0

∫ τ

0

(
Zki(t)− z̄k(t, θ)

)
(W.11)

{
Rki

πk(Qki, ψk0)
Nki(dt, dx) +

(
1− Rki

πk(Qki, ψk0)

)
Nx

ki(dt)d(ρ∗k(x,Wki))
}

.
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By the conditions of Theorem 3, ηn(v, θ, ψ̂, ρ̂ipw(·)) = ξn(v, θ, ψ0, ρ
∗(·)) + Op(n−1/2),

uniformly in v ∈ [0, 1] and

n−1Uaug(v, θ, ψ̂, ρ̂ipw(·)) =
∫ 1

0
Kh(u− v)ηn(du, θ, ψ̂, ρ̂ipw(·))

=
∫ 1

0
Kh(u− v)ξn(du, θ, ψ0, ρ

∗(·)) + Op(n−1/2h−1),

uniformly in (v, θ) ∈ [0, 1]× [−M,M ], for M > 0.

By application of the Glivenko–Cantelli and Donsker theorems, similar to the proofs of

Lemma 2 and Theorem 1 of Sun et al. (2009), ξn(v, θ, ψ0, ρ
∗(·)) = ξ(v, θ, ψ0, ρ

∗(·))+Op(n−1/2),

uniformly in (v, θ) ∈ [0, 1]× [−M,M ], with

ξ(v, θ, ψ0, ρ
∗(·))

=
K∑

k=1

pkE

[ ∫ v

0

∫ τ

0
(Zki(t)− z̄k(t, θ))

{
Rki

πk(Qki, ψk0)
Nki(dt, du) +

(
1− Rki

πk(Qki, ψk0)

)
Nx

ki(dt)d(ρ∗k(u,Wki))
}]

=
K∑

k=1

pk

[
E

{ ∫ v

0

∫ τ

0
(Zki(t)− z̄k(t, θ))Nki(dt, du)

}

−E

{∫ v

0

∫ τ

0
(Zki(t)− z̄k(t, θ))

(
1− Rki

πk(Qki, ψk0)

)
(W.12)

Nx
ki(dt)[Nv

ki(du)− d(ρ∗k(u,Wki))]
}]

.

The first expectation is zero under model (2) by Sun et al. (2009). Using the double expec-

tation formula E[·] = E{E[·|Vki,Wki, δki]} and the missing at random assumption (3), the

second expectation is zero if rk(Wki, ψk) or gk(a|t, v, z, γk) is correctly specified which leads

to ρ∗k(v, w) = ρk(v, w). It follows that

n−1Uaug(v, θ, ψ̂, ρ̂ipw(·)) =
∫ 1

0
Kh(u− v)ξ(du, θ, ψ0, ρ(·)) + Op(n−1/2h−1) = op(1),

uniformly in (v, θ) ∈ [a, b] × [−M,M ] for M > 0. By Lemma 2, β̂(v) P−→β(v) uniformly in

v ∈ [a, b] as nh2 →∞.

PROOF OF THEOREM 4.

By a Taylor expansion, Uaug(v, β̂aug(v), ψ̂, ρ̂ipw(·))−Uaug(v, β(v), ψ̂, ρ̂ipw(·)) = U ′
aug(v, β∗(v),

ψ̂, ρ̂ipw(·)) (β̂aug(v)−β(v)), where β∗(v) is on the line segment between β̂(v) and β(v). Hence,

n1/2h1/2(β̂aug(v)− β(v))
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= −(U ′
aug(v, β∗(v), ψ̂, ρ̂ipw(·))/n)−1n−1/2h1/2Uaug(v, β(v), ψ̂, ρ̂ipw(·)). (W.13)

By Condition A and the uniform consistency of β̂aug(v) on v ∈ [a, b] ⊂ (0, 1), n−1U ′
aug(v, β∗(v),

ψ̂, ρ̂ipw(·)) = −Σ(v) + op(1), uniformly in v ∈ [a, b].

