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Supplement 1: Parameters of the five models 

 
Symbol Definition Numerical 

value 

1) Model with two groups of substrates (S & M) and one step of 
phosphorylation/dephosphorylation (Figs. 1 and 3A) 

K1S Michaelis constant for phosphorylation of S substrates 0.002  

K2S Michaelis constant for dephosphorylation of SP substrates 0.04 

K1M Michaelis constant for phosphorylation of M substrates  0.04 

K2M Michaelis constant for dephosphorylation of MP substrates  0.002 

ST Total concentration of substrates required for DNA replication 1  

MT Total concentration of substrates required for mitosis 1  

k1S Rate constant for the phosphorylation of S substrates  3.6 

V2S Maximum dephosphorylation rate of SP substrates 1  

k1M Rate constant for the phosphorylation of M substrates 1  

V2M Maximum dephosphorylation rate of MP substrates 0.2  

2) Model with two groups of substrates (S & M) and two steps of 
phosphorylation/dephosphorylation (Figs. 2 and 3B) 

K1S Michaelis constant for phosphorylation of S substrates  0.002 

K2S Michaelis constant for dephosphorylation of SP substrates  0.04 

K3S Michaelis constant for phosphorylation of SP substrates  0.002 

K4S Michaelis constant for dephosphorylation of SPP substrates  0.04  



K1M Michaelis constant for phosphorylation of M substrates 0.04  

K2M Michaelis constant for dephosphorylation of MP substrates  0.002  

K3M Michaelis constant for phosphorylation of MP substrates 0.04  

K4M Michaelis constant for dephosphorylation of MPP substrates 0.002  

k1S Rate constant for the phosphorylation of S substrates 10  

V2S Maximum dephosphorylation rate of SP substrates 1.5  

k3S Rate constant for the phosphorylation of SP substrates  25 

V4S Maximum dephosphorylation rate of SPP substrates 0.25  

k1M Rate constant for the phosphorylation of M substrates  0.6  

V2M Maximum dephosphorylation rate of MP substrates 0.3  

k3M Rate constant for the phosphorylation of MP substrates  0.8  

V4M Maximum dephosphorylation rate of MPP substrates 0.05  

ST Total concentration of substrates required for DNA replication 1  

MT Total concentration of substrates required for mitosis 1  

3) Minimal oscillator: Cdk/cyclin – APC – Sec (Fig. 4) 

APCT Total concentration of APC/Cdc20 1  

K1APC Michaelis constant for dephosphorylation of APCP  0.01  

K2APC Michaelis constant for phosphorylation of APC  0.01  

V1APC Maximum dephosphorylation rate of APCP 0.15  

k2APC Maximum phosphorylation rate of APC 0.3  

Vscdk Rate of synthesis of Cdk/cyclin 0.06 

kd1cdk Rate constant for non-specific degradation of Cdk/cyclin  0.01  

kdcdk Maximum rate for Cdk/cyclin degradation by APCP 0.35 

Kdcdk Michaelis constant for Cdk/cyclin degradation by APCP 0.01  

Vssec Rate of synthesis of securin 0.1  

kd1sec Rate constant for non-specific securin degradation 0.01  

kdsec Maximum rate for securin degradation by APCP 0.4  

Kdsec Michaelis constant for securin degradation by APCP 0.001  

4) Intermediate model with dual phosphorylation of APC (M) 
(Fig. 5). For the other parameter values, see sections 2 and 3 above. 

V4M Maximum dephosphorylation rate of MPP substrates 0.15  

5) Full model with S promoting the degradation of Cdk/cyclin and securin 
(Figs. 6 and 7). For the other parameter values, see sections 2 and 3 above. 

