
Appendix 

List of variables in the models  

Variable Definition 
TH[r] Resting TH cells 
TH[a] Activated TH cells 
TH[w] TH cells infected with the wild-type virus 
TH[48] TH cells infected with the full T-cell (TH/CTL)-escape mutant 
TC[r] Resting CTLs 
TC[Pr1] CTLs pre-activated by epitope-presenting cells (infected TH/C cells  or pAPCs) 
TC[Pr2] CTLs receiving co-stimulatory cytokines 
TC[a] Fully activated CTLs 
D[r] Resting pAPCs 
D[w] pAPC presenting a wild-type epitope 
D[48] pAPC presenting a  T-cell (TH/CTL)-escape epitope 
VW Load of wild-type virus 
V48 Load of T-cell (TH/CTL) escape virus 
C[w] C cells infected with the wild-type virus (control model) 
C[48] C cells infected with the TH/CTL-escape mutant (control model) 
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List of parameters in the models with values used and references 

 

  

Parameter  Definition Values Refs 
ρ4 Proliferation rate of TH cells 0.05 day – 1 [1] 
𝐶4[𝑟]
0  Homeostatic concentration of resting TH cells 1000 /µL [2] 

𝛤4[𝑟]  Death rate of resting TH cells 0.005 day – 1 [1] 
𝛤4[𝑎]  Death rate of activated TH cells 0.1 day – 1 [1] 
𝛤4[𝑖]  Death rate of infected TH cells 1  day – 1 [3–8] 
ρ8 Proliferation rate of CTLs ρ4  
𝐶8[𝑟]
0  Homeostatic concentration of resting CTLs 3000 /µL  

𝛤8[𝑟]  Death rate of resting CTLs 𝛤4[𝑟]  
𝛤8[𝑝𝑟]  Death rate of  pre-activated CTLs  𝛤4[𝑟]  
𝛤8[𝑎]  Death rate of activated CTLs 𝛤4[𝑎]   
ρD Proliferation rate of pAPCs ρ4  
𝐶𝐷[𝑟]
0  Homeostatic concentration of pAPCs 100 /µL [9] 

𝛤𝐷[𝑟]  Death rate of resting pAPCs 𝛤4[𝑟]  
𝛤𝐷[𝑎]  Death rate of epitope-presenting pAPCS 𝛤4[𝑎]   
ρC Proliferation rate of C cells (control model) ρ4  
𝐶𝐶0 Homeostatic concentration of C cells (control model) set-point TH[a]  
𝛤𝐶  Death rate of C cells  (control model) 𝛤4[𝑎]   
𝛤𝐶[𝑖]  Death rate of infected C cells (control model) 𝛤4[𝑤]   
a4 pAPC-mediated rate of TH cell activation 0-1 day – 1  
a8´ Pre-activation rate of CTLs receiving co-stimulatory cytokines a4  
a8 Pre-activation rate of CTLs by infected TH (C) cells a4  
a8D Pre-activation rate of CTLs by pAPCs a4  
b Fraction of resting TH cells undergoing background activation 0-1 day – 1  
d Trans-infection probability 0-1  
k CTL-mediated rate of infected cell killing 0.1 day – 1 [10] 
σ Viral infectivity 1 day – 1  
σD Rate of virion absorption by pAPCs 1 day – 1  
α Virus production rate in infected cells 5000 𝛤4[𝑖]day – 1 [11–14] 
𝛤𝑉 Inactivation rate of free virions 15 day – 1 [3,7,15] 
µ Mutation rate to escape virus 10-5 [16] 
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HIV immune activation model  

Description 

Resting TH cells replicate with rate constant ρ4  if their concentration is below an 

homeostatic goal 𝐶4[𝑟]
0  and do not replicate otherwise (modeled with a step function Θ).  The 

homeostatic goal applies to resting cells only and that, therefore, the number of activated TH is 

not limited, allowing for clonal expansion.  Resting and activated TH cells die at rates 𝛤4[𝑟] and 

𝛤4[𝑎] , respectively.  