Next we study the asymptotic property of n−1/2h1/2Uaug(v, β, ψ̂, ρ̂ipw(·)). Let gn(Wki, v) =
∫ 1
0 Kh(u− v)d(ρ̂k(u,Wki)− ρk(Wki, u)) and

C = n−1/2h1/2
K∑

k=1

nk∑

i=1

gn(Wki, v)
∫ τ

0
(Zki(t)− Z̄k(t, β))

(
1− Rki

πk(Qki, ψ̂k)

)
Nx

ki(dt).

It follows that gn(Wki, v) P−→0 uniformly in Wki for v ∈ [a, b]. By the Taylor expansion of ψ̂k

around ψk0,

C = n−1/2h1/2
K∑

k=1

nk∑

i=1

gn(Wki, v)ζki

+n−1/2h1/2
K∑

k=1

nk∑

i=1

gn(Wki, v)
∫ τ

0
(Zki(t)− Z̄k(t, β))Nx

ki(dt)

Rki

(πk(Qki, ψk0))2

(
∂πk(Qki, ψk0)

∂ψk

)T

(ψ̂k − ψk0) + op(1),

where

ζki =
∫ τ

0
(Zki(t)− Z̄k(t, β))

(
1− Rki

πk(Qki, ψk0)

)
Nx

ki(dt).

The first term of C is op(h1/2) by Lemma 3. The second term of C is at the order of op(h1/2)

since n
1/2
k (ψ̂k − ψk0) = Op(1), and gn(Wki, v) P−→0 uniformly in Wki. Hence C = op(h1/2).

Note that

n−1/2h1/2Uaug(v, β, ψ̂, ρ̂ipw(·))

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− Z̄k(t, β))

{
Rki

πk(Qki, ψ̂k)
Nki(dt, du)

+
(

1− Rki

πk(Qki, ψ̂k)

)
Nx

ki(dt)d(ρ̂k(u,Wki))
}

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− Z̄k(t, β))

{
Rki

πk(Qki, ψ̂k)
Nki(dt, du)

+
(

1− Rki

πk(Qki, ψ̂k)

)
Nx

ki(dt)d(ρk(u,Wki))
}

+ C

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− Z̄k(t, β))

{
Rki

πk(Qki, ψ̂k)
Mki(dt, du)
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+
(

1− Rki

πk(Qki, ψ̂k)

)
E{Mki(dt, du)|Qki}

}
(W.14)

+n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− Z̄k(t, β))Yki(t)λki(t, u) dtdu + C.

Since h1/2Kh(u − v)[Z̄k(t, β) − z̄k(t, β(u))] P−→0 uniformly in u ∈ [a, b], applying Lemma 2

of Gilbert et al. (2008), we can replace Z̄k(t, β) with z̄k(t, β(u)) in the first two integrations.

Hence

n−1/2h1/2Uaug(v, β, ψ̂, ρ̂ipw(·))

= n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− z̄k(t, β(u)))

{
Rki

πk(Qki, ψ̂k)
Mki(dt, du)

+
(

1− Rki

πk(Qki, ψ̂k)

)
E{Mki(dt, du)|Qki}

}

+n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− Z̄k(t, β))Yki(t)λki(t, u) dtdu + op(h1/2)

≡ I + II + III + op(h1/2). (W.15)

By λki(t, u) = λki(t, v) + (λki(t, u)− λki(t, v)) and applying Taylor expansion, the third term

is

III = n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− Z̄k(t, β))Yki(t)λki(t, u) dtdu

=
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2).

Applying Taylor expansion at ψk0,

I + II = n−1/2h1/2
K∑

k=1

nk∑

i=1

(Aki + Bki) (W.16)

+n−1/2h1/2
K∑

k=1

nk∑

i=1

∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− z̄k(t, β(u)))

{ −Rki

(πk(Qki, ψk0))2
∂πk(Qki, ψk0)

∂ψk
Mki(dt, du)

− −Rki

(πk(Qki, ψk0))2
∂πk(Qki, ψk0)

∂ψk
E{Mki(dt, du)|Qki}

}
(ψ̂k − ψk0) + op(h1/2).