K1S Michaelis constant for phosphorylation of S substrates  0.008 

K2S Michaelis constant for dephosphorylation of SP substrates  0.008 

K3S Michaelis constant for phosphorylation of SP substrates  0.008 

K4S Michaelis constant for dephosphorylation of SPP substrates  0.008 

K1M Michaelis constant for phosphorylation of M substrates  0.1 

K2M Michaelis constant for dephosphorylation of MP substrates  0.008 



K3M Michaelis constant for phosphorylation of MP substrates  0.1 

K4M Michaelis constant for dephosphorylation of MPP substrates  0.008  

k1S Rate constant for the phosphorylation of S substrates by Cdk  12 

V2S Maximum dephosphorylation rate of SP substrates 0.4 

k3S Rate constant for the phosphorylation of SP substrates  10 

V4S Maximum dephosphorylation rate of SPP substrates 0.47 

k1M Rate constant for the phosphorylation of M substrates  0.15 

V2M Maximum dephosphorylation rate of MP substrates 0.3 

k3M Rate constant for the phosphorylation of MP substrates  0.6 

V4M Maximum dephosphorylation rate of MPP substrates 0.1  

Vscdk Rate of synthesis of Cdk/cyclin 0.03 

Vssec Rate of synthesis of securin 0.03 

kdcdk Maximum rate for Cdk/cyclin degradation by APCPP 0.2  

Kdcdk Michaelis constant for Cdk/cyclin degradation by APCPP 0.02 

kdcdk2 Rate constant for degradation of Cdk/cyclin promoted by Cdh1 0.2  

kd1cdk Rate constant for non-specific degradation of Cdk/cyclin  0.001 

kd1sec Rate constant for non-specific degradation of securin  0.015 

kdsec Rate constant for degradation of securin by APCPP 0.15 

kdsec2 Rate constant for degradation of securin promoted by Cdh1 0.3 

 Specific growth rate 0.004 

 
Notes: 
The minimal models proposed here could represent the cell cycle dynamics of ‘primitive’ 
eukaryotes. Having no knowledge of what might have been the values of these kinetic 
parameters in a primitive eukaryote, we have chosen a set of ‘representative’ dimensionless 
parameter values. In addition, we have assumed that the phosphorylation and 
dephosphorylation of substrates are described by Goldbeter-Koshland switches (1), which 
rely on zero-order ultrasensitivity (ZOU). ZOU requires that the Michaelis constants for the 
phosphorylation and dephosphorylation reactions are small compared to the total 
concentration of the substrates. This assumption can be justified by the facts that the 
Michaelis-Menten constants for the phosphorylation of substrates by Cdk and their 
dephosphorylation by phosphatases are in the micromolar range (2, 3), whereas the total 
concentration of Cdk1 phosphorylation sites in a cell could be in the millimolar range (4), 
because Cdk1 has hundreds of targets in the cell, most of which likely have multiple 
phosphorylation sites. 
 
In order to get two separate bistable domains with ordered thresholds for the phosphorylation 
of S and M pools of substrates (see Fig. 2), we must assume that the rate of phosphorylation 
of the S pool of substrates is faster than the rate of phosphorylation of the M pool of 
substrates.  
 
In the parameter sets used here, the rates of first-phosphorylation steps are typically slower 



than the rates of second-phosphorylation steps (e.g., compare k1S with k3S and k1M with k3M in 
section 2 above in the Supplement 1). This choice can be justified by the fact that 
cooperativity involving multiple phosphorylations has been observed in diverse biological 
systems (5-7). Nonetheless, this inequality is not a crucial assumption of our models (e.g., 
compare k1S with k3S in section 5 above in the Supplement 1). 
 
To compensate for our lack of knowledge about parameter values, we performed many 
bifurcation analyses (see Figs. 1-7), which bring to light the dynamical behaviors of the 
models as parameter values vary. In our experience, the dynamical properties of these models 
depend more on their network structure than on precise values of the parameters. 
 
 
Supplement 2: Domain of bistability for the singly phosphorylated substrates model 

 

The singly phosphorylated substrates model (see Fig. 1A) exhibits one domain of bistability 

in the phosphorylation state of S and M substrates. Indeed, only one domain of bistability is 

observed in the simulations of the model (see Figs. 1B, 1C and 3A). Furthermore, by 

introducing concentrations relative to Michaelis constants (S’ = S/K1S, SP’ =SP/K2S, M’ = 

M/K1M and MP’ =MP/K2M), the kinetic equations (1) and (2) can be re-written as: 
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After dividing one equation by the other and re-arranging, we obtained that: 
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This formula shows that the ratio of phosphorylated and unphosphorylated forms of S and M 

are independent of Cdk activity, which is only possible if there is only one bistable regime.  
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