Background activation of TH cells occurs at a rate 𝑏𝑇𝐻[𝑟], and HIV-specific activation occurs 

at a rate 𝑇𝐻[𝑟] �
𝐷[𝑤]

𝑇𝐻[𝑟]+ 𝐷[𝑤]
� when resting TH cells contact pAPCs presenting the wild-type 

epitope.  Escape mutants do not trigger TH cell activation.  The activation rate depends on the 

relative abundance of each cell type. For instance, if pAPCs are rare compared to resting TH 

cells, the rate of TH cell activation is essentially limited by pAPC availability.  This type of 

expression is used for all cell-cell and virus-cell interactions in the model. 

Of the total number of activated cells, a fraction d becomes concomitantly infected with the 

wild-type virus and a fraction 1 – d is not infected but becomes susceptible to infection with 

the wild-type or the escape mutant.  Activated TH cells are infected at a rate 

𝜎𝑇𝐻[𝑎] �
𝑉𝑤+𝑉48

𝑇𝐻[𝑎]+𝑉𝑤+𝑉48
�.  As above, infection rates depend on the relative abundance of each virus 

and cell.  When virions are more abundant than target cells, cells become a limiting resource.  

When cellular resources are limited the infection rate of the wild-type decreases as the escape 

mutant becomes more abundant, and vice-versa.  Therefore, there is competition among 

viruses for cells.  

Infected cells are killed by the wild-type virus and escape mutant at rates 𝛤4[𝑖]𝑇𝐻[𝑤] and 

𝛤4[𝑖]𝑇𝐻[48], respectively. In addition, cells infected by the wild-type virus are lysed by activated 

CTLs at a rate 𝑘𝑇𝐶[𝑎] �
𝑇𝐻[𝑤]

𝑇𝐶[𝑎]+𝑇𝐻[𝑤]
�, whereas cells infected with the escape mutant are not lysed 

by CTLs.  

Resting CTLs replicate with rate constant ρ8  if their concentration is below their 

homeostatic goal (i.e. if 𝐶8[𝑟]
0 − 𝑇𝐶[𝑟] > 0) and do not replicate otherwise.  They death rate 

constant is 𝛤8[𝑟].  As in the case of TH cells, the homeostatic goal applies to resting cells only.  

CTLs become pre-activated (Pr1) by recognizing the wild-type epitope presented by infected 

cells or pAPCs, at rates 𝑎8𝑇𝐶[𝑟] �
𝑇𝐻[𝑤]

𝑇𝐶[𝑟]+𝑇𝐻[𝑤]
� and 𝑎8𝐷𝑇𝐶[𝑟] �

𝐷[𝑤]

𝑇𝐶[𝑟]+𝐷[𝑤]
�, respectively.  These pre-

activated cells undergo full activation after receiving a co-stimulatory signal from activated 

(non-infected) TH cells, which occurs at a rate 𝑎8´𝑇𝐶[𝑃𝑟1] �
𝑇𝐻[𝑎]

𝑇𝐶[𝑃𝑟1]+𝑇𝐻[𝑎]
�.  Resting CTLs can also 
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become pre-activated by the co-stimulatory signal (Pr2) and then become fully activated after 

recognizing the wild-type epitope.  Activated CTLs die with rate constant 𝛤8[𝑎] . 

Resting pAPCs replicate with rate constant ρ𝐷if their total concentration is below their 

homeostatic goal, i.e. if 𝐶𝐷[𝑟]
0 − 𝐷[𝑟] − 𝐷[𝑤] − 𝐷[48] > 0, and do not replicate otherwise.  Notice 

that here the homeostatic goal applies to all cells, such that there is no clonal expansion. pAPCs 

become activated after processing wild-type or escape mutant virions at a rate 

𝜎𝐷𝐷[𝑟] �
𝑉𝑤+𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
�.  Resting and activated pAPCs die with rate constants 𝛤𝐷[𝑟]  and 𝛤𝐷[𝑎] , 

respectively. 