By the missing at random assumption (3), Rki and Mki(t, v) are independent conditioning on

Qki. It follows that

E

{ −Rki

(πk(Qki, ψk0))2
∂πk(Qki, ψk0)

∂ψk
Mki(dt, du)
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+
Rki

(πk(Qki, ψk0))2
∂πk(Qki, ψk0)

∂ψk
E{Mki(dt, du)|Qki}

}
= 0.

By the central limit theorem, the last term in (W.16) is op(h1/2). Hence

I + II = n−1/2h1/2
K∑

k=1

nk∑

i=1

(Aki + Bki) + op(h1/2).

By (W.15) and (W.16), we have

n−1/2h1/2Uaug(v, β, ψ̂) = n−1/2h1/2
K∑

k=1

nk∑

i=1

(Aki + Bki) (W.17)

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2).

Since n−1/2h1/2
∑K

k=1

∑nk
i=1 Bki = Op(h1/2), it follows from (W.7) and (W.8) that

n−1/2h1/2Uaug(v, β, ψ̂, ρ̂ipw(·))

= h1/2

∫ 1

0
Kh(u− v)W̃n(du) + h1/2

∫ 1

0
Kh(u− v)δn(du) (W.18)

+
1
2
µ2n

1/2h5/2ϑ(v) + Op(h1/2) + op(n1/2h5/2).

By the Slutsky theorem, n−1/2h1/2Uaug(v, β, ψ0) − 1
2µ2n

1/2h5/2ϑ(v) converges weakly to

N(0, ν0Σ∗(v)) as nh2 → ∞ and nh5 = O(1). It follows from (W.18) that (nh)1/2[β̂aug(v) −
β(v) + 1

2µ2h
2Σ−1(v)ϑ(v)] D−→N(0, ν0Σ(v)−1Σ∗(v)Σ(v)−1) as nh2 →∞ and nh5 = O(1).

We now show that β̂aug(v) is more efficient than β̂ipw(v). By (W.17), we have,

(nh)1/2[β̂aug(v)− β(v) +
1
2
µ2h

2Σ−1(v)ϑ(v)]

= −(Σ(v))−1n−1/2h1/2
K∑

k=1

nk∑

i=1

(Aki + Bki) + op(n1/2h5/2) + op(h1/2). (W.19)

Let Oki = Dk(I
ψ
k )−1Sψ

ki. Then by (W.7),

n−1/2h1/2Uipw(v, β, ψ̂) = n−1/2h1/2
K∑

k=1

nk∑

i=1

Aki + n−1/2h1/2
K∑

k=1

nk∑

i=1

Oki

+
1
2
µ2n

1/2h5/2ϑ(v) + op(n1/2h5/2) + op(h1/2).

Thus,

(nh)1/2[β̂ipw(v)− β(v) +
1
2
µ2h

2Σ−1(v)ϑ(v)]

11



= −(Σ(v))−1n−1/2h1/2
K∑

k=1

nk∑

i=1

(Aki +Oki) + op(n1/2h5/2) + op(h1/2)

= −(Σ(v))−1n−1/2h1/2
K∑

k=1

nk∑

i=1

[(Aki + Bki) + (Oki − Bki)] + op(n1/2h5/2) + op(h1/2).

Next we show that Cov{Aki + Bki,Oki − Bki} = 0. This will be followed by

Cov{(nh)1/2[β̂ipw(v)− β(v) +
1
2
µ2h

2Σ−1(v)ϑ(v)]}

= Cov{(nh)1/2[β̂aug(v)− β(v) +
1
2
µ2h

2Σ−1(v)ϑ(v)]}

+hΣ−1(v)
K∑

k=1

nk

n
Cov{Ok1 − Bk1}Σ−1(v) + op(nh5) + op(h).