TH cells infected with the wild-type virus produce virions at a rate 𝛼𝑇𝐻[𝑤]. A fraction 𝜇 of 

the viral progeny is constituted by escape mutants and a fraction (1 − 𝜇) by wild-type viruses.  

TH cells infected with the escape mutant produce virions at a rate 𝛼𝑇𝐻[48].  Back mutation from 

the escape mutant to the wild-type is neglected.  Virions are inactivated with rate constant 𝛤𝑉. 

  

Equations  

𝒅
𝒅𝒕
𝑇𝐻[𝑟] = ρ4Θ �𝐶4[𝑟]

0 − 𝑇𝐻[𝑟]� − 𝛤4[𝑟]𝑇𝐻[𝑟] − 𝑏𝑇𝐻[𝑟] − 𝑎4𝑇𝐻[𝑟] �
𝐷[𝑤]

𝑇𝐻[𝑟]+ 𝐷[𝑤]
�  

𝒅
𝒅𝒕
𝑇𝐻[𝑎] = −𝛤4[𝑎]𝑇𝐻[𝑎] + 𝑏𝑇𝐻[𝑟] + 𝑎4(1 − 𝑑)𝑇𝐻[𝑟] �

𝐷[𝑤]

𝑇𝐻[𝑟]+ 𝐷[𝑤]
� − 𝜎𝑇𝐻[𝑎] �

𝑉𝑤+𝑉48

𝑇𝐻[𝑎]+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝑇𝐻[𝑤] = −𝛤4[𝑖]𝑇𝐻[𝑤] + 𝑎4𝑑𝑇𝐻[𝑟] �

𝐷[𝑤]

𝑇𝐻[𝑟]+ 𝐷[𝑤]
� + 𝜎𝑇𝐻[𝑎] �

𝑉𝑤
𝑇𝐻[𝑎]+𝑉𝑤+𝑉48

� − 𝑘𝑇𝐶[𝑎] �
𝑇𝐻[𝑤]

𝑇𝐶[𝑎]+𝑇𝐻[𝑤]
�  

𝒅
𝒅𝒕
𝑇𝐻[48] = −𝛤4[𝑖]𝑇𝐻[48] + 𝜎𝑇𝐻[𝑎] �

𝑉48

𝑇𝐻[𝑎]+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑟] = ρ8Θ �𝐶8[𝑟]

0 − 𝑇𝐶[𝑟]� − 𝛤8[𝑟]𝑇𝐶[𝑟] − 𝑎8𝑇𝐶[𝑟] �
𝑇𝐻[𝑤]

𝑇𝐶[𝑟]+𝑇𝐻[𝑤]
� − 𝑎8𝐷𝑇𝐶[𝑟] �

𝐷[𝑤]

𝑇𝐶[𝑟]+𝐷[𝑤]
� − 𝑎8´𝑇𝐶[𝑟] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑟]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑃𝑟1] = −𝛤8[𝑝𝑟]𝑇𝐶[𝑃𝑟1] + 𝑎8𝑇𝐶[𝑟] �

𝑇𝐻[𝑤]

𝑇𝐶[𝑟]+𝑇𝐻[𝑤]
� + 𝑎8𝐷𝑇𝐶[𝑟] �

𝐷[𝑤]

𝑇𝐶[𝑟]+𝐷[𝑤]
� − 𝑎8´𝑇𝐶[𝑃𝑟1] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑃𝑟1]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑃𝑟2] = −𝛤8[𝑝𝑟]𝑇𝐶[𝑃𝑟2] − 𝑎8𝑇𝐶[𝑃𝑟2] �

𝑇𝐻[𝑤]

𝑇𝐶[𝑃𝑟2]+𝑇𝐻[𝑤]
� − 𝑎8𝐷𝑇𝐶[𝑃𝑟2] �

𝐷[𝑤]

𝑇𝐶[𝑃𝑟2]+𝐷[𝑤]
� + 𝑎8´𝑇𝐶[𝑟] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑟]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑎] = −𝛤8[𝑎]𝑇𝐶[𝑎] + 𝑎8𝑇𝐶[𝑃𝑟2] �

𝑇𝐻[𝑤]

𝑇𝐶[𝑃𝑟2]+𝑇𝐻[𝑤]
� + 𝑎8𝐷𝑇𝐶[𝑃𝑟2] �

𝐷[𝑤]

𝑇𝐶[𝑃𝑟2]+𝐷[𝑤]
� + 𝑎8´𝑇𝐶[𝑃𝑟1] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑃𝑟1]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝐷[𝑟] = ρ𝐷Θ�𝐶𝐷[𝑟]

0 − 𝐷[𝑟] − 𝐷[𝑤] − 𝐷[48]� − 𝛤𝐷[𝑟]𝐷[𝑟] − 𝜎𝐷𝐷[𝑟] �
𝑉𝑤+𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝐷[𝑤] = −𝛤𝐷[𝑎]𝐷[𝑤] + 𝜎𝐷𝐷[𝑟] �

𝑉𝑤
𝐷[𝑟]+𝑉𝑤+𝑉48

�  
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𝒅
𝒅𝒕
𝐷[48] = −𝛤𝐷[𝑎]𝐷[48] + 𝜎𝐷𝐷[𝑟] �

𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝑉[𝑤] = −𝛤𝑉𝑉[𝑤] − 𝜎𝑇𝐻[𝑎] �

𝑉𝑤
𝑇𝐻[𝑎]+𝑉𝑤+𝑉48

� − 𝜎𝐷𝐷[𝑟] �
𝑉𝑤

𝐷[𝑟]+𝑉𝑤+𝑉48
� + (1 − 𝜇)𝛼𝑇𝐻[𝑤]  

𝒅
𝒅𝒕
𝑉[48] = −𝛤𝑉𝑉[48] − 𝜎𝑇𝐻[𝑎] �

𝑉48

𝑇𝐻[𝑎]+𝑉𝑤+𝑉48
� − 𝜎𝐷𝐷[𝑟] �

𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
� + 𝛼𝑇𝐻[48] + 𝜇𝛼𝑇𝐻[𝑤]  

 

Control model  

Description 

The control model is identical to the HIV model except for the fact that the virus infects a 

cell type C which is not part of the cellular immune system, instead of TH cells.  C cells replicate 

with rate constant ρ𝐶  if their concentration is below their homeostatic goal, i.e. if 𝐶𝐶0 − 𝐶[𝑟] −

𝐶[𝑤] − 𝐶[48] > 0, and do not replicate otherwise.  Since C cells do not need to be activated to 

become susceptible to the virus, the pool of available cells is higher than in the HIV model.  To 

compensate for this, we adjusted the homeostatic goal for C cells to obtain the same number of 

susceptible cells in the HIV and control models at set point, and thus obtain similar set-point 

viral titers. 

Equations 

𝒅
𝒅𝒕
𝑇𝐻[𝑟] = ρ4Θ �𝐶4[𝑟]

0 − 𝑇𝐻[𝑟]� − 𝛤4[𝑟]𝑇𝐻[𝑟] − 𝑏𝑇𝐻[𝑟] − 𝑎4𝑇𝐻[𝑟] �
𝐷[𝑤]

𝑇𝐻[𝑟]+ 𝐷[𝑤]
�  

𝒅
𝒅𝒕
𝑇𝐻[𝑎] = −𝛤4[𝑎]𝑇𝐻[𝑎] + 𝑏𝑇𝐻[𝑟] + 𝑎4𝑇𝐻[𝑟] �

𝐷[𝑤]

𝑇𝐻[𝑟]+ 𝐷[𝑤]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑟] = ρ8Θ �𝐶8[𝑟]

0 − 𝑇𝐶[𝑟]� − 𝛤8[𝑟]𝑇𝐶[𝑟] − 𝑎8𝑇𝐶[𝑟] �
𝐶[𝑤]

𝑇𝐶[𝑟]+𝐶[𝑤]
� − 𝑎8𝐷𝑇𝐶[𝑟] �

𝐷[𝑤]