By the missing at random assumption (3), conditional on Qki, Rki and Mki(t, v) are inde-

pendent. We have

Cov(Aki,Bki)

= E

{ ∫ 1

0

∫ τ

0

∫ 1

0

∫ τ

0
Kh(u1 − v)Kh(u2 − v)(Zki(t)− z̄k(t, β(u1))(Zki(t)− z̄k(t, β(u2)))T )

Rki

πk(Qki, ψk0)

(
1− Rki

πk(Qki, ψk0)

)
Mki(dt, du1)E{Mki(dt, du2)|Qki}

}

= E

{ ∫ 1

0

∫ τ

0

∫ 1

0

∫ τ

0
Kh(u1 − v)Kh(u2 − v)(Zki(t)− z̄k(t, β(u1))(Zki(t)− z̄k(t, β(u2)))T )

E

[
Rki

πk(Qki, ψk0)

(
1− Rki

πk(Qki, ψk0)

)∣∣∣∣Qki

]
E{Mki(dt, du1)|Qki}E{Mki(dt, du2)|Qki}

}
.

Note that

Cov(Bki,Bki)

= E

{ ∫ 1

0

∫ τ

0

∫ 1

0

∫ τ

0
Kh(u1 − v)Kh(u2 − v)(Zki(t)− z̄k(t, β(u1))(Zki(t)− z̄k(t, β(u2)))T )

E

[(
1− Rki

πk(Qki, ψk0)

)2∣∣∣∣Qki

]
E{Mki(dt, du1)|Qki}E{Mki(dt, du2)|Qki}

}
.

Since

E

[
Rki

πk(Qki, ψk0)

(
1− Rki

πk(Qki, ψk0)

)∣∣∣∣Qki

]
= −E

[(
1− Rki

πk(Qki, ψk0)

)2∣∣∣∣Qki

]

we have Cov(Aki + Bki,Bki) = 0.
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By the conditional independence between Rki and Vki given Qki,

Cov{Aki + Bki,Oki}

= E

[ ∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− z̄k(t, β(u)))

{
Rki

πk(Qki, ψk0)
Mki(dt, du)

+
(

1− Rki

πk(Qki, ψk0)

)
E{Mki(dt, du)|Qki}

}
Oki

]

= E

[ ∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− z̄k(t, β(u)))

{
E

(
Rki

πk(Qki, ψk0)
Oki

∣∣∣∣Qki

)
E{Mki(dt, du)|Qki}

+E

((
1− Rki

πk(Qki, ψk0)

)
Oki

∣∣∣∣Qki

)
E{Mki(dt, du)|Qki}

}]

= E

[ ∫ 1

0

∫ τ

0
Kh(u− v)(Zki(t)− z̄k(t, β(u)))E{Oki|Qki}E{Mki(dt, du)|Qki}

= 0.

The equality holds since E{Oki|Qki} = (n)−1/2Dk(I
ψ
k )−1E{Sψ

ki|Qki} = 0.
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Figure 1: Bias of estimation of VE(v) using the AUG procedure based on 500 simulations for

n = 500, b1 = 0.1 and h = b2 = 0.15: (a) for model (M1), (b) for model (M2), (c) for model

(M3) and (d) for model (M4). AUG-A0 is the AUG estimator corresponding to ρ = 0, AUG-A1

for ρ ≈ 0.78, AUG-A2 for ρ ≈ 0.92 and AUG-A3 for ρ ≈ 0.98, where ρ is the correlation

coefficient between Aki and Vki.
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Figure 2: Average standard errors of the estimates for VE(v) using the AUG procedure based on

500 simulations for n = 500, b1 = 0.1 and h = b2 = 0.15: (a) for model (M1), (b) for model

(M2), (c) for model (M3) and (d) for model (M4). AUG-A0 is the AUG estimator corresponding

to ρ = 0, AUG-A1 for ρ ≈ 0.78, AUG-A2 for ρ ≈ 0.92 and AUG-A3 for ρ ≈ 0.98, where ρ is

the correlation coefficient between Aki and Vki.
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Figure 3: Estimated pointwise coverage probabilities of 95% confidence intervals for VE(v)

constructed using the AUG estimator based on 500 simulations for n = 500, b1 = 0.1 and

h = b2 = 0.15: (a) for model (M1), (b) for model (M2), (c) for model (M3) and (d) for model

(M4). AUG-A0 is the AUG estimator corresponding to ρ = 0, AUG-A1 for ρ ≈ 0.78, AUG-A2

for ρ ≈ 0.92 and AUG-A3 for ρ ≈ 0.98, where ρ is the correlation coefficient between Aki and

Vki.
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