𝑇𝐶[𝑟]+𝐷[𝑤]
� − 𝑎8´𝑇𝐶[𝑟] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑟]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑃𝑟1] = −𝛤8[𝑝𝑟]𝑇𝐶[𝑃𝑟1] + 𝑎8𝑇𝐶[𝑟] �

𝐶[𝑤]

𝑇𝐶[𝑟]+𝐶[𝑤]
� + 𝑎8𝐷𝑇𝐶[𝑟] �

𝐷[𝑤]

𝑇𝐶[𝑟]+𝐷[𝑤]
� − 𝑎8´𝑇𝐶[𝑃𝑟1] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑃𝑟1]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑃𝑟2] = −𝛤8[𝑝𝑟]𝑇𝐶[𝑃𝑟2] − 𝑎8𝑇𝐶[𝑃𝑟2] �

𝐶[𝑤]

𝑇𝐶[𝑃𝑟2]+𝐶[𝑤]
� − 𝑎8𝐷𝑇𝐶[𝑃𝑟2] �

𝐷[𝑤]

𝑇𝐶[𝑃𝑟2]+𝐷[𝑤]
� + 𝑎8´𝑇𝐶[𝑟] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑟]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝑇𝐶[𝑎] = −𝛤8[𝑎]𝑇𝐶[𝑎] + 𝑎8𝑇𝐶[𝑃𝑟2] �

𝐶[𝑤]

𝑇𝐶[𝑃𝑟2]+𝐶[𝑤]
� + 𝑎8𝐷𝑇𝐶[𝑃𝑟2] �

𝐷[𝑤]

𝑇𝐶[𝑃𝑟2]+𝐷[𝑤]
� + 𝑎8´𝑇𝐶[𝑃𝑟1] �

𝑇𝐻[𝑎]

𝑇𝐶[𝑃𝑟1]+𝑇𝐻[𝑎]
�  

𝒅
𝒅𝒕
𝐷[𝑟] = ρ𝐷Θ�𝐶𝐷[𝑟]

0 − 𝐷[𝑟] − 𝐷[48]� − 𝛤𝐷[𝑟]𝐷[𝑟] − 𝜎𝐷𝐷[𝑟] �
𝑉𝑤+𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝐷[𝑤] = −𝛤𝐷[𝑎]𝐷[𝑤] + 𝜎𝐷𝐷[𝑟] �

𝑉𝑤
𝐷[𝑟]+𝑉𝑤+𝑉48

�  

5 
 



𝒅
𝒅𝒕
𝐷[48] = −𝛤𝐷[𝑎]𝐷[48] + 𝜎𝐷𝐷[𝑟] �

𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝑉[𝑤] = −𝛤𝑉𝑉[𝑤] − 𝜎𝐶 � 𝑉𝑤

 𝐶+𝑉𝑤+𝑉48
� − 𝜎𝐷𝐷[𝑟] �

𝑉𝑤
𝐷[𝑟]+𝑉𝑤+𝑉48

� + (1 − 𝜇)𝛼𝐶[𝑤]  

𝒅
𝒅𝒕
𝑉[48] = −𝛤𝑉𝑉[48] − 𝜎𝐶 � 𝑉48

𝐶+𝑉𝑤+𝑉48
� − 𝜎𝐷𝐷[𝑟] �

𝑉48

𝐷[𝑟]+𝑉𝑤+𝑉48
� + 𝛼𝐶[48] + 𝜇𝛼𝐶[𝑤]  

𝒅
𝒅𝒕
𝐶 = ρ𝐶Θ�𝐶𝐶

0 − 𝐶[𝑟] − 𝐶[𝑤] − 𝐶[48]� − 𝛤𝐶𝐶 − 𝜎𝐶 � 𝑉𝑤+𝑉48

𝐶+𝑉𝑤+𝑉48
�  

𝒅
𝒅𝒕
𝐶[𝑤] = −𝛤𝐶[𝑖]𝐶[𝑤] + 𝜎𝐶 � 𝑉𝑤